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we LE BACTORS IN THE HEAT ECONOMY OF THE HUMAN BODY 


and of the oxidation of body tissues associated with physical effort, the 

rate of generation being called the metabolic rate. ‘The heat is conducted 
to the skin, partly by the normal conduction of the body tissues, partly by the 
blood stream, and from the skin is dissipated to the environment by the combined 
action of radiation, convection and the evaporation of sweat. The radiation 
exchange between the body and its environment will lead to a gain or loss of heat 
according as the radiating surfaces in the environment are warmer or colder than 
the skin, and the air will warm or cool the body by convection according as it is 
warmer or colder than the skin. 

It is the temperature of the skin which determines the bodily gain or loss of 
heat by radiation and convection. While the internal temperature of the body 
remains nearly constant at about 98° F. in a wide variety of external conditions, 
the temperature of the skin will vary considerably with variations in these external 
conditions (temperature, humidity and rate of motion of the air), and will also 
vary over different parts of the body. Except at air temperatures above 90° F., 
the skin temperature of a man resting indoors is lowest over the feet, next lowest 
over the hands, and highest over the trunk and head ; when the air temperature is 
above 90° F., the skin temperature tends to be uniform or nearly so over the whole. 
of the body (Hardy and DuBois, 1941). 

The following notation is employed in accordance with the usual custom :— 

M = metabolic rate of generation of heat in the body. 

R=rate of radiative loss of heat to the environment, negative when the 
walls or other radiative surfaces are warmer than the skin. 

C =rate of convective loss of heat to the environment, negative when the 
air is warmer than the skin. 

E=rate of loss of heat by evaporation in the lungs and from the skin. 

S =storage, or rate of net loss of heat due to lowering of body tempera- 
ture, counted negative when the body gains heat. 

H =rate of gain of heat by absorption of short-wave radiation from sun 


and sky. 


aT HERE is a continual generation of heat within the body, asa result of digestion 
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T,, = temperature of the ambient air. 
T, =wet-bulb temperature of the ambient air. 
T,, =temperature of the radiating surfaces near the body. 
Ty, =temperature of the deep tissues of the body. 
T,=mean temperature of the skin. 
T, = operative temperature (defined below). 
v=speed of air movement in m./sec. 
P,=saturation vapour pressure at temperature 7\. 
pa=actual vapour pressure in the ambient air. 
The first six items above measured are in kg. cal. per m? of skin per hour. 


§2. THE HEAT ECONOMY OF THE BODY INDOORS 


i 


In indoor conditions the heat exchange of the body is represented by the 
equation 
M+S=R+C+E. | 

Out of doors the absorption of solar radiation, H, and the loss of part of the 
black-body radiation from solid bodies, are allowed for by adding to MW a correction} 
H, and subtracting a quantity which may be 25-30 units with a clear sky in the] 


middle of the day in summer. Of the items in this equation M, S, and E are} 


obtained by direct measurement. /V is measured by the oxygen-carbon dioxide} 
exchange in breathing. S is computed from the change in mean temperature} 
of the body, the mean specific heat of the body being estimated to be 0-83. E is} 
computed from the loss of weight of the body in an hour. When these items are} 
known for a variety of conditions, it is possible to compute R + C from the equation | 
above. ‘The experimental data quoted below were obtained at the John B. Pierce | 
Laboratory of Hygiene, Newhaven, Conn., by the Director of the Laboratory | 
(Dr. C.-E. A. Winslow), Dr. L. P. Herrington, and Dr. A. Gagge. The subjects 
of the experiments were placed in a specially designed booth, in which the temper- | 
ature, humidity and movement of the air could be controlled, and the temperatures | 
of walls could be controlled by reflecting or heating devices in the walls. The | 
balance used for weighing the subjects was sensitive to 2 gm. 

Experiments of this type have usually been limited to nude subjects, since 
clothing adds a complication to the interpretation of the experiments. The 
experiments summarized in figure 1 were, however, made with clothed subjects, | 
the clothing consisting of a two-piece suit of cotton underwear, a cotton shirt | 
without tie, socks, leather shoes, and a grey suit with three-quarter-lined coat and 
fully lined waistcoat. A summary of a considerable number of physiological 
experiments was given by Brunt (1943). 

In figure 1 (Winslow, 1941) the unit is 1 kg. cal. per sq. m. of skin surface per 
hour, the scale on the right-hand side giving the appropriate total (per hour) for 
each item for a man of average size, having a skin area 1-8 sq. m., or 19-5 sq. ft. 
The operative temperature shown as ordinate in figure 1 is a weighted mean of the 
temperatures of the air and walls, estimated to give a joint representation of the 
radiation and convection when wall and air temperature are not identical. When 
these temperatures are identical, the operative temperature is equal to the air 
temperature. 


Some physical aspects of the heat balance of the human body 715 


Figure 1 summarizes observations on clothed subjects resting, with air move- 
ment of 17 ft./min. The metabolic rate M remains substantially steady in 
operative temperatures 21 to 30°c. (70 to 86° F.), but increases slowly and steadily 
as temperature departs above or below this range. The body cools (8 positive) in 
operative temperatures below 25-5°c, (78° F.) and is slightly warmed at higher 
temperatures. ‘I'he evaporative loss £ is relatively low at temperatures below 
29° c. (84° F.), but increases rapidly as the temperature increases above this limit. 

Below 84° F. the evaporative loss is entirely due to losses in the respiratory passages 
and lungs, and to the insensible perspiration which passes through the skin, 
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Figure 1, The relation of the different items in the heat exchange of the body to operative 
: temperature. Clothed subjects. (Winslow, 1941.) 


without wetting the surface. The joint radiative plus convective loss is very great 
at low temperatures, and is proportional to the difference of mean skin temperature 
and operative temperature. This item becomes an addition to bodily heat at 
operative temperatures above 35°c. (95° F.), the air being then warmer than the 
skin. 

Figure 2, which refers entirely to observations on nude subjects (Winslow, 
1941), shows, in the lowest curve, the variation of mean skin temperature with 
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changes of operative temperature. Active sweating through the sweat glands | 
sets in at 31°c. for resting nude subjects indoors, instead of at 29°c. as with 
clothed subjects. The result of this sweating is to maintain the skin temperature, 
at a steady value near 35°c. with operative temperatures above 31°c. With | 
operative temperatures below 31°c. the mean skin temperature falls at a rate of | | 
about 1°c. for every 2°c. fall of operative temperature. | 
The rather irregular curve marked K in the upper part of figure 2 shows the 
variation of the ‘‘conductance”’ of the body, defined as K=(M+5S)/(T3— T3). | 
K remains substantially constant at operative temperatures between 31 and 37° c., | 
and increases slightly at temperatures above 37°c. It is also substantially | 
constant at temperatures below 27° c., i.e. in the “zone of body cooling”’. In the 
intermediate zone from 27 to 31°c., K increases steadily. This is the “zone of | 


vaso-motor control”, in 
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blood vessels or, in other 
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conductance. - 
It will be noted that — 

when the body is subjected 
to cold, the ‘‘conductance”’ 
of heat is decreased by the 
contraction of the surface 
blood vessels, while when 
the body is subjected to heat, 
above a certain limit the con- 
ductance is increased by 
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air temperatures exceeding 
37° c., that the degree of dilation or contraction of the peripheral blood vessels |} 
is variable. The zone of vaso-motor control is from 25-5 to 29° c. for the clothed || 
body, and from 27 to 31° c. for the nude body, both cases referring to persons | 
resting indoors. An increase in physical activity shifts this zone towards lower 
temperatures. 
Experiments have shown that the conductance is lower in fat than in lean | 
subjects (Winslow, Herrington and Gagge, 1937) and in women than in men ) | 
(Hardy, Milhorat and DuBois, 1941). Women generally have a more consider- | 
able layer of subcutaneous fat than men ; in addition, at low temperatures they . 
have a readier tendency than men to increase their metabolic rate. For thesal 
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' reasons women appear to bear with equanimity a degree of cold which men would 
_ find trying were they protected by the same amount of clothing. 

The curve marked W in figure 2 gives, in arbitrary units, the area of the part 
| of the skin from which evaporation of sweat is occurring. This area increases 
| rapidly as temperature rises above 31°c. W. is defined as E/(P,—p,). 

We can now summarize some of the more important reactions of the body to 
its environment. In a cold environment the surface blood vessels contract, 
thereby checking the conduction of heat from the deeper tissues to the skin, 
. while the skin temperature falls, thereby decreasing the rate of dissipation of heat 
from the skin. The metabolic rate is accelerated by the fluid discharged from the 
: adrenal and other glands into the blood stream, when exposure to cold is prolonged. 
In a warm environment, or during strenuous physical exertion, the peripheral 
blood vessels dilate, and sweat is freely secreted, the evaporative loss of heat 
from the skin being the body’s main safeguard against rise of temperature. 


“$3. THE RELATIONSHIP OF RADIATION, CONVECTION AND EVAPO- 
RATION TO THE ENVIRONMENTAL CONDITIONS, FOR NUDE 
SUBJECTS 

The observational technique does not separate the quantities Rand C. When 

_the temperature of the radiating surfaces, such as walls etc., in the immediate 

environment, is equal to the air temperature, then for the nude subject 


Re Cah Ts). 


A number of series of independent experiments showed that & is a linear function 
of v'/2, and that 


k=3-6+ 1l6v"?. 
It follows that, in general, 
R==3-0( 1a) x); 
C=167e1 23): 


It can readily be checked that the factor 3-6 for RK is in agreement with the 
assumption that the body radiates as a black body. Various estimates based on 
experimental determinations agree in yielding for the radiative power of the 
skin a factor 0-99 of black-body radiation. 

The measurements of evaporation (EZ) represented in figure 1 are those 
appropriate to a clothed subject reclining, and it is found that the maximum 
evaporation shown in this diagram is equal to the evaporation from rather less than 
30°(of the area of skin from which heat is lost by convection. ‘This is not in general 
agreement with the experience of men in extremely hot conditions, when not 
reclining. When sawing wood, for example, one finds the whole body becoming 
wetted with sweat, as it does on exposure to very high temperature. 

The curve for evaporation, in figure 1, shows that when the temperature of the 
ambient air rises above 29° c., the evaporative loss rises, and W in figure 2 shows 
that the area of skin wetted with sweat increases steadily with rise of temperature. 
Winslow, Herrington and Gagge (1937) have shown that when the evaporating 
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| 
power of the air is increased by a decrease in humidity, the air temperature being}, 
kept constant, there is a decrease in the area of skin wetted by sweat, while the | 
actual loss of heat by evaporation remains unchanged. This is readily seen by al 
comparison of figures 3 and 4. When the temperature and humidity of the air} 
are kept unchanged, while the air speed is increased, so that the convective loss of 
heat is increased, the necessary evaporative loss of heat is decreased, and it is alsoy 
found that the area of skin wetted by sweat is decreased. No instrument has yet, 
been designed which is capable of simulating the human body’s control over the} 
area from which evaporation can occur, and it is not surprising that the inter-} 


pretation of readings of such instruments as have been devised should be uncertain. | 
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Figure 3. Evaporative heat loss in relation to air Figure 4. Percentage of maximum possible area qj 
temperature for nude subjects. Solid wetted skin surface at varying air tent} 
circles, high humidity (40-80%). Open peratures. Nude subjects. Solid circled 
circles, low humidity (14-40%). (Winslow, high humidity (40-80%). Open circles} 
Herrington and Gagge, 1937.) low humidity (14-40%). (Winslo 


Herrington and Gagge, 1937.) 


If we may assume that in the limiting conditions of either great heat or great 
physical exertion the evaporation of sweat takes place from the same area of skin as 
the loss of heat by convection, the maximum evaporative loss of heat can be 
deduced from the convective loss. Convection and evaporation of sweat are then 
due to air from the environment being brought into contact with the skin, being 
there brought to saturation at the skin temperature and carried away by turbulent 
airmotion. Thus the heat content and water-vapour content are diffused together, 
and the result is equivalent to the diffusion of the total heat content of air, the latter 
being the sum of the internal energy of the air and of the latent heat of the water 
vapour which it carries. If J, is the total heat content of air saturated at the mean 
skin temperature, /, is the total heat content of the ambient air, and J; is the total 
heat content of air saturated at the wet-bulb temperature, then 


C+E=A(l, = hs) =A(i,—1,), 
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for /,=Z, is a statement of the ordinary hygrometric equation 
(Cp + Malp)( Ta — Ty) = L'(xq — xa); 
where x, and x, are the humidity mixing ratios of the ambient air and of air satu- 
rated at the wet-bulb temperature. The humidity mixing ratio is defined as the 
mass of water vapour mixed with unit mass of dry air. The variation of latent heat 
with temperature can be neglected as of no importance in the practical problem. 
In the equation 
C+E—AT, —1,); 
the internal heat of the air, the diffusion of which is the convective loss of heat C, 
can be readily separated out, giving 
C=Ac (1, —1,)=1oel7(7,— 7). 
Hence 
A =l6v'2/c, == vl2, 
and 
200 7 
C+ £=- 0, —J,): 
The function J is only required for saturated air, and a table of its values is given in 
the Appendix. 


S44) THE LIMITING CONDIEELONS POR HEAT-STROKE 
FOR NUDE SUBJECTS 

Ina very hot environment, particularly during great physical exertion, the rate 
of loss of heat by evaporation of sweat will fail to counteract the internal generation 
of heat plus the heating of the body by convection (when air temperature is above 
skin temperature). Before this stage is reached, the activity of the sweat glands 
will have attained its maximum, and the whole body will be wetted with sweat, 
much of which will drip from the body without evaporating. With continued 
failure of evaporative loss of heat to balance the internal generation plus convection 
gain or loss, the body temperature will rise, the pulse-rate will increase, strong 
palpitation will set in, followed by a condition of stupor ; soon afterwards sweating 
suddenly decreases rapidly and, unless the subject is then immediately removed to 
a cooler environment, he dies of ‘‘ heat-stroke’’. 

The limiting conditions of temperature and humidity beyond which heat 
stroke will come as a result of continued exposure are given, for the nude man, by 
the equation 

M =3-6(T,— Ty) + v¥*(I, — In). 
For given values of M and wv the curve which fixes these limits is rapidly drawn. 
It is necessary to know 7,, the mean skin temperature, but sufficient observations 
are available to give a reasonably accurate value of 7, for given rates of physical 
effort. A series of such curves is given in figure 5, in which the ordinate is temper- 
ature of the radiating surfaces and the abscissa is the wet-bulb temperature of the 
air. With given values of M, v, and T,, the equation is used to deduce [ , and from 
this 7/, corresponding to a series of values of T,. Figure 5 shows the limiting 
curves corresponding to the following :— 
(1) M=47 (resting): 
iy=95°6 GC 0=0'085 m.js,° Line AA 
. v=1-0 < 7) BB 
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(2) M=160 (moderate work): 
T= 34-3°c. v=0-085 m./s. Line CC 


v=1-0 ” 33 DD | 
2 ee ee | 
v=5-0 ” ” Be 


Since 1 m./s. =200 ft./min., the values of v are readily converted into ft./min. | 

Considering the line AA, we can state that continued exposure to Sane | 
represented by a point above this line, for a man resting in air movement of 0-085 | 
m,/sec. (17 ft./min.),will eventually lead to death from heat-stroke. An increase of 
ventilation raises the tolerable limits, while an increase of physical effort, with its | 
corresponding increase in the internal generation of heat, lowers them. 

It would be of interest to obtain some direct check on the form of these curves. 
For men resting in nearly still saturated air, line AA shows that the maximum 
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Figure 5. Heat-stroke limits for nude subjects in varying degrees of physical activity 
and ventilation. 


tolerable temperature is 93-5° r, The temperature in the Black Hole of Calcutta 
has been stated to be 34°c. (93-2° F.), which is not in contradiction with this. An 
interesting comparison with line AA is given by an observation in a turkish bath at 
dry-bulb temperature 135° F., wet-bulb temperature 89°F., quoted from J. S. 
Haldane (1905). The point representing these temperatures is slightly above the 
limiting line, and it is possible to compute the initial rate of rise of body tem- 
perature, which should be 1-0°F. in the 93 minutes the subject of experiment 
spent in these conditions. The observed rise was 1-7° F., showing that the 
line AA in figure 5 is avery close representation of the true limits. 
For men resting, with air movement 183 ft./min., a close approximation to 
200 ft./min., Robinson, Turrell and Gerking (1945) found experimentally the — 
following two limiting conditions: 
Dry-bulb temp. 96:8° Fr. Wet-bulb 96-2° r. 
“fe 4s se ela Sy) ee, Ee 
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McConnell and Houghton (1932) gave 95° F. as the limit in saturated air. The 
| three points thus obtained fit closely the line BB in figure 5. 

It thus appears that the lines AA and BB of figure 5 give a reasonable representa- 
| tion of such experimental tests as are available. The factor multiplying /;— J; is 
rather uncertain for men doing physical work. 

In the limiting conditions for any degree of activity and any degree of ventila- 
» tion, the body is wetted with sweat, and the prevention of rise of body temperature 
fis due to the evaporation. The amounts which must be evaporated from the 
| whole body in the conditions represented by the lines in figure 5 are shown in 
 kilogrammes, at various points along the lines, assuming 7\, = 7). 

The rate of sweating from the whole body, assuming the skin area to be 
1-8 m., is . 
| {M —(3-6+ > ol?) (T, — T,)} x 1-8/L kg./hr. 

When 7,, is not equal to 7,, the amount of sweating is increased by an amount 
ee = S(T, — Tyke. fir. 

In any given conditions it is therefore readily possible to evaluate the rate of 

‘sweating required to maintain temperature equilibrium of the body. 

When a high rate of sweating is maintained for more than a short time, the loss 
of water from the body must be compensated, as also must the loss of salt in the 
sweat. When the rate of sweating exceeds 2kg./hr., it is not possible to compen- 
sate completely for this loss by drinking, as 2kg./hr. is about the maximum rate 
-at which the body can absorb water. Drinking at a rate exceeding the rate of 
absorption by the body leads to nausea. 

A general comparison of the curves of figure 5 with observation of body 
temperature of men working at known rates, in known atmospheric conditions, is 
not possible. It should be emphasized that the value of the conductance, K, in 
the limiting conditions when the body has become totally wetted with sweat, is not 
appreciably variable with degree of activity, i.e. with rate of internal generation of 
heat. 

The rate of loss of heat from unit area of skin is given by 

M+S=K(T3;-T;). 
Suppose a man is exposed to conditions in which, with a low value of M, this 
equation is satisfied with S=0, and that he starts working at a rate which increases 
his total output of heat to a new value M’. Then 
Vien 
It will not be possible to attain thermal balance of the body until K(7'z — 7%) is 
increased, either by an increase of 7’, or a decrease of 7’, or an increase of K. 
Clearly the immediate reaction is an increase of K, if this is possible; but if 7’ is 
much greater than M, then 7,—T7 must increase before thermal balance is 
attained, since K is not increased by even 100% in the range of environmental 
temperatures shown in figure 2. 

In general, an increase of 7), — 7, appears to be attained partly by a rise of 7’, 
and partly by a fall of 7,. But the initial rise of Ty, which is the commonly 
observed physiological variable, does not indicate that the conditions make an 
eventual thermal equilibrium impossible. 
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§5. THE GENERAL EFFECTS OF TEMPERATURE 
AND HUMIDITY 
Figure 6 givesin AA and BB a conversion of curves AA and BB of figure 5 into 

diagram in which the coordinates are dry-bulb temperature and relative humidit 
assuming the radiating surfaces to be at air temperatures. Both curves give th 
limiting conditions for a nude man at rest indoors, AA for air movement 17 ft./min. 
and BB for air movement 200 ft./min. CC gives the limiting conditions in whic 
body equilibrium can be maintained by a clothed man resting in sunshine wit | 
only about one-third of his skin wetted by sweat, and DD the limiting condition 
for a clothed man walking 3 miles per hour in bright sunshine, with the same are 
of skin wetted by sweat. Figures 5 and 6 are expressed in degrees Fahrenheit fo 
convenience of comparison with observations made in industry and in meteorology 
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Figure 6. Tentative classification of climates. 
AA. Heat-stroke limits for nude man resting in still air. 
BB. Heat-stroke limits for nude man resting in air moving 200ft./min. 


CC. Limiting conditions for clothed man resting in sunshine with about one-third of skin wetted 
with sweat. 


DD. Limiting conditions for clothed man walking 3 m.p.h. with about one-third of skin wetted | 
with sweat. 


The broken line represents equivalent temperature 80° F. The figures 500 g., etc., indicate rate of : 


evaporation of sweat in grammes per hour for men of average size in order to maintain heat 
balance of the body. 


The character of the sensation experienced in conditions represented by 
different areas in the diagram is shown by the words printed in the diagram. The 
effect of high humidity is to give, in cold air, the feeling of cold usually called 
‘raw’, and in warm air a feeling of oppression. With low humidity, cold air 
gives that impression of cold which is usually called “keen ”, while warm, very dry 


air is at first stimulating, but ends by producing irritation and quarrelsomeness, a$ | 
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exemplified by the Féhn wind, a warm dry wind which is frequently observed 
{blowing down mountain slopes. Dwellers in hot desert regions manifest an 
junpleasant permanence of irritability. 

| The optimum conditions for human beings fall within the middle ranges of 
pooth temperature and humidity. With relative humidity of 50-60%, the optimum 
j}temperature is between 60 and 76° F., in reasonably good agreement with the 
\recommendations of the heating and ventilating engineers. For air-conditioned 
(rooms, the indoor temperature recommended in the U.S.A. is 76° F. in summer, 
jand 72° F. in winter, and in Great Britain 66° F. in summer and 62—64° F. in winter. 
| Brunt (1943) has given a specification of the ideal outdoor climate on the 
assumption that this should permit a man, lightly clothed, (a) to walk at 3 miles per 
/hour in sunshine without sweating, and (0) to rest in bright sunshine or to stand 
jin the shade or indoors doing light work, with light air movement (17 ft./min.), 
without sweating or body cooling. ‘The optimum for these prescribed conditions 
jis 67° F., for a lightly clothed man, when the relative humidity is near 50°,. 
|For the nude man a slightly higher temperature, perhaps 70° F., is required. 


§6. A COMPARISON WITH NATURAL CLIMATES 

Figure 6 would exclude very cold and very hot climates, and also very damp and 
very dry climates, as undesirable for permanent residence. ‘The most desirable 
jclimates are those having moderate temperature and humidity, and those are 
found in the middle latitudes of the globe. In the tropics the monotony of the 
;weather from day to day is the most marked feature and is experienced even at 
‘tropical places so far above sea-level as to have temperatures which are not extreme. 
_ Figures 5 and 6 are computed on the assumption that the heat balance of the 
)body is determined by the rate of internal generation of heat, radiation, convection 
mand evaporation of sweat, and figure 6 involves the further assumption that the 
\radiating surfaces in the environment are at air temperature. The effect of very 
jhot radiating surfaces can be great, and may be evaluated as shown earlier. In 
jhot, sunny climates the walls and roofs of houses, and of any solid objects exposed 
so sunshine, all attain very high temperatures, and they not only radiate heat to the 
dody at a higher rate than is allowed for in figures 5 and 6, but they are extremely 
jancomfortable to the touch. In these conditions an air temperature of 105° Fr. 
S$ about as high as a white man can tolerate. 

There are two types of hot natural climates—the warm, damp, cloudy and 
dppressive type, and the hot, dry and sunny type. If air conditioning were 
dossible, we should treat the first type by drying the indoor air, and the second by 
cooling it. Failing this, all that can be done in the warm damp climate is to 
ncrease ventilation, or to sit in the greatest draught, and in the hot, dry climate to 
slose all doors and windows early in the morning, so as to exclude the entry of hot 
ur from outside, while increasing ventilation by electric fan. 

In warm, damp climates houses should be of an open type, permitting free air 
novement, and the clothing should be similar in character, being light and 
porous. In hot, sunny climates houses should have double walls and roof, with 
ide air spaces between, and should be capable of being closed tightly against the 
ntrusion of hot air from outside during the day. Clothing should be such as to 
reflect as much as possible of the solar radiation falling upon it, and should be loose 


iS 


j 
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and not very permeable. It should be added that white cotton of two thicknesse | 
reflects 71% of incident radiation, while a khaki shirt reflects only 43%. A whit q 
skin reflects about 45°%, a dark brunette skin 35%, and a negro’s 16%. 

Climatic conditions represented by points to the right of the line CC in figure G 
are considered unsuitable for permanent settlement by the white man. Allow 
for the variation of temperature from day to day and from year to year in any givem 
month, we arrive at the conclusion that, if the relatively frequent occurrence for 
3-4 hours per day of conditions hotter than correspond to the line CC is to bel 
avoided, the mean temperature of the hottest month should not exceed 75° F. in a 
dry climate, or 73° F. ina damp climate, if the wind is light at the hottest hours of 
the day. It is desirable that an analysis of, say, African climates should be made ont 


this basis. 


§7. ACCLIMATIZATION AND SETTLEMENT IN THE TROPICS 


Within certain limits it is possible for a man to accustom himself to living and| 
working in higher temperatures than can at first be tolerated by a newcomer,; 
This acclimatization consists partly in ‘“‘training”’ the sweat glands to function 
readily and economically, partly in a loss of weight, with a corresponding increase 
in conductance and of the ratio of skin area to total weight of the body, and partly 
in learning to avoid unnecessary physical exertion. After acclimatization the 
regulation of body temperature is more efficient, and the rise of body temperature 
following physical exertion is markedly less than it is initially. How precisely| 
acclimatization is brought about is obscure, and it is found that during the lates) 
stages of acclimatization the usually observed physiological variables, such as} 
rectal and skin temperatures, pulse-rate and rate of breathing, show a stable | 
reaction from day to day. An interesting illustration of this will be found in 
Horvath and Shelley’s (1946) description of their experiments in acclimatization of 
men to work in rather extreme conditions of heat and humidity. The work in 
question consisted in marching at about 3 miles per hour, carrying a 20-lb. pack. |} 
On the first day they marched for } hour only; on the next 13 days they marched }} 
forl hour. Atthe end of the march the rectal temperature, mean skin temperature 
pulse rate and sweat loss were measured. The rise of each of the first three 
factors all showed marked decrease from day to day during the first six days, and 
during the subsequent days maintained a stable level. The sweating rate in- | 
creased during the whole 14 days. ‘The men showed very marked improvement | 
in gait, ease of working and general appearance during days 7-14, although no 
change was noted in the measured physiological variables. It is clear that in the 
later stages of acclimatization there occur physiological changes of an undeter- 
mined nature, which mark an improvement in bodily well-being but do not lend 
themselves to direct measurement. / 

Both laboratory experiments and experience in the tropics suggest that 
strenuous work or sport should form part of the daily life of any white man who 
desires to be healthy in the tropics. In Queensland, for example, it is found that | 
the woman who does hard physical labour, such as scrubbing offices, remains 


healthy, while the sedentary worker, like the typist, deteriorates in health, and the | 
woman who does nothing becomes sickly. 
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Professor D. H. K. Lee of the University of Queensland has written that a 
jnormal consequence of the acclimatization of the body to hot damp climates is a 
) decline of the will to work in the absence of stimulus. _ If not corrected, this leads 
| to reduced output of work or to carelessness, in either case reducing morale. 

| Asummary ofa very great volume of literature dealing with settlement in the 
(tropics has been given by Grenfe'l Price (1939). A perusal of Price’s book shows 
that there are wide divergences of opinion as to the possibilities of white men 
settling in the tropics. Many medical men appear to hold the view that, with the 
, conquest of such diseases as malaria and hookworm,we shall have made it possible 
»for men to reside in any part of the tropics. Experience has shown that while the 
white man can settle in the marginal tropics, i.e. the trade-wind coasts and islands 
and the tropical plateaux, the settlement of the inner tropical regions, where both 
r temperature and humidity are high, cannot be made without loss of both physical 
jand mental efficiency. . 
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oP PEN Dx 
Table of values of the total heat content of saturated air 


T I ip if 1p I ze ii 
(c) (xe) Gc) (ac) 
0 2:3 
‘ff 2-7 if 7°5 21 14:2 31 241 
2 3-1 12 8-1 22 15-0 32 25:3 
3 3:5 13 8-7 ees 15-9 33 26-6 
4 4-0 14 9-3 24 16:8 34 28-0 
5 455 15 10-0 25 17:7 35 29-4 
6 5-0 16 10-6 26 18-7 36 30-9 
7 5:5 17 11-2 27 19-7 37 32-4 
8 5:9 18 11-9 28 20:8 38 34-0 
9 6-4 19 12-6 29 21:9 39 35:8 
10 6: 20 13-4 30 23-0 40 37:7 


1 is given in kilogramme-calories per kilogramme of dry air plus the water 
vapour it contains. 
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APPEND xo) 


Value of M for man working | i 


For a man working at the rate of 1000 W ft./lbs. per minute the rate a 
generation of heat which has to be dissipated from the skin, expressed in kg. call] t 


per sq. m. of skin per hr. is given to a sufficient degree of approximation by | . 
Ht | 

M=64+35W. 

| 


This assumes that the efficiency of the human body regarded as a heat machin 
is about 24%. 


SOME INVESTIGATIONS IN THE FIELD 
OF HEAT TRANSFER 
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Thirtieth Guthrie Lecture, delivered 3 October 1946 


S12 INTRO DUCA TON 


| 


high honour extended to me, first in 1937 and now again, by the} 
invitation to give the lecture in commemoration of the founder of this| : 

Society, Professor Frederick Guthrie. In 1937, being just about to leave Europe 
I was not able to accept this invitation. I can scarcely express how happy I aml} 
to have been given another opportunity to deliver the Guthrie Lecture 
I understand that Mrs. Guthrie, until her death about two years ago, did not 
miss any of the lectures in honour of her late husband, and I am pleased that}! 
Professor Guthrie’s daughter and other relatives of his are with us tonight in) 
continuation of this tradition of their family. | 
Thinking of my former stays in London, I recall with particular gratitude l 
the friendship extended to me by two prominent members of your Society;}} 
these were Sir Richard T. Glazebrook, whom I met first in 1929 when he was} 
President of the First International Steam Tables Conference, and then when 
we had to deal with the international heat unit, <nd Professor H. L. Callendar, 
whose merits in flow calorimetry, resistance thermometry, and steam research} | 
I emphasized in a talk at the banquet of the Steam Tables Conference. I made} | 
friends with other members of your Society when giving a series of lectures on} 
steam research at the University of London in 1931; for instance, Dr. Ezer} 
Grifhths, your former Honorary Secretary, to mention only one of them. |} 


I also had the opportunity of attending the presentation of the Duddell Medal fo | 


M: I begin with thanks to the Council of the Physical Society for the 
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1930 to Sir Ambrose Fleming and was deeply impressed by that meeting at which 

| the late Sir Arthur Eddington was in the chair. 
Re-reading the list of Guthrie Lecturers, I feel that it was less because of my 

,, own small contributions to science that I was inserted in this brilliant list, but 
rather in appreciation of an engineer’s work in some fields of science less cultivated 
| by the physicists. 
I often gave thought to the question why the science of heat transfer is so 
, far in arrears compared to its sister sciences, optics, electricity, and fluid dynamics. 
| Concerning heat radiation, the main difficulties may be found in the badly 
defined surfaces, complex geometrical configuration and temperature distribution, 
/ and in unexpected anomalies of the absorption by gas mixtures. The progress 
in experimental research on problems of heat conduction was so much slower 
| than in corresponding work on electrical conduction because of the following 

facts : 


| 1. The ubiquity of large temperature differences in nature, causing parasitic 

heat currents, whereas environmental electric potential differences will seldom 
influence electric conduction problems. 

2. The difficulty of heat insulation, whereas electrical insulators for moderate 
voltage are usually almost perfect. This is particularly bad because of the 
existence of temperature differences, just mentioned. 

| 3. The slowness of temperature propagation compared with the enormous 

velocity of electricity. ‘This, of course, is due to the inclination of matter to 

store up heat energy instead of carrying all of it forward. 
4. The complex configurations which have to be dealt with. 


Considering finally heat convection, the situation becomes even worse. 
The Biot-Fourier equation of thermal conduction has to be combined with 
_Stokes’s equations of viscous flow; variable properties of the flowing medium, 
badly defined boundary conditions, and the phenomenon of unstable transition 
between laminar and turbulent flow have to be taken into consideration. 

These facts made work in heat transfer difficult, inexact, cumbersome, and 
therefore unattractive. In fact, scientists were deterred from dealing with such 
unwieldy stuff, promising a scarce and belated crop only, not worth the labouring. 

So it happened that other branches of science flourished and the branch 
of heat transfer developed only very slowly. Hence our knowledge of the pro- 
cesses in the interior of a molecule and even in the nucleus of an atom is better 
than our knowledge of the heat flow in a cup of tea, let alone in an industrial 
furnace. 

I would have liked to draw a more detailed, but general picture of the field 
of heat transfer with its entangled roots of radiation, conduction, and convection 
and of special tools used in its cultivation, such as similarity and analogy methods. 
However, as your President, Professor D. Brunt, has so graciously mentioned, 
I had to prepare for this lecture at short notice and, therefore, I can show you only 
a few fruits from this field, just as I have them at hand from work done in recent 
years in cooperation with some younger colleagues. ‘They may give you an 
idea of the variety of problems which pass the laboratory and desk of a specialist 


in heat transfer. 
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§2. HEAT RADIATION 
(a) A derivation of the basic law of gas radiation ( 


In work on the selective absorption of radiation by gases I started with a newijj 
derivation of the law of emission of radiation by a gas body of arbitrary shape 
Koenigsberger’s (1903) derivation for a rectangular parallelopiped is general 
but rather clumsy. Simpler derivations have been presented for a sphere 
for instance, by Nusselt (1923); however, as Koenigsberger mentioned, they} 
are not general because arbitrary bodies cannot be built up from elementar 
spheres. ‘The following proof is simple and general. It follows a usuai pattern|§ 
but seems not to have been published previously. 

Let * V be a volume of finite size and arbitrary shape (figure 1), containing 
an absorbing gas, and let S be the perfectly black inner surface of a sphericaij 
shell with centre C, inside V. ‘The radius R of the sphere may be so large thal 
the linear dimensions of the space V can be considered as differentials compared 
with R. The substance between S and V is to be non-absorbing, but have thd 
same index of refraction as the gas in V. The whole system is to be kept iri}ff 
thermal equilibrium at the absolute temperature T. | 

All radiation from surface element dS that enters the volume V is contained 
in the solid angle wy. A differential part of it, in the solid angle dwy, may cross 
the volume V in a cross-sectional area dA which, owing to our assumption con 
cerning the size of V,.can be considered as constant along the distance L. Fo | 
the same reason the beam from dS to V is assumed to be perpendicular to dS. 

Then the time rate of the radiation of wave-length A which enters V in the 
solid angle dwy will be d’g=N,,.dwy.dS, where N,; is the monochromati 
areal radiant intensity for a black body. 

The amount absorbed in V is 


By =Np,.dwy . dS(1 — ere. 


where m, is the logarithmic decrement of radiation for wave-length A. 

Since L is of differential magnitude compared to R, it can be taken so small] 
that m,L <1 and therefore m,?2L? <m,L, so that e~””—>-1 —m,L. 

Further, by definition, dwy=dA/R®. Hence, from equation (1), d2q, = Ny; 
x (dA/R?) dS . mL = NjdS/R?)m,.dv. 

By substitution of dS/R?=dwg and double integration (over S and V), | 
q=4rm,N,pV. iH 

Since gases can be considered as non-reflecting, Kirchhoff’s law requires}! } 
the time rates of absorbed and emitted energy, q, and g., to be equal. Herewitht Hi 
the law of heat emission is obtained in the form used by Koenigsbergery) | 


=4m,W,,V where W,=7N,, is the monochromatie radiant flux density 
a a black body. 


(b) A photographic and photometric model method for the determination of 
surface and gas radiation lll 


Though the laws of emission and absorption of radiation by surfaces and | 
absorbing gases are well known (see §1(a)) straight analytical determination} 


* In general the symbols recommended by the American Standards Association (1943) will bl 
used in this lecture. ) 


i 


PROC. PHYS. SOC. VOL. 59, PT. 5 (M. JAKOB) 


Figure 4. Spectrograms (A: lamp; B: lamp and 
filter; CC: lamp and liquid; D: lamp, filter 
Figure 1. Radiation of a gas body. and liquid). 


Figure 2. Model of a bank of tubes with Figure 5. Spectrograms for three grades of the solution 
lamp house. (top : weak ; middle: medium ; bottom: strong). 


Fe 
LAMP ae fa 


| Fil &MEN? , 


Mioure 3. Configuration of tubes and rays Figure 6. Spectrograms, as specified in 
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of the heat exchange by radiation in a device is possible only if the emitting and 
absorbing surfaces are very simple in shape and configuration. In most practical 
cases approximative calculations and graphical methods have been used in order 
to evade the mathematical difficulties. In this section, an experimental model 
method will be described which has been developed in cooperation with Professor 
Hawkins of Purdue University (Jakob and Hawkins, 1942). A small model, 
similar to the device under investigation, was constructed. Light was used 
instead of the long-wave heat radiation, and its absorption by photographic 
films which covered the surfaces of the model was measured by the methods of 
photometry. Liquids which absorb light in a narrow wave-length range were 
used instead of absorbing gases. 

Figures 2 and 3 represent the model used. It consisted of a lamp-house 
and a number of pipes, 1 inch outer diameter, 10 inches long, mounted on a base 
plate. The light source was a single-filament galvanometer lamp which was 
located inthe lamp-house or without that in an adjustable mounting. By horizontal 
slits in the housing, radiation could be restricted to a horizontal plane. When 
used without housing, the whole filament, about 4? inches long, acted as a source 
| of radiation, parallel to the tube axes. With films wrapped around the pipes 
the device was ready for exposure. 

Calibration consisted in exposing sections of the films for various lengths 
| of time, developing the films and passing the resulting negatives through 
_a recording photometer. ‘The intensity of light transmitted through the clear 
film base was used as reference intensity in determination of the photographic 
+ density after different times of exposure. 

. The blackening of the films by exposure in the model was also measured with 
j the recording photometer. It is apparent from figure 3 that the blackening 
was not uniform around the tubes. Tube I, for instance, causes a shading 
i effect on tube II. 

The complex case of absorption of radiation by gases was imitated by im- 
) mersing the entire apparatus in water containing a dye. It was essential to use 
}a combination of light source and filter which transmits light having a wave- 
length range in which the liquid transmits. ‘This was not the only restriction, 
} since it was also necessary to select a film which is sensitive to the wave-length 
range of light which is transmitted through the absorbing medium. ‘The method 
} would be useless if the film selected was “blind” to the radiation coming from 
} the combination of light source, filter and absorbing medium. 

| After a great deal of experimentation, satisfactory results were eventually 
\ obtained using various concentrations of saffron dye in distilled water, Wratten 
i light filters, and Wratten and Wainwright “‘ hyperpanchromatic”’ cut films. 

| Figure 4 shows a series of spectrograms made with a Hilger spectroscope. 
|The continuous spectrum of the lamp is shown in spectrogram A. Spectro- 
} gram B is taken with lamp and filter, C with lamp and liquid, showing that the 
| liquid transmits light in almost the same range as does the filter. Spectrogram D 
jis for light passing through filter and absorbing liquid. 

In order to change the absorbing power of the medium, it was sufficient to 
‘change the concentration of the dye. Figure 5 shows the same as the spectro- 
gram D for three grades of the absorbing solution. 


PROC. PHYS. SOC. LIX, 5 47 


730 Max Jakob 


Figure 6 contains eleven spectrograms which are explained by table 1. 


Table 1. Explanation of figure 6 


Spectrogram No. Source of light and Time of exposure 
(from top to bottom) absorbing bodies (seconds) 

1 Lamp 10 | 
2 Lamp 30 | 
3 Lamp 90 | 
4 Lamp and liquid 90 
5 Lamp and liquid 300 
6 Lamp and filter _ 90 
7 Lamp and filter 300 
8 Lamp, filter and liquid 180 
9 Lamp, filter and liquid 600 

10 Iron arc 3 

itil Iron arc 3 


Imitation of complex radiating surfaces may be obtained by suitable dis- 
tribution of several filaments on the surface or, more simply, by bringing one} 
filament to different places on the surface, exposing at each position, and super- 
imposing the results. A variety of other possibilities, as well as of difficulties, 
has been indicated in the quoted publication. 


§3. HEAT CONDUCTION 
(a) Temperature-distribution in the walls of boiler tubes 


In a boiler the outer surfaces of the steam tubes will be at a much lower 
temperature than other surfaces in the furnace. It is not easy to determine 
the temperature of these tube surfaces. Using optical pyrometers the reflexion 
of radiation which they receive must be carefully considered. Otherwise 
enormous errors may occur, as has been shown in previous papers (Reid and 
Corey, 1944; Jakob, 1944). 

The present example (Jakob, 1943 a) deals with the determination of the 
outside temperature of boiler tubes by an indirect theoretical method, based 
on a close estimate of the distribution of the radiation outside and on calorimetric 
measurements of the increase of enthalpy of the fluid inside the tubes. These 
measurements were performed in a high-pressure boiler with forced circulation 
by Davidson, Hardie, Humphreys, Markson, Mumford, and Ravese (1943) 
The theoretical calculation further yielded information about the temperature 
distribution in the tube walls and about the thermal resistance between the tubes 
and the boiling water. 

Figure 7 is a cross-section through three adjacent boiler tubes. The heat 
is assumed to arrive at a steady rate from the right (furnace side). The left side 
(wall side)’ is supposed to be virtually insulated by the boiler wall. It can be 
assumed that the main part of the heat energy arrives as radiation either from all 
directions of the furnace space with uniform intensity or in the direction OU. 
In the first case the time rate of heat radiation to a surface element at any point Pp 
of tube A is proportional to a solid angle w which itself is proportional to the 
ordinary angle ; in the second case it is proportional to cos d. A mathematical 
analysis showed that the two assumptions yield almost the same distribution 
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of absorbed energy. Neglecting, for the time being, the heat exchange by 
radiation between tubes A and B, it is as though heat sources existed at the surface 
which decrease in strength as cos¢ from $=0 to 6=2/2. 

The thermal conduction through the tube wall under the steady-state condition 
is governed by the partial differential equation 


a ae 1 ate 
Or FP Ora Oe 
where ¢ is the temperature at the radial distance r from the centre line and the 
angular distance ¢ from the direction UO. 
For a complete circular ring (dashed area of tube A in figure 7), a solution 


of the differential equation was obtained by means of Fourier series. In putting 
up the boundary conditions the following physical assumptions were made : 


t=t,;=constant for r=r,, 


(5) ="-cos$ for 0Ed=n/2, 


(5) = 0 for V<7/2 <7, 


where 
go =the heat energy * absorbed in unit time and area at 6=0, 


k =the thermal conductivity of the wall material, and 
t,=a temperature slightly above that of the saturated steam f,,, inside the tube. 


Both k and ¢, are considered to be constant. 
Denoting by ¢,9 the temperature at the point 0 (r=r,, 6=0) a temperature 


t ¢ 
ratio may be defined by ‘Y= eae having values between 0 (for t=¢,) and 1 
e0 z 


for i=t,). 

For me case of r,/r;=1-5 the temperature distribution shown in figure 8 was 
obtained by numerical calculation. This figure contains isothermal lines for 
W=1, 0-8, 0-6, 0-4, 0-2, 0-1, 0-01, and 0. Further, heat-flow lines are drawn 
from the points a, 8, c, d, e, f, g, and A on the outside surface to 7, k, 1, m, n, 
p, g, and u on the inside surface, respectively. Each of the first four channels, 
beginning with the symmetry line aj, carries 1/5 of the total heat flow, the channel 
between en and fp carries 1/10, each of the two last channels carries only 1/20 
of the heat flow. It is further seen that about 96° of the incoming heat is 
received in the range ¢ =0 to 0-47 at the outside and is given up inside in the first 
quadrant (f=0 to 0-57) and only 4% in the rear quadrant. ‘The temperature 
lifference t,—t; at 6=7/2 is about 12% of t,9—t; (at 6=0). 

After some corrections for radiation exchange between tubes A and B and 
some other radiation due to the actual arrangement in the tests, a satisfactory 
igreement between theory and experiment was obtained regarding the values 
of t,o. Other surface temperatures had not been measured because of the 


* I use prime, double prime, and triple prime signs to designate unit length, area, and volume, 


‘espectively. 


732 Max Jakob 


difficulties with thermocouples to be placed on tubes in a high-pressure stea oa 
boiler. i 

An additional qualitative result of this analysis was that inside the tube aj} 
¢=0 local coefficients of heat transfer of the order of 20000 or 30000 B.hr.~ 
ft.2F -! occur, and in the range from ¢ =0 to 7/2 mean coefficients of the order oF 
10000 or 20000 B.hr.-!ft.2F.. The high local heat transfer comes from the| 
strong formation of steam bubbles at the front side which induces vehemen; 
radial and rotational movements of the mixture in the fluid cross-section, and fronj 
the wiping effect of fluid forced through the tubes. The rear half of the inne 
tube surface, on the other hand, is not engaged at all in the heat transfer; it acts}} 
solely as heat protection of the furnace wall. As an average, the investigation} 
showed that the thermal resistance of the fluid film amounts only to about 10%q if 
of the total resistance, that is, the resistance against thermal conduction in the 
tube wall is the controlling factor. 


i 


(b) Temperature distribution in electrical coils of simple form due to a linear increasay 
of foulean heat with temperature. 

Whereas §3(a) dealt with a case of conduction of heat which was aril 
to the conducting body from outside by radiation and was carried away byj 
convection, it will now be supposed that heat is developed in the conducting 
body. 

An electrical coil is a rather inhomogeneous body because it is built up fro 
conducting and insulating materials. However, considering equal volumes} 
of such size that several layers of these materials are included, it can be assumedf 
that in each volume the same Joulean heat is developed if the electric resistance 
of equal lengths of the conductor is the same all through the coil. 

The heat developed in such a body is conducted to the surface as it would 
be in a homogeneous medium whose thermal conductivity is equivalent to that! 
of the mixture of materials in the coil. In a steady state of heat developmemil 1 
and heat flow, the temperature ¢ decreases from a maximum value t, somewhere} 
inside the coil to lowest values ¢, at the surface. It will be assumed that ¢, is il 
uniform all over the coil surface. This holds approximately for a coil in an oilll) 
bath or in a fast gas stream and in numerous other cases. 
_ Simple relations between maximum and mean temperature of a coil have peat 
derived for the case of uniform generation of heat all over the volume. 
particular, it was found that for coils, having the shape of an infinitely widll 
plane plate, an infinitely long cylinder, or a sphere, the temperature distribution 
may be expressed by 


Ot 
i } 
i 


= 8(1—2),0 a (2) 


where 0=t—t, is the temperature excess over surface temperature for a point | 
at the perpendicular or radial distance, x=s or r=s from the median plane, 
centre line, or centre of the plate, cylinder, or sphere, respectively ; 6) =t) —t, 
is the same for ~=0 orr=0; s is the half thickness or the radius of the coil; and Ell 
is defined as the ratio x/s or r/s. 

Owing to the increase of the electric resistance with temperature, the heat 
developed in a coil is not uniform, but increases from the surface to the point 
of maximum temperature. Having previously dealt with the case of uniform 
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development in a coil whose cross-section is a rectangle of finite side lengths 
(Jakob, 1919), I later studied the influence of non-uniform development of heat 

in coils of simple shape in ranges where the electric resistance can be assumed 
to increase linearly with temperature (Jakob, 1943 6). The general procedure 

and some surprising results of this study will be dealt with. 

_ In addition to the above mentioned symbols, the following will also be used: 


k=equivalent (apparent) thermal conductivity of the combination of electrically 
conducting and insulating material as used in the coil; 


_ gq’ =rate of heat energy developed in unit volume; 


arr 


| T- =m+nd=m(14 20) =m(1 +66), sion (3) 
m 
where m=4q,/""/k,, n=€q,.""/Rg, €=n/m=temperature coefficient, o=s4/n. 
Subscripts s, 0, one m refer to the places of surface, maximum, and mean 
‘temperature, respectively. 
For the infinitely wide plate, the differential equation of the temperature 
‘distribution is 


dx? oR 


>0 and n>0, its general solution is 


wr 


For q 
0= — s + M cos (x/n) +N sin (x+/n), 


where WM and WN are the constants of integration. 
Boundary conditions are 


} 


d0/dx=0 when x=0, and 0=0 when x=s. 


g=7| ee) (£2) -1], | earde (4) 


Using them if follows that 
COS Oo 


1 
=e <1}, recone (5) 


@-— cos(ée) — cosa 

oy @,  1—coso ; 
Thus, the temperature distribution across the plate is not parabolic, as in 
equation (2) which holds for ¢=0, but is more complicated. When o approaches 
7/2, then 6 approaches infinity for every value of x. Hence, if equation (3) were 
valid up to this limit, every point of the plate would be at infinitely high temper- 
ature. 6/65, however, would keep the finite value 


7 =<0s(£.5) Rye (7) 


The temperature distribution for c=0 and o=7/2 is represented in figure 9; 
it changes surprisingly little in the whole range from o=0 to o=7/2 (infinitely 
high temperature). 
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The mean temperature is obtained from the equation of definition 
yea FS 
C= | 6. dx. 
SJ 0 


Substituting from equation (4) and integrating, 


Ae (222-1). calen (8) 
€ oO 


From equations (5) and (8) one obtains the ratio 

7] 

os é 

This equation can be used to calculate the maximum temperature excess 6, 

from 6,, which is easily determined by measuring the increase of the coil resistance 
when carrying current. 

For o=0, that is, uniform heat development, 6=2/3. For the other limit 
(c =7/2) equation (9) yields 6=2/z, that is, only 43% less, independent of the 
thickness of the plate and the value of the temperature coefficient e. 

For cylindrical and spherical coils similar equations were derived to those for 
the plane plate. 

The only difference in the solution for the cylinder-is that the equations |} 
contain the Bessel function of zero order and first kind, J), wherever the cosine- 
function occurs in the equations above, and infinitely high temperature would 
take place where the Bessel function becomes zero, i.e. at the first zero point 
of Jy which occurs for o=j), =2-4048... 

For the sphere the cosine-functions in equations (4), (5), and (6) have to be 
replaced by [sin (£o)]/(€c), including (sinc)/o and the temperature approaches 
infinity when oz. 

The temperature distributions (figures 10 and 11) cover a band which is only 
slightly wider than the one between o=0 and o=77/2 in figure 9. 

The upper limit (c=0) of 
this band is in all cases the 
parabolic distribution (equation 
(2)), the lower limit is given by 
equation (7) for the plate, 


» sMo-—o.cosa 


q o(1—cosca) 


6/8) =J o(€ -Jo,1) for the cylinder, 


iloee (10) 
and 
6/4, = [sin (én)]/(Er) 
for the sphere. 
Sse (11) 


The practically important 
ratio ¢=6/0, takes maximum 
values 0-667, 0-5, and 0-4 (for 
uniform heat development) and —>f- %, 
minimum values of 0-637, 0-432, 
and 0-304 (at infinite tempera- 


Figure 9, Temperature distribution in infinitely 
wide plates. 
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ture) for plane plate, cylinder Me 
and sphere, respectively. 0.9 
Obviously, engineers neglect- O8 


ing in their calculations the in- 
fluence of non-uniformity of 


Ca ESS 
heat generation in a coil, were 0.6 ee eae 
just lucky; they could scarcely Pe dae 


have foreseen that a relatively 


small increase in current would ee ais | 0 2 le 
esc 6 oem el FAY 
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(c) Temperature distribution in OO igo ci ago < oles 

le . . . _—_— as h/ 

bodies of simple form developing 3 


or absorbing heat at a linear Figure 10. ‘Temperature distribution in infinitely 
long cylinders. 
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function of temperature 


The relations for the tem- 10 


perature distribution in electrical 09 
coils given in §3 (b) are also 
valid for the case of chemical 
exothermic reactions in a range 
where a linear increase of the 06 


DSSea 


heat development with tempera- @ o¢ 
~~ 
ture can be assumed. 8 
It is easily understood that i oe 


they will hold also for endo- 
thermic reactions (q’"’ <0; m<0) 
in the range where equation (3) 
is valid and m>0, that is, for ot 
heat absorption increasing with 
decreasing temperature. In par- 
ticular, 0/0) remains entirely ei be 

unchanged ; however, 0, Bo, and Figure 11. Temperature distribution in spheres. 
6,, assume negative values, as they must be in endothermic reactions. 

Also the limit of an infinite temperature value, shown in figures 9, 10, and 11, 
would be theoretically the same. However, just as a coil would burn through, 
or equation (3) would cease to be valid long before an infinitely high temperature 
were obtained, any endothermic reaction would stop before the absolute zero 
point of temperature were attained. 

Similar relations to those given in $3 (b) have recently been derived 
(Jakob, 1947) for electric heat sources with negative temperature coefficient 
of the Joulean heat, i.e. heat development decreasing linearly with increasing 
| temperature, as may occur in the carbon of electric-arc lamps or graphite elec- 
trodes, or in electrolytes; these equations then are also valid for exothermic 
reactions with negative temperature coefficient, and for endothermic reactions 


See \ 
fieceeen 
ee ees oe eee NN 
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with x <0, that is, when the absorption of heat increases with temperature. In 
the latter case, again, 0 assumes negative values. 

The procedure of derivation is similar to that shown in §3(b). In general, 
the results, including those of §3(b), may be represented by two equations: 


@ _ fléo)—flo) 


i, l=fa?))  ee (12) 
0 _ g(téo) —g(ic) 
and a, = Siac 3. te eee (13) 


where 1=4/—1 and f and g are function symbols. Considering, for instance, 
J(c) and g(ic), the first one means cosa, J(c), and (sinc)/c, and the second one 
cosh (70), (#0), and [sinh (éc)]/(éc) for the plate, cylinder and sphere, respectively. 
The function f belongs to exothermic and endothermic processes with positive x, 
the function g to the same with negative 7; generation of Joulean heat is included 
in the exothermic processes. The argument zo is always real and positive. 
In figures 9, 10 and 11 the families of curves above the parabola which is common 


to plane, cylinder and sphere belong to equation (13). They approach an upper 
limit, 6/6,=1, when o-oo. 


$4. HEAT CONVECTION 
(a) Studies on free convection 


The Nusselt and Grashof numbers for the free convection on a vertical 
surface of height H and temperature t, to a fluid of temperature ¢,, are usually 


defined by (Neral = and (Nora = 9 19%(2,~t) where A is the film 


coefficient of heat transfer and k, 6 and v are the thermal conductivity, coefficient 
of thermal expansion, and kinematic viscosity of the fluid, respectively. 
Employing the principle of similarity, Nusselt (1915) showed that (Nyu)a 
is proportional to H34, a result which previously had been obtained analytically 
by Lorenz (1881). This, however, is only a fair approximation to the actually 
much more complicated relation between and H, as has later on been demon- 
strated by different workers. Moreover, Griffiths and Davis (1922) have shown — 
by experiments that above a certain height (about 2 feet for air) h becomes 


independent of H and Proportional to t,—t,,. They correctly concluded that 
turbulence occurs above that height. 


Considering the general form 
Nya=C(NGg:.Ne)*, (14) 


where Np, is the Prandtl number, a correlation of King (1932) proved that 
n= and } occur for the laminar and turbulent range, respectively. This 
holds also for not too vehemently boiling water according to experiments of 
Jakob and Fritz (1931) and Jakob and Linke (1933, 1935). : : 
The latter workers, in particular, showed that n=4 may be used for the 
convection on the upper side of a horizontal plate on which water is boiling, 
and they concluded that in the range of their experiments (q"’=7 to 5200 B.hr.-} 


ft.-?), the coefficient of convection on a horizontal plate is independent of the size 
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Figure 12. Vertical-cylinder arrangement for free-convection experiments. 


Figure 13 


Parts of apparatus for free-conyection experiments. 
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Figure 26. Arrangement of Calorimeter No. 2 in wind tunnel (front side). 


Figure 27, Arrangement of Calorimeter No. 2 in wind tunnel (rear side). 
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of the plate except for a possible effect of the edges. This was to be expected 
because there is no reason why the heat transfer on one place of a large horizontal 
plate should be different from that at any other place. 

In other words, if equation (14) is valid, then n=4 must necessarily occur 
in all cases where no reason exists why / should depend on a characteristic length. 

The heat transfer by free convection from vertical cylinders to non-boiling 
liquids (water and ethylene glycol) has recently been investigated by Touloukian, 
Hawkins, and Jakob (1947). Long cylinders, 2? inches in diameter, were 
composed from heating elements, starting and trailing pieces as is shown in 
figures 12 and 13. Three sizes of heating elements, 6, 12, and 36 inches long, 
but always the same starting piece (12 inches long) and trailing piece (13 inches 
long) were employed in the experiments. ‘The cylinder assembly was placed 
in a cylindric shell of 12 inches inside diameter which contained the liquid. 

The test sections consisted of brass tubes containing electrical heaters. 
Surface temperatures were measured on different places by means of thermo- 
couples in slots which were cut into the surface and were afterwards closed 
by strips of lead. A number of thermocouples were distributed in the liquid 
bulk. Fifteen thermocouples inside each end-cap (see figure 12) served to de- 
termine the heat losses through the caps. These were made of Transite board, 
an insulating cement-asbestos compound. 

The lava and brass sections (figure 12) served for mounting the test section 
and as hydrodynamic starting and trailing pieces. 

In order to prevent the liquid from penetrating the joints of the cylindric 
test section and to make the porous Transite and lava sections impermeable 
to liquids, several thin coats of a special resin were applied to the surface with 
a spray gun and baked on with a battery of infra-red lamps. 

The range of experiments is shown in table 2. 


Table 2. Range of experiments about free convection in 
liquids on vertical surface 


Item Symbol Minimum Maximum Units* 

Height of heating section lel 0:5 3-0 ft. 
Surface temperature (Be 90°5 DIS) e. 
Temperature difference alae Ss 83°5 F. 
Coefficient of heat tranfer by 

convection h 17-6 Si [Boe ihe 1B 
Nusselt number Nyu 89-0 903-0 — 
Grashof number Nor 2:2(108)  326(10°) — 
Prandtl number Npy 2:4 117°8 — 
Product of Grashof and 

Prandtl numbers Ney. Np; 280(108)  904(10°) _- 


The tests in the laminar region led to an exponent n=; in equation (14) as 


would be expected. In the turbulent region, however, equation (14) had to be 
replaced by 
Nyu i C(NerNe:™)", O, CORES (15) 


* For several years the author has used the symbols C and F as units of temperature differences 
in the Centigrade and Fahrenheit scales, and the symbols °C. and °F. for temperatures in these 
two scales. ‘This distinction seems to be useful and is recommended for general adoption. 
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with m= 1-29 and n=1/3 in order to correlate the results by a unique line. This}) 

indicates that the term of acceleration in Stokes’ equations cannot be entirely |} / 

neglected as is done when the same exponent is given to Ng, and Np,. | 
The correlations are represented in figures 14 and 15. 


) Tt | 
cs ea esa - 1 
aed || 
Fei 


iH) 
i 


= Bei & 
he Se sss 
Zz esean| meee) | | 
z en Be) lal 
4 es 
(mae ah van Ot 
| fi 
eee SRB 
1(10°) 2 4 6 8 {(10%) 2 4 6 8 (0) 2 4 6 Bide 
[Ner- Npr 
Figure 14. Heat transfer by free convection of liquids on vertical cylinders 
(laminar range). 
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Figure 15. Heat transfer by tree convection of liquids on vertical cvlinders 
(turbulent range). 


The characteristic exponents 1 /4 and 1/3 were also applied in a new cor- 
relation of experiments on free convection through enclosed plane gas layers 
(Jakob, 1946). Mull and Reiher (1930), in a remarkable experimental investi- 
gation, had used two parallel plates, each 40 inches long and 24 inches wide, 
which were separated by air layers. ‘These could be divided in different ways — 


se Straight Line 1: €q. 2 
| | A) itt 


| 


| y 
j Beet 
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so that it was possible to study enclosed air layers having areas of 30 to 960 square 
inches. Air layers of seven different thicknesses from } to 7? inches were 
employed. One of the two plates was an electrical heating plate and the arrange- 
ment was made in a manner to ensure that exactly measured amounts of heat 
flowed across the air layers. ‘The system of plates could be rotated in a horizontal 
bearing so that the air layers could be brought into horizontal, vertical, or oblique 
position. ‘The authors introduced the concept of an equivalent conductivity, 
k., which includes the effect of conduction and convection through the air layer 
(after deduction of the effect of radiation) and studied the ratio k,/k in which k 
is the true thermal conductivity of the air. This ratio, as is well known, is 
identical with a Nusselt number UL/k where 
1 

~ 1/h, + L/k+ 1/h, 


= overall coefficient of heat transfer. * 


U 


h,, hg=film coefficients of heat transfer on the two surfaces, and L =the 


thickness of the air layer. 


* Observed -by Mull and Reiher 


ww 
-% 


Figure 16. Heat transfer by free convection in horizontal air layers. 


For horizontal layers (subscript 2) with heat flow upward, Mull and Reiher 
represented their results by plotting k, ,/k versus log (Ner)z, 4 Grashof number 
with the layer thickness L as characteristic length. In the experimental range 


| of (Ngz)z =2 100 to 8890000 a smooth curve of increasing steepness was obtained 


which could not be represented by a simple formula. Representation in biloga- 
rithmic coordinates, however (figure 16), reveals that in close relationship 
to other cases of free convection, two ranges must be distinguished and can be 


covered by two equations. 


* After deduction of radiation. 


| 
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In a lower range (Ng,)z10000 to (Ng,)z~400 000: | 


E, B= 0-105 Naess (16) | 
In the turbulent range (N@g,),>400000: | 
ke /R=0-0680Vq)r i) ees s(t) | 
For (Ng,)z—0, finally: 
eae ‘ , it 2 (18) | 
as indicated by a dotted line. 


The meaning of equation (17), obviously, is that above a certain thickness | 
L the coefficient of heat transfer does not change any more, but remains the same | 
as for a single horizontal plate, facing upward. This was checked numerically 
and found to be in excellent agreement with an equation derived from the 


observations of Griffiths and Davis. 
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Figure 17. Heat transfer by free convection in vertical air layers. 


For vertical layers (subscript v) of thickn<ss L and height H, Mull and Reiher | 
plotted (k, ,/k)(H/L), as measured, versus log (Ner)z and built up 27 curves || 
with H/L as parameter, making ample use of interpolation and extrapolation || 
since a total of only 21 points from their own and 3 from other experiments were | 
available. Again, bilogarithmic plotting (figure 17) of the original points yields 
a much simpler and more reliable picture and two simple equations, namely 


for (Ner)z = 20000 to 200000: 


Re, o/h =0-18(Ner)s/(H/L),  —...., (19) 
and for (Ng), =200000 to 10000000: 
Re, o/h =0-065(Nop)s¥(H/L)9, =... (20) 


Again, the exponents 1/4 and 1/3 of (Ner)z are significant for laminar and 
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turbulent flow. The exponent —1/9 of H/L, however, was found empirically. 
At H/L=0, equations (19) and (20) would yield an infinitely large heat transfer, 
whereas the behaviour of single vertical plates should be approached; however, 
it seems that equation (20) is valid down to the ratio H/L&3. 

For oblique layers, linear interpolation between the results of equations (17) 
and (20) gives reasonable results. 

Finally it must be mentioned that Mull and Reiher’s tests, as well as the above 

equations, do not take account of any convection or conduction effect of the 
border strips which close the gas layers.* 


(b) Heat transfer to a fluid in laminar flow through an annular space 


The experimental part of this investigation (Jakob and Rees, 1941) was 
performed with an arrangement originally constructed and used for the 
determination of the true temperature and the heat exchange in a catalytic 
reaction (Jakob, 1938 and 1939). A sketch of the annulus with the thermo- 
couples used is shown in figure 18, in which the distances in the length direction 
are represented in the right proportions; those in radial direction are magnified 
and not to scale. The annulus, 1500 mm. long, was formed by two vertical 
co-axial nickel tubes T, of 4:05 mm. o.d., and T, of 8-1 mm.i.d. A thin-walled 
steel tube containing a fine thermocouple could be shifted up and down inside 
T,. On the outside of tube T, eleven fine iron-constantan thermocouples were 
fixed. Another thirteen couples were placed on the outer surface of a third 
nickel tube T; of 21 mm. o.d. A fourth tube T, of brass, 30:2 mm. o.d., was 
fitted with three heating coils, each covering a third of the tube length and 
provided with separate current control. Air, hydrogen, or ethylene were passed 
through the annulus and heated electrically so that the temperatures of the tubes 
T, and T, increased as linearly as possible over the length of Section II]. Then 
a convection-heat coefficient /,, was found which was defined by the equation 


VC, .At=hgy. 2nr,.L.8t, 


where =the time rate of volume flow, C,,=the specific heat of unit volume of 
the gas at constant pressure, At=the temperature increase of the gas over a 
length L, r,=the inner radius of tube 7,, and dt=the average temperature differ- 
ence between tubes 7, and 7}. 

Up to about 2% of the heating energy crossed the annulus in the form of 
radiation and was then supplied to the gas from the inner wall. Average gas 
temperatures were from 31 to 105° c. with temperature slopes from 0-15 to 
0-80 c./cm. and differences dt from 0-4 to 12-9 c, The Reynolds number Np, 
was varied from 50 to 1000; it was defined by 

VD, 

Nre= oA ° 

7, =the outer radius of tube T). v =the kinematic viscosity of the fluid. 
A=n/(ro2 —1,2) =the cross-sectional area of the annulus. 


D,=2(r2—7,) = equivalent diameter of annulus. 


* Only after delivery of this lecture was a thorough experimental and theoretical paper of 
Elenbaas (1942) brought to the author’s attention, in which the heat transfer from both surfaces to 
air layers open at the perimeter is treated. This case is somewhat related to the one dealt with 


above. It was not possible to compare the results and include an analysis of the comparison in this 


lecture. 
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The experimental results were compared with the theory in which laminar} 
flow and invariable physical properties of the fluid were assumed. The derivation 
was based on the known equation of the velocity distribution across an annular 
space and on the heat-flow balance for a volume differential of the annulus.|}) 
This led to the differential equation 


t cfs 
u (5) = Nin! —7r+Bln “\ ee 


ay r,J0x ~ Ox 
a 2VC, (72 2)(7.2 2 = acts | 
where eer 3 M = (19° —14?)(72? +171? — B) and BESTE IES | 


In the case of uniform heating or cooling of the fluid from either or both) 
boundary surfaces of the annulus, it can be supposed that the heat energy is. 
absorbed or given up by the fluid in such a manner that at any sufficiently large 
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Figure 18. Sketch of annulus arrangement. Figure 19. Shape factor X according 


to equation (21). 
axial distance x from the entrance and at any radial distance r from the centre line 
the temperature increase per unit length is constant, so that 
ot Ot 
aS C=constant, and a 0. 

Let the time rates of heat entering the annulus from the inner and outer 
surface (subscripts 1 and 2) be g, and gs, which can be different in numerical 
value and-sign; further, 

q=H+@ and P,=9,/g, whilst P,=1-—P,=q,/q. 
Then for temperatures ¢, and ¢, and for any value x: 
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2 
deo rs 
where y=7,/r, and z=———, Ng,=the Graetz number, and X is a function, 


Iny 
both defined by equation (21). 

By this equation it is possible to calculate the ratio of the temperature difference 
across the annulus, df, to the temperature increase along the annulus, At, from 
the Graetz number and the term X which is also dimensionless. 

Values of this term are represented in figure 19 and, according to equation (21), 
it is a linear function of fraction P, which is used as parameter in the chart. 
Since, by definition, P,;+ P,=1, the inequality P,>1 indicates that some of the 
heat which is supplied to the fluid from the inner tube is given up to the outer 
tube and from this to the environment as occurs in heat exchangers consisting 
of three co-axial tubes. In the inverse case, P,; <0, heat is given up to the inside. 
' It is easily understood that for 7,/r.>0 the function X will approach +00 for 
every finite value of P,, because the transfer of a finite amount of heat by an 
infinitely thin wire requires an infinitely great temperature drop. Only for 
P,=0 a finite value X =0-75 occurs (see figure 19). For 7,/r.—1, on the other 
hand, X—0. 

Making allowance for some experimental difficulties explained in the paper, 
the « xperimental results obtained with one annulus and three gases of very different 
thermal conductivities were in reasonable agreement with the theory. 


(c) Forced heat convection in laminar and turbulent flow parallel to a surface 


Heat transfer between a surface and air flowing parallel to it is a process 
of great practical importance which, for instance, occurs with all kinds of fins 
or on the skin of an airplane in flight. Previous knowledge of that process was 
based on a few sets of experiments which were performed with plane surfaces 
and led to a considerably higher heat transfer than a theory due to Latzko (1921). 
In particular, the influence of non-heated starting sections seemed to require 
a new investigation. This has been undertaken by Jakob and Dow (1946) who 
employed an electrically heated cylindrical specimen. Compared with the use 
of plane plates the cylindrical arrangement has the following advantages: 
A cylinder can be easily placed in the centre of an air jet and is free of the cdge 
losses of a plate; for both reasons, air jets of moderate diameter can be used. 
| Uniform heating is easier to provide, heat losses to the rear are easier to control, 
| and noses of different shape and cylindrical starting sections can readily be used 
| for studying the behaviour of the boundary layer of the fluid which is developing 
, along the surface, first streamlined and then turbulent, and in which all resistance 
_ against heat transfer is concentrated. ‘The experiments were performed with 
specimens of 1-3 inches diameter and 9 to 20 inches total length, the ratio of the 
heated length to the total length being varied from 0-4 to 0-9. Spherical, 
ellipsoidal, and conical nosepieces were used. The air velocity was varied 
from 10 to 150 ft./sec. 

Figures 20, 21 and 22 show the general arrangement and details of the heating 
and supporting tubes. The heating coil consisted of nichrome wire wound 
ona stainless steel tube. Paper rings insulated the heating tube from the wooden 
starting piece or nosepiece and from the supporting steel tube; the junctions 
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were smoothed by means of paraffin. Eight fine copper-constantan thermo-| 


couples for the determination of the surface temperature, ¢,, were placed in four |)" 


axial slots machined in the copper tube. Another thermocouple served to | 


measure the temperature ¢, of the airstream. Different secondary thermocouples 
in the wooden nosepieces and in the rear part of the heating-coil tube were used 
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Figure 20. Arrangement for measurement of heat transfer in parallel flow. 
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Figure 21. Heating specimen for parallel flow experiments. 
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Figure 22. Supporting assembly for parallel flow experiments, 


for heat-loss measurements. The air velocity, v,, was measured by a Pitot 
tube. 

A hemispherical nosepiece is shown in figure 21. The six different starting 
pieces used in the experiments are described in table 3. In this table Lg, is the 
hydrodynamic starting length of the specimen, defined as the ratio of the surface 
area of the starting piece to the perimeter of the heating cylinder. The total 


= 
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length, Lot, is defined as the sum of Ly, and the thermal or heating length, Lin, 
of 8 inches. 

The experimentation consisted of velocity traverses, measurements of the 

) input of the electrical heating coil, and thermoelectric measurements. The 

| velocity traverses revealed that for a distance 2 feet downstream from the nozzle, 

the air velocity varied less than 1°% within an 8-inch core. The rate of heat 

losses, g;, including also radiation, was found to be 2:8 to 6-7% of the heat input, g;. 

_ The mean coefficient of heat transfer by convection was found from the equation 


ee aes bien 
te A(t, ai a) ; 


where A is the area of the heating surface. 


Table 3. Starting pieces 


Es Lot 


Specification (ft.) (ft.) eh bie 
Cylinder with hemispherical nose 1-026 1-693 0-606 
Cylinder with hemispherical nose 0-689 1:356 0-508 
Cylinder with hemispherical nose 0-354 1:021 0-347 
Conical piece (4 in. long) 0-187 0-854 0-220 
Ellipsoidal nose 0-092 0-759 0-122 
Hemispherical nose 0-075 0-742 0-101 


The experimental results were expressed in terms of Reynolds and Nusselt 
| numbers, defined by Npe=v,Lto/v and Nyu=ALto/k, where v is the kinematic 
viscosity and k& the thermal conductivity of the air. v was taken at the temper- 
ature t,, k at the temperature (¢,, + ¢,)/2. 
| By plotting Vy, versus Np, it was found that transition to turbulence started 
at Nz. = 60000 to 200000 and was fully developed at Ng.=250000 to 600000. 
For the range of laminar boundary layers the results could be represented by 
the equation 


Hi 


Nig OOUUN Rees 2, ae eee (22) 
for the range of fully established turbulence by 
Nyu=0:0280( Ne) 91 +0-40(Lst/Ltot)*?]. vse ee (23) 


Figure 23 shows these relations and the transition from laminar to turbulent 
| boundary layer. 

Comparing these equations with those found theoretically for heat transfer 
in the flow parallel to plane plates, it is seen that equation (22) 1s in excellent agree- 
'ment with the equation derived theoretically by Pohlhausen (1921) for heat 
transfer in the flow parallel to a plane plate, whereas the constant factor of 
equation (23) exceeds the one according to Latzko’s (1921) derivation by 11%. 
In Jakob and Dow’s paper it is shown that this is probably due to the surface 
curvature. It is further shown that Fage and Faulkner (1931) came to much 
higher values of the constant in equation (22), probably because starting conditions 
prevailed in their surfaces of only 0-333 to 1:27 cm. length. The only experi- 
ments in the turbulent range which can be compared with ours seem to be those 
of Juerges (1924) performed with a plane plate and yielding 15% higher values 
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than we obtained. A blunt leading edge may have caused this increase in hea| ) 
transfer. Elids’ (1929, 1930) values, which lie between Juerges’ and our results} | 
scatter considerably. A recent paper of Eckert and Drewitz (1940) shows tha|}¢ 
Pohlhausen’s theory is valid up to twice the velocity of sound if the fluid ten} 
perature is replaced by a temperature impressed on the surface, due to adiabati 
stopping and friction of the stream. ‘The same is claimed for the turbuler} . 
boundary layer. It may be concluded that, when the equilibrium fluid tempera : 
ture is replaced by the “‘impressed temperature’? of the surface, the result 
of Jakob and Dow can also be approximately employed to much higher thai 
i 
| 


the experimental velocities. Considering that our results in the turbuleni 
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Figure 23. Heat transfer in parallel flow. 


range are almost between the theoretical ones of Latzko and the experimental 
ones of Juerges, it seems to be safe to use equation (23) tentatively for any convexi 
smooth surface with arbitrary starting section where the radius of curvatal 
in a plane perpendicular to the main flow direction is more than 3 inch, 


(d) Forced heat convection in turbulent flow against a surface. | 


Surprisingly little has been published regarding the heat transfer in the flow 
of air perpendicular or oblique to a large surface. There is the followimtll 
statement of Reiher (1929): | 


“In blowing air perpendicularly to a surface, coefficients of heat transfer 
have been measured which, depending on the air velocity, were seven to eight times} 
those determined by Nusselt and Juerges in flow parallel to the plate surface.” | 

However, no experimental data or theoretical deductions have been published | 


to substantiate this statement according to which the heat transfer close to the 


_ 
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stagnation point would be unusually great. On the other hand, experiments by 
Rowley and Eckley (1931) at air velocities of less than 45ft./sec. indicated that 
‘the heat transfer of air impinging upon a surface perpendicularly is appreciably 
‘smaller than for parallel flow. 
Since the heat transfer in the flow of air perpendicular or oblique to a surface 
plays an essential réle in the formation, melting, and sublimation of ice on wind- 
‘shields and other parts of the outer surface of an airplane, experiments were 
sponsored by the U.S. Army Air Forces for the purpose of deciding between 
‘the above mentioned contradictory results, extending experience to higher 
‘velocities, furthering the understanding of the heat transfer in the flow of air 
against surfaces, and using the results for the calculations of ice formation and 
sublimation on wind-shields of airplanes. ‘Two weeks before this lecture I 
| presented a report on these experiments to the 6th International Congress for 
} Applied Mechanics in Paris (Jakob and Kezios, 1946). 
| Owing to the practical purpose of the investigation one might have con- 
sidered it as most promising to perform experiments under conditions of environ- 
|ment favourable to ice formation. However, quantitative experimentation 
‘imitating actual flight conditions would have been quite intricate. Fortunately, 
l results obtained under conditions most convenient for laboratory tests can be 
converted to actual atmospheric conditions encountered in flight, by means of 
}the theory of similarity. For this reason the experiments were performed with 
pair approximately at standard atmospheric conditions and with surfaces at 
[relatively high temperature (about 212° r.). The principle of similarity was 
| then used to convert the results to conditions of flight at great altitude, 1.e., low 
}air pressure, low temperature, and considerably higher air velocities than were 
lavailable in our laboratories. Finally, the theory of similarity between heat 
‘and mass transfer was used to calculate the amounts of ice that would be formed 
/or sublimed on an exposed surface under conditions of flight. 
; . The method of investigation was to 
|expose the test plates to a homogeneous 
jair-jet produced by a blower, or to bring 
\them into the ,test section of a wind ieee (PNG 
tunnel. The plates were heated from the . 
‘rear by condensing steam and the heat 
transfer was determined by the rate of i 
_steam condensed (condensing-steam calori- 
meter). he temperature differences were 
}measured by thermocouples. the flow 
velocities by Pitot tubes. 

Figure 24 is a cross-section of our ¢—~Hess 
‘calorimeter No. 1. Its main parts are e—) 
a heating plate A of 4 inches diameter 
and a guard-ring B, both of copper and 9% 
chromium-plated, which are separated by ,_- 
air, except for the thin paper ring C; the 

s Figure 24. Calorimeter No. 1 for measure- 
main steam chamber D and the guard ment of heat transfer in air flow 
‘steam chamber E which prevents heat against a plate. 
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loss from D; auxillary parts are the cork insulation F and the Masonite rinj 
G which is inserted into the wooden plate H of rectangular shape, 34 inche# ! 
(horizontal) x 37 inches (vertical). } . 
Chamber D has its inlet at the top and its condensate outlet at the bottom) 
Chamber E is fed from the back of D. Four copper-constantin thermocouple: 
were placed in holes drilled below the exposed surface of the calorimeters. Tw 
more were attached to the back of the paper ring and served to sel | 
the heat loss through this ring. A seventh thermocouple was used to meet | 
the temperature of the incoming air. 
Figure 25 is a sche- ae I | 
matic diagram of one of 
the experimental arrange- 
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tal axis to bring the sur- 

faceintoa position oblique Figure 25. General arrangement for measurement of heat 
: transfer in air flow against a plate. 

to the air stream. Steam 


was formed in a small electrically heated boiler and dried by mechanical type} 
steam separators. 

Figures 26 and 27 are photos of the arrangement of our calorimeter No. 2,| 
in the open section of the wind tunnel (throat dimensions 48 inches (horizontal) |f 
x 28 inches (vertical); distance between throat and diffusor 293 inches). This} 
calorimeter, whose main heating surface had a diameter of 2 inches, was inserted | 
in a wooden plate of elliptical shape (axes 20-6 and 12 inches). Since the cross- |} 
sectional area of the free jet was 467 times that of the main heating surface, the | 
conditions imposed approached those of the small stagnation area of a rather | 
large surface in an infinitely wide air stream. Two steam separators which | 
were connected in series and insulated by magnesia, and other apparatus, were | 
placed in the wind shade on the rear of the wooden plate (see figure 27). 

Experimentation consisted of measurements of air pressure and velocities, 
temperatures of air and calorimeter, steam pressure and condensate weight. | 
The mean jet velocity as well as the velocity components parallel to the heat | 
transferring surface were determined by traverses, the latter ones at = inch 
distance from the plate surface. 

Figure 28 is a sketch of the flow distribution over the exposed surface which 
is at an angle « from the vertical plane. For «=0° the flow would have its stag- 
nation point at the centre O of the plate for reasons of symmetry; at an angle 
«<0 the stagnation point will be shifted, for instance, to S. The velocities on 
the surface were determined as follows (see figure 29): 

First the stagnation point was found as that point where impact and static 
pressure tubes showed identical values. The air flow over the heating plate 
is limited between the lines SL and SR. The radii, SL, SC, and SR and the 


arcs 1-1, 2-2, and 3-3 intersect in 9 points. At these points the radial velocity 
(with S as centre) of the air was determined. 
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The scope of five series of experiments with a total of 61 runs is given in 
. table 4. 


Table 4. Experiments with air flowing against a heating surface 


Distance Diameter 
Calori- Air jet between Dueck of 
Seri Run meter —————*—_—_——_— — outlet agen heating 
Ctles . of impact 

No. No. Thickness and plate plate 

Source Outlet : 5; ane 

(in.) (in.) (in.) 
A 1-20 1 Blower Orifice 7 (diam.) 20 Perpendicular 4 
By 221-32 1 Blower Orifice 7 (diam.) 10 Perpendicular 4 
Ce 33-37 1 Blower Orifice 10 (diam.) 10 Perpendicular 4 
D 38-46 1 Blower Orifice 10 (diam.) 10 Oblique (4=30°) 4 
E 47-61 2 Wind-tunnel Throat 48 x 28 16 Perpendicular 2 


RR stReaM ~~ 0 


al | 
“AA 

2 S&& 
3 ues S 


DISTANCE BETWEEN PLATE 
AND ORIFICE 


S |STAGNATION POINT 
o¢/ANGLE OF INCLINATION 


a 
° 


Figure 28. Sketch of air flow oblique to a plate. 


+ 
fo} 


HEATING PLATE 


PAPER RING 


MEAN PARALLEL VELOCITY -V¥pm 


fe) 


(o) 


20 40 60 80 fete) 120 
MEAN CORE VELOCITY -Vvcm ft/sec 


STAGNATION POINT : : 
| Figure 30. Parallel velocity versus core velocity 
) < 


} Figure 29. Range of air flow over inclined plate. in air flow against a plate. 


The following definitions of velocities were used for representation and analysis 
of the experimental results : 

The mean velocity of the core of the jet, v,,,, is the average velocity of that 
part of the jet which would hit the heating plate if the flow continued in the 
direction of the duct axis. 

In Series A, B, C, and E the mean velocity parallel to the heating plate, 


v,. is identical with the mean radial velocity, ¥,.,, defined by the equation 


pm? 


er 2 *0,.2nr.dr, 


Cn 
rm 
TTA) r=0 


where ry =7, is the radius of the heating plate. 
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From figure 30 it is seen that, almost exactly, i} 
Lom == Von (24) 


where m is a constant for each series of tests (m=0-300 for Series A, 0-191 for C) . 
This shows that the flow pattern in the experiments was not appreciably differen) 
from that of potential flow in which equation (24) should be strictly valid. . 
In Series D the stagnation point fell just outside of the Masonite ring al 
figures 24 and 29), at 44 inches from the centre of the plate, independent of th i 
velocity. It was found that v, was almost constant over each of the circulas 
arcs 1-1, 2-2, and 3-3. Graphical interpolation and integration then led to | 
ees 7 é 0, GA, | 
where dA is an element of the surface A =zr4?. iW 
As in Series A and C, the relationship between the measured mean core ant ) 
mean parallel velocities could be represented by a straight line through the Zea 
point of the coordinates in figure 30. Hence equation (24) was also valid for) 
Series D, the constant being m=0-694. 
The heat transfer by convection was determined from the latent heat of thet 
steam and the weight of condensate formed in the main calorimeter chambe 1 
with due consideration of conduction and radiation losses. In the runs o } 
Series D the stagnation point fell outside the guard-ring. Hence, the air in the 
boundary layer was pre-heated in flowing over the guard-ring plate, whereas} | 
I} 
| 


a) 


the mean film coefficient of heat transfer was defined under the assumption i 
that unheated air meets the main heating surface. An approximate analysis} 
showed that for this particular arrangement the influence of preheating was] 
almost negligible. 

In figure 31 the observed values of h,, are plotted against w,,, in logarithmic! 
coordinates. The lines A, B, C, and D belong to the series denoted by these | 
letters. The points of Series A are considerably scattered, particularly at low| 
velocities. Conceivably, the relative small ratio of jet width to distance between |} 
orifice and test plate caused some instability in the stagnation region. The’ 
points of the other series are much better in line. 

For w,,, >50 ft./sec. the film coefficient could be represented by 


ling = JN Cae en (25) 


with the constants, N and n, as given in table 5. 


Table 5. Constants of equation (25) | 


—— 


Line N n 
a Eee 
A 1:037 0-567 
B 0-991 0:571 
G 0-856 0:571 
D 0-889 0-567 


ae | 
However, Series B may be as well represented with N=0-991 and »=0-475 in |I} 
the whole range of v,,, from 14 to 124 ft./sec. (dotted line B’). This exponent 
is close to the theoretical vaiue 0:5 for the streamline region in parallel flow. 
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The component of 70-57, according to table 5, on the other hand, seems to 
indicate that in general a turbulent state was prevalent at v,,,>50 ft./sec. ‘This 
is almost the same exponent as has been found in the flow across a cylinder. 

Regarding the differences of N, only one detail may be discussed here. 

_ Line D is close to C, though in Series D the plate was tilted, the stagnation point 
was outside the heating plate, and the mean parallel velocities were much greater 
(Ypym = 69-4 ft./sec. compared to 19-1 ft./sec., both at v,,,=100 ft./sec.). Since 

case D is closer to the conditions of a true p rallel flow, a more pronounced 

impact effect in case C must have made good for the smaller parallel velocity. 
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Figure 31. Heat transfer in air flow against a plate. 


In the wind-tunnel tests with calorimeter No. 2, having a small heating 
surface, the heat transfer was so unstable that, notwithstanding all thinkable 
improvements of arrangement and frequent repetition of the tests, the points 
scattered by +30%. However, the average in these tests, h,,=11 for 
Vom = 90 tt./sec., 1s in good agreement with the corresponding point in line C, indi- 
cating that an increase of the jet thickness from 10 to about 40 inches and of the 
distance from 10 to 16 inches did not appreciably change the heat transfer. 

It may further be concluded that the coefficient of heat transfer close to the 
stagnation point, as observed in a circular area of 1 inch radius, is not much 


| | 
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yf 
different from that observed in an area of 2 inches radius. No such singularity 
as mathematically might be expected seems to occur at the stagnation poin}| 
possibly just because the instability of flow masks any effect. i| | 

I 

| 


On the other hand, in strong contrast to Reiher’s claim, the mean coefficie 
of heat transfer in the vicinity of the stagnation point remains much below tha 
for parallel flow at the same jet velocity, and the impact compensates only partll}/f 
for the considerable reduction of heat transfer in the stagnation region. At besa} 
the impact effect may be compared with a strong starting disturbance in the flov 
parallel to a surface. i\ | 

Several applications of the results to flying conditions have been given ? 
our report to the U.S. Air Corps. It may be sufficient to show the proceduriff} 
on one of these examples. | | 

An airplane, rising from relatively low altitude through an atmosphere is 
which some ice is formed on its wind-shields, continues travelling at 30000 fee) 
altitude in dry air of —50° r. with the speed of 300 miles per hour. Assuming | 
that the surface temperature is kept slightly below 32° F., calculate the rate of | 
sublimation of ice into the air per unit area close to the stagnation point and thi | 
rate of heat to be delivered to the wind-shield from inside the plane and given u { 
to the atmosphere under these conditions. 

The calculation may be based on equation (25) with N=0-87 and n=0-57] 
holding for standard atmospheric conditions (p= 760 mm. Hg, t, =68 F.). 

The equation is a special case of the general form 

Neg=CVeey) 9 eee (26) | 
where Nyx, =h,,L/k=the Nusselt number for a charateristic length L, k=theé 
thermal conductivity of the air, Ng,=vLp/u=the Reynolds number, v=th J 
flight velocity, p =the density of the air, =the dynamic viscosity of the air. 

Assuming the same characteristic length for the considered spot of the wind 


shield in flight as in the laboratory experiment, L=1/6 feet, Np, is the scanty 
in both cases if ; 


! 


oLp/u is VemoL-Po/ Ho or Npe= (Nre)o» A ok og Beceyeenee (27) 
where subscript 0 refers to the laboratory test conditions. The air pressure 
at 30000 feet altitude is 226-1 mm. Hg, so that p/py=0-383. Further, from 
physical tables jz/u) =0-825. By substitution in equation (27), v,,,9=204 ft./sec. 
Herewith, from equation (25), h,,9=18-0 B.hr.-1ft.2F “1, 

Since Nre=(Nre)o equation (26) leads to Ny,=(Nyu)o. From physicall 
tables, k/ky=0-804. Hence Ay =kAyo/ko =34-5. Herewith the time rate off 
convective heat flow per unit area becomes 

qo =h,,(t,— ty) =14-5 (32+50)=1190 B.hr.—ft.-2, 

According to the similarity of heat transfer and mass transfer, Nusselt (1930) |i) 


has derived an equation for the case of small concentration of a diffusing vapour 
which, by combination with equation (26), becomes * 


it ON tne 
i ING) ayo (28) 
* Equation (28) was derived for diffusion and he 


The more complicated formula for these 
different result. 


at transfer not occurring in the same field. 
Processes taking place in the same field yields only a slightly 


| 
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| where 72’’=the mass rate of sublimation for unit area in lb.,,,..hr.-1ft.-. 
5 =the mechanical diffusivity of water vapour into air in ft.?/hr. 
a=k/(pc,,) =the thermal diffusivity of air in ft.?/hr. 
p=the density of the air in Ib.,5,/ft.3 
c, =the specific heat of air at constant pressure in B.1b.mass1F 
c=the concentration of water vapour in the air, in Ib.nass/cu. ft. 
Subscripts a and s refer to bulk-air and surface conditions, respectively. 
| Assuming saturation of air with water vapour at the surface and entirely 
dry bulk air, from physical tables: k=0-0119; p=0-0288; c,=0-240; «=1-72; 
m=; c= 303(10-*). 
Further, from an equation of Mache (1874), 


160/T,, 


1.89 
= (a) IfitGinin Sec mmmmnrneMn, Utero ate: (29) 


—1 


| airin degrees Rankine; 7, =(7,+ T,)/2. This yields 6=2-325 ft./*hr. Hence, 
, m'’/q."’ = 0-000 606 [Dee Date 07 80 LD geashiteat tte. 
The rate of heat flow due to sublimation per unit area is 


Gy TN ee ae a 
» where A,, =the heat of sublimation. 

WithA,, = 1219-1 B/Ib.mas3(from steam tables) one obtains gjy'’= 970B.hr.“ft.~*. 
| Though the temperature and concentration difference are large, only a small 
| amount of ice, namely a layer of about 1/6 inch, will be sublimated in one hour of 
| flight. The total rate of heat needed to keep the surface temperature at 32aee 


) and to sublimate this ice will be 
9!” = 90!’ + Gig!’ = 1190 +970 = 2160 B.hrtft.—2. 


| By moderately increasing the outer surface temperature, the ice could be melted. 
This would be preferable because only the relatively small melting heat (143 B./Ib.) 
| instead of the large heat of sublimation (1219 B./lb.) would have to be delivered 
| from the inside of the plane and the water be wiped away by the air stream or 
} mechanical devices. - 
It should be kept in mind that the above calculation is based on conditions 
| close to the stagnation point. Since the heat transfer will be larger in the regions 
| of parallel flow, a greater heat output will be needed in such regions in order to 
| prevent freezing. 
When I submitted this and similar calculations to the U.S. Air Corps I did 
not feel so confident, since the application of the equations of similarity between 
heat and mass flow to the present cases seemed not to be proved as yet by experi- 
| ments.- When, a few weeks ago, I was visiting the National Physical Laboratory, 
 Ilearned, to my great satisfaction, that Drs. Griffiths and Powell had previously 
done and published appreciable work on evaporation and sublimation which 
during the war had not come to my attention. Concerning the method used 
by them, reference is made to their first paper (Powell and Griffiths, f39): 
Powell (1940), in particular, has measured the evaporation of water from circular 
_ disks facing wind and expressed the, measured values of the mass flow as a function 
_ of the 0-56 power of the Reynolds number, which is\very close to the 0:57th power 
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Considering that he found 0-59 for the sphere in evaporation experiments, whic 
is more than 5° higher than for a circular disk, it may be assumed that 0-6) 
found for sublimation on a sphere would correspond to a 5°% smaller value, that is} 
to 0:59, for sublimation on a disk, so that either his exponent 0-56 or 0-59 would 
have to be compared with our value 0:57 found in heat transfer experiments 
I consider this very satisfactory agreement as a confirmation of Powell and 


Griffiths’ experiments as well as of ours in the two different fields of observation 


§5. CONCLUSIONS 


As mentioned in the introduction, I was not able to deal with general principlei} 
in this lecture, but only with some problems of heat transfer which occurred taj 
me and had to be solved more or less exactly in one way or the other. Thougll} 
many other methods of physics and mathematics have been employed in thal 
field of heat transfer, the examples presented may have given you an idea of thd 
kinds of procedure generally used in this branch of science. I also hope that you}} 
will have felt some satisfaction and stimulation due to the occupation with d 
variety of practical problems all of which can be reduced and are subordinate 
to a few general laws. In fact, recognizing possibilities of generalization ir} 
dealing with a special engineering problem not only raises the practical value 
of the work, but also causes a state of elation which is a sort of reward to those 
who take part in the scientists’ mission to ; 


| 


“Seek the familiar law in chance’s frightening wonder, 
Seek the immovable pole in the phenomena’s flight.” 
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(ABSTRACT. Ion concentrations in hydrogen spark channels may, it is shown, be found 
| by observing the Stark broadening of the Balmer lines. The line breadths are measured 
in two ways: by the normal techniques of photography or by plotting the line breadths 
}with a photoelectric electron multiplier, amplifier and cathode-ray oscillograph. The 
advantages of the latter method is that the light emission/time relation can be studied. 


‘Representative oscillograms are shown in the paper. - 

Full account must be taken of the fine structure of the lines in assessing their true 
| breadths, and Holtsmark’s theoretical analysis of the Stark effect for inhomogeneous fields 
is used for that purpose. 


Sil, TINTAMIRAONBNOKE WIGINI 
) HE physical properties of spark channels have not, in general, been accurately 
| determined, largely because of the experimental difficulties involved and 
| the uncertain and often erratic nature of the discharge. For the present 
purpose a spark channel is defined as the path of a spark discharge between two 
electrodes after complete bridging of the gap by a streamer and, more particularly, 
after conduction across the gap has persisted for 0:25 microsec. A gap 5 mm. 
in length would be bridged by a streamer in ~3 x 10-8sec. or less (Loeb and Meek, 
.1940). ‘The consecutive stages of avalanche, streamer and established channel are 
shown, for example, by Raether (1949) using Wilson-chamber techniques. Other 
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i} 
papers dealing with spark channels in the present sense are, for example, I} | 
Flowers (1943) and Fucks and Bongartz (1943). 
Modern techniques enable controllable spark sources to be used, especial] 
with rapidly recurrent (50-1000/sec.) sparks at low currents (+500amp.). TI}ip 
present experiments are a continuation of earlier work (Craggs and Meek, 1944 
carried out with such techniques but are still to be considered as preliminary A 
the investigation of higher current discharges. The properties of short low 
current sparks are of interest because of their importance in many aspects of tl 
performance of electrical apparatus, and more particularly in spark-ignitid 
problems and in spectroscopic analysis, etc., and also because their behaviour |} 
probably in many ways reproduced in a slightly modified form in longer sparks 4} 
in those in which much higher currents are used. The latter are also of greqy 
technical interest. i| 
The main objective in the present work was to investigate the Stark broadeniy 
of the Balmer lines for hydrogen sparks and so to deduce the ion concentrations | 
the channels. Early work was carried out by Lawrence and Dunnington (193 1 | 
and by Finkelnburg (1931). Qualitative observations using spark sources who} 
characteristics were largely unknown were made, e.g. by Merton and Hulburt. | 
The most recent work is that of Finkelnburg, whose conclusions are ill defingt# 
and whose methods of analysis (different from that described in the present papel} 
of line broadening are very inaccurate. The results of this work are discussé 
in §6. 


| 


§2. DETAILS OF APPARATUS 

The sparks were passed between pointed tungsten electrodes about 5 mnj\f 
apart in hydrogen at pressures 10cm. Hg above the atmospheric value. T t 
tungsten electrodes were mounted in collars attached in turn to’electrodes sealdl} 
into the two halves of a demountable Pyrex bulb some 150c.c.involume. Sin« 
some photographs were required of the u.v. emission from the spark, all measur! 
ments were made through a quartz window waxed on to a tubulation in the side qf 
the experimental tube. 

The circuit used for supplying square-voltage pulses was that devised originalllf 
in this laboratory by Mr. M. E. Haine and Professor J. M. Meek for use in radi¢ 
location modulators, and is described in some detail-by Craggs, Haine and Med 
(1946). The circuit is shown here in figure 1. L is the choke through which th 
artificial line M is charged from a high-voltage D.C. L he 
supply, provided by a half-wave rectifier set. It is [oo eae 
shown (Craggs, Haine and Meek, loc. cit.) that it is 
advantageous to use a choke whose inductance is large eset 
compared with the value necessary to give resonance i 
with the line capacity at half the required resonant 
frequency. The frequency can then be adjusted Figure 1. 
by alteration of the frequency of the incoming HT source {ot sa oan 
trip-pulse applied at T to the trigger electrode of the special three-electrode ga} | 
Cl nigaroD) shown in figure 1, developed and described by Craggs, Haine an]) 
Meek. In steady-state conditions the voltage on the line always builds up t! 
nearly twice the D.C. charging voltage. The spark-gap current and voltage, of 


t 
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light output (figure 14), can be monitored by an oscillograph tripped synchronously 
from the circuit used to fire the T'rigatron. 

_ If it is required to study sparks in a two-electrode gap, such a gap may be 
included in the circuit of figure 1 between the artificial line and the T'rigatron. 
The use of the resistive matching load R, necessary to give non-oscillatory square 
woltage pulses with the line, is not affected by the inclusion of the test gap, except 
ossibly during the first 0-5 microsec., when the spark-gap impedance falls from 
infinity to ~2ohms (hydrogen). The pulse time, for a constant peak current, 
was varied from 1 to 4 microsec. by inclusion of several artificial lines, all of constant 
impedance (about 80 ohms) in cascade. For the 10- and 20-microsec. pulses it 
was more convenient to use special lines of higher impedance and smaller bulk. 
The arrangement of two gaps was used in the earlier work of Craggs and Meek 
1946), although the circuit was not there described in detail. 

_ The D.C. supply voltage (figure 1) was measured with a calibrated high- 
resistance voltmeter and the test-gap voltage may be derived from that value by 
calibration of the charging circuit or by direct measurement with a sphere gap or 
calibrated oscillograph and potential divider. 

The controlled sparks produced with the above circuit were observed with a 
spectrometer and also with a system comprising a photoelectric electron-multiplier, 
mplifier and cathode-ray oscillograph. 

The spectrometer (small Hilger constant-deviation model) gave a spectrum, 
‘rom 4000 to about 6700 a., some 45cm. in length. In order to ensure uniform 
lumination of the spectrometer slit, and thus of the neutral step wedge (placed 
mmediately before it) necessary to provide plate calibrations, a two-lens collimating 
system was used (figure 2). This arrangement also minimizes undesirable 
eflections in the collimator tube of the spectrometer. Figure 2 shows that an 
mage of the spark was formed by L, on % ‘3 
L, and an image of L, was projected by L, 
in the plane of the slit. The adoption of 
such a system is essential in work of this 
sind where the path of the spark varies 
slightly in position for successive discharges. 
4 photograph of the slit, with step-wedge removed, was taken on each plate in 
yrder to ensure uniform illumination of the slit in all the analysed records. 

The line profiles and step-wedge marks on the plates were measured with a 
dilger microphotometer in the University of Manchester. One of us (W.H.) 
ncollaboration with W. K. Donaldson modified the instrument to a self-recorder, 
and this work will be described in a separate publication. ‘The microphotometer 
sensitivity was such that a net deflection of 15 cm. was obtained for a change from 
sero to infinite plate density. The magnification could be made either 140, 70 or 
35 to 1 by choice of suitable gears in the automatic drive, and vertical lines were 
Jashed on to the records at intervals of 0-05 mm. along the photographic plate. 

After many preliminary experiments, Ilford S.G. Panchromatic plates were 
dopted since they were found to have the most suitable spectral response for the 
yarticular Balmer series decrements obtained with the sparks. Each plate was 
varefully rubbed with cotton-wool during development to avoid spurious local 


Spark 
wh 
Spectrometer 
sit 


Figure 2. 
Optical system for slit Ulumination. 
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variations in plate density, and the results showed clearly that the treatment wa i 
adequate. | | 
The electron multiplier system in its earlier form was similar to that describell) 
by Craggs and Meek (1946). In order to improve linearity, a lower load resistan¢ . 
and a smaller multiplier output current were used for 
the present work, in conjunction with a VT60A amplifier 
valve to feed the oscillograph. The amplifier valve had 
its frequency response improved by the use of the circuit 
of figure 3 (see Brainerd et al., 1942). 


A characteristic frequency f, is defined by 27f,=1/R.C, 


Signal 
| 


€ 
> 


| 

if 
ma 
Rs 

| 
aa 
| 


(C= effective capacitance shunting the coupling circuit). 
For C,=20 pf. and R,=22000,f,=3-7x 10%ces. 
: p d Figure 3. 
A quantity D is defined by Correcter circuit for H.F. | 
: iG amplifier. 
i: GR | 


The relative stage gain is plotted as a function of frequency f (Brainerd et al. 
loc, cit.) and with D as a parameter. The following data are relevant: 


Frequency f 16, Relative stage gain 

ie 0 OF 

0-4 0:92 
0-5 1-0 

: 0-6 1-08 

1-4f, 0 0-58 
0-4 0-8 

0-5 0-88 

0-6 0-94 


A value of D~0-5 is therefore desirable. In practice the value of L, is best} 
found by trial, using a square pulse generator to excite the amplifier. The| 
results showed that only with the 1-microsec. pulses would an error arise, and even] 
in that case the error would be negligible. The frequency response at 1 Mc./sec.| 
was finally about 90%. HT 

‘The usual load resistance for the VT'60A was 15,000 ohms (which gives a time 
constant of 0-3 microsec. with the oscillograph input capacitance of 20 pfs.). 
Experiments were performed with the load varied from 15,000 to 3000 ohms and| 
the effect on the spark light/time oscillograms was barely detectable. This! 
system was used in preliminary work with new multipler tubes to confirm with 
greater accuracy some of the earlier experiments of Craggs and Meek (1946). 

For the new experiments on plotting Stark profiles of the separate hydrogen 
lines it was necessary to use higher amplification. A three-stage h.f. amplifier 
using SP41 valves with 2000 w anode resistances and choke correction for aaproaa | 
ment of frequency response, was then used in conjunction with the multiplier 
and the V'T'60A valve was retained to provide a sufficiently 
the oscillograph deflector plates. The frequency response was of the order of 
that for the VT60A alone, and careful tests were again carried out to check the 
frequency response. The linearity of response of the multiplier and amplifier 
system was checked with the spark in operation by interposition in turn of a number 
of calibrated gauzes between the light source (spark) and the multiplier. 
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Figure 6. Microphotometer tracing of Hg for 1-microsec. current pulse. 
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It is of interest to note that the complete system gave an amplification of 
10°10! times, i.e. x 1-7 x 10° withthe multiplier, about x 300 with the three-stage 
amplifier and about x 10 with the VI'60A. Considerable trouble with pick-up 
from the spark supply circuits was experienced, and even the final records (e.g. 
figure 14) show a small dip at the beginning of the oscillograms, where its presence 
is not important. If the multiplier was irradiated with feeble steady light, the 
random fluctuations in the photo-current were noticeable on the oscillograph 
screen, but with the stronger light from the sparks such effects were negligible. 
It was, however, extremely important to use a light-tight box for the multiplier. 


$3. EXPERIMENTAL RESULTS WITH THE PHOTOGRAPHIC 
TECHNIQUE 
Every plate was calibrated with the Hilger step-wedge, using microphotometer 
smeasurements taken at the peak of each broadened line. ‘The general appearance 
of the H,, Hy and H, lines is shown in the spectrogram of figure 4, taken with a 
)quartz prism spectrograph. 

Experiments were made with pulse lengths of nominally 1, 4 and 10 microsec. 
with respective peak currents of 120, 120 and 30 amp. Figure 14(9) shows a 
typical 10-microsec. pulse. The 1- and 4-microsec. pulses were used in order to 
determine, if possible, the changes in ion concentration during the afterglow 
period which, being the same for both pulses and the same peak current, constt- 
tutes a greater fraction of the total time of light emission with the shorter, i.e. 
1 microsec., discharge. Further reference to afterglows are made in $6. 

Representative microphotometer tracings, using 1-microsec. pulses of peak 
current 120 amp., are given in figures 5, 6 and 7 for H,, Hp and H,, respectively. 
The fact that the shape of H,, was not distorted by the time lag of the galvanometer 
) system in the microphotometer was confirmed by taking a slow manual plot of H,. 
The microphotometer tracings were corrected, by the use of plate response 
curves, and typical examples of such corrected tracings are given in figures 8 to 13. 
A complete set of profiles for H,, Hs and H, for the pulse lengths 1 and 10 microsec. 
(pulses of figure 14) is reproduced here in order that, if desired, methods other than 
that described below for the estimation of ion concentration may be tested. The 
curves for the 4-microsec. pulses are the same as for the 1-microsec. pulses. One 
unit on the wave number scale for H,, Hg and H, corresponds respectively to 
131-2, 40 and 65cm... 

The analysis of these results is given in detail below (§5). 


§4. EXPERIMENTAL RESUS WITH TPHE ELECTRON: 
MULTIPLIER TECHNIQUE 


| In order to take plots of the broadened lines with the electron multiplier, the 
‘constant deviation Hilger spectrometer was fitted with a telescope adaptor using 
-a standard slit taken from another spectrometer of the same type. ‘Thetelescope- 
slit assembly was made to project into the metal box containing the multiplier, 
and stray light was thus eliminated (see§2). It was essential, in order to avoid 
obtaining distorted line profiles, to focus the collimator slit on to the exit slit. 
The colour response of the multiplier was measured in a subsidiary series of 
experiments, using the above spectrometer as a monochromator with a tungsten 
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filament lamp, running at known temperature, assource. ‘The emission character- 
istics of such lamps are known and comprehensive data have been published 
by Forsythe and Adams (1945). The probably negligible but unknown differential 
absorption in the glass system of the spectrometer and external illumination 
system (figure 2) were the same since identical optical systems were used for the 
sparks and for the standard lamp and so did not introduce errors. ‘The colour 
response of the multiplier, corrected for spectrometer dispersion, was used to 
check that the very wide line profiles of Hg and H, were not spuriously distorted 
sy such colour response. The red response of the multiplier is extremely poor, 
ind reliable profiles for H, could not be obtained since it was not possible to 
l-educe the telescope slit (normally about 50 microns wide) for the narrow H, 
iprofiles. This difficulty did not arise with H, and H, since the colour response 
wwas good and the line-breadths were such that a 50-micron slit was sufficiently 
arrow. 

| The fully corrected profiles for Hg and H, with 1-microsec. pulses and a peak 
jcurrent of 120 amp. are shown respectively in figures 9 and 10, and analysis of the 
jdata is given in §5. The multiplier profiles in figures 9 and 10 are fitted to the 
| shotographic profiles at the peaks and at one other point, although (see tables 3 
ind 4) the multiplier profiles are slightly wider and thus give higher ion concentra- 
tions. The importance of figures 9 and 10 is that, after scaling, the photographic 
and multiplier curves should be found to be identical. This fact is discussed in § 6. 
[The line profiles taken with the electron multiplier for 1- and 4-microsec. pulses 
Becre found to be identical. 

| Before proceeding to a discussion of the above results it is of interest to show 
spark-light emission as a function of time for the different Balmer lines. The 
lrecords are similar to those shown for total (polychromatic) spark radiation by 
Craggs and Meek (1946), but are taken with the greatly improved techniques 
Idescribed above in $§2 and 3. The selected oscillograms are conveniently 
idescribed in tabular form (table 1). 


Table 1 
Current wave 
Light/time 
diagrams. sett Nominal Peak 
Figure No. re deviation: Figure No. current 
(microsec.) (amp.) 
14-1 Hg 1 14-7 120 
14-2 He 2 14-8 120 
14:3 Hg 10 14-9 30 
14-4 lal, 2 14:8 120 
14:5 Hg y 14:8 120 
14-6 H, 2 14:8 120 


abled 1s We 2 Sy nero! 34 eis | 

Itis noticeable that the shapes of the light/time diagrams for H,, Hy and H, are the 
same within the close limits of observational error. It is noticeable that the smaller 
diagrams (e.g. figure 14(2)) are sharper than the larger ones (e.g. figure 14(5)), 
due to the slight non-linearity of the multiplier and amplifier system (see. § 2). 
Hence the Balmer decrements, i.e. the intensity ratio of H,, to Hy and Hg to H,, do 
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not change during the time of discharge, and this means in turn that the mode ly! 
excitation responsible for light emission is also constant for that period. 'Thhjj’ 
investigation of Balmer decrements will be discussed, it is hoped, in another pape) 
The afterglow discussed by Craggs and Meek (1946) is again apparent on com} 
paring, for example, the duration of current and light in figures 14(1) and 14(7), an) 1 t 
it is hoped in later experiments to determine Stark profiles for the broadene} 
Balmer lines as a function of time and so including measurements taken durin} 
and after the flow of current. In §5 the interpretation of results taken witl 
different pulse lengths is given. It is clear that for afterglows of equal duration 
and for the same peak currents, the effect of such an afterglow would be mori 


ut 


noticeable for shorter pulses when time averages of light-output were determinedif} 


iH 
slight mismatching of the artificial line as shown by the current pulses of figures 
14(7) and 14(8). For that reason, the record of figures 14(3) and 14(9) and thosa}. 
given by Craggs and Meek (1946) are more satisfactory for measurements of atter- 
glow, with which the present paperisnot primarily concerned. It isfurther proposed 
that this work, now being continued for higher current discharges, where detectabld 
afterglows are longer, will be extended, in collaboration with Professor J. M. Meek| 
to include experiments made also with different techniques. 


‘The afterglow shown in e.g. figures 14(1) and 14(2) is artificially long because of thif 


§5. ANALYSIS OF EXPERIMENTAL RESULTS 


It is well known that the Balmer lines are split into several discrete components} 
if the radiating atoms are subjected to a uniform and uni-directional electric field. 
The Stark patterns are different according to the direction of observation, i.e. 
whether the latter is parallel or perpendicular to the field. In the case of inhomo- 
geneous spherically symmetrical fields, the two sets of discrete components are} 
merged intoa continuous pattern, and it is this form of the Stark effect that obtains 
in spark and other discharges where the operative field is that due to the mutual} 
actions of ions. Observations of the Stark effect in such conditions may thus be| 
used to determine ion concentrations, which is the object of the present work. 
As mentioned in the Introduction, §1, Merton (1915) noticed the peculiar form|| 
of the Balmer lines in such inhomogeneous fields but made no quantitative || 
measurements. Holtsmark (1919) formulated a detailed theory of the Stark} 
effect for such conditions, and even gave an approximate calculation of the ion 
concentration for an arc discharge in a gas containing lithium vapour voltatilized | 
from the arc electrodes, using only the total width of the Stark pattern, ignoring 
fine structure, and comparing it with the separation of the outermost components ||} 
of the lithium Stark pattern for uniform fields of known value. Holtsmark’s |}/ 
analysis has been quoted by many other writers (e.g. de Groot, 1931; Weisskopff, 
1933; and Margenau and Watson, 1936), none of whom applied the theory in 
detail to any particular practical case, although de Groot made approximate 
calculations, again ignoring the effects of fine structure, for a hydrogen arc. ||) 
Hulbert (1923, 1924a and b, and 1926) made an instructive independent attempt | 
(1923) to work out inhomogeneous field Stark profiles but admitted its approximate | 
nature (1923, 1924 a) and applied it to certain ill-defined practical cases (1924 a and ||) 
1926). Holtsmark’s fuller analysis seems preferable and is used in the present ||} 
Case, as very recent and exact work by Spitzer (1939 a and b) accepts the validity | | 
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Figure 14. Oscillographic records of light-output time and current time for hydrogen sparks. 
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Figure 21. Microphotometer plot of spark channel for 1-microsec. current pulse. 
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Figure 22. Microphotometer plot of spark channel for 4-microsec. current pulse. 


Ion concentrations in spark channels in hydrogen 763 


of histreatment. As mentioned above, the profiles of H,, Hz and H, are given in 
full (figures 8-13) in order that further formulae may be applied. Verweij (1936) 
had computed Holtsmark’s probability function W(F), which is explained below, 
and thus built up the Stark profiles for inhomogeneous fields in a manner similar 
to that described here. Verweij’s results apply to stellar conditions and to 
absorption lines. 

Holt mark’s theory (1919) of the Stark effect in an inhomogeneous field leads 
to the equations 


W(F)dF = a — B*dB[1 —0-46286? + 0-122764 —0-023256%....]  ...... (1) 
and 
dp S106) 8744575 
W(F)dF = aBee 2°350 E oh Bae ooo ih ae (2) 


| where W(F)dF is the probability of an atom being subjected to an electric field 
_ lying between F, (fF +dF) and 


Be) eee ones (3) 
) where F,, is an effective mean or normal field strength given by 
I PO OTONG eee de me fanciers (4) 


) for ionic fields, where C, is a constant calculated by Holtsmark (see also Weisskopff, 
1933; Verweij, 1936) as 2-10, giving C=2-61, eis the electronic charge, and N the 
ion concentration (ions/c.c.). Other expressions similar to equation (4) hold for 
dipole and quadrupole fields, both of which may be ignored in the case of hydrogen 
(Margenau and Watson, 1936). ‘The above equations evaluate the field acting 
on a particular radiating atom by virtue of the surrounding atoms, located at 
varying distances according to a classical distribution formula and so contributing 
individually in different amounts to the total field at the radiator. The complete 
Holtsmark profile for a line showing fine structure in a homogeneous field consists 
of a summation of intensity/wave-length patterns with one pattern for each 
component of the line. The maximum width of the line, for the case of inhomo- 
geneous fields giving a normal field strength F,,, is the separation of the outermost 
components for a homogeneous field equal in magnitude to F, where F= F, for 
the first-order Stark effect. The second-order effect, in which the separation of a 
given component varies as (field)”, is negligible for the fields considered here, as 
can be shown by a consideration of data for the second-order effect (Gebauer and 
yon Traubenberg, 1930, and White, 1934). ‘The second-order effect is only 
~10% of the first-order effect, in wave number separations, for #= 10" volts/cm. 

Equations (1) and (2) apply respectively for 0<8<1-7 and 1:7<B<o 
respectively, andare plotted separately and added together in figure 15. For the 
computation of the resultant shape of a complex line, such as H,, Hg or H,, the 
curve of figure 15 is applied to each component of the line and the different curves 
are then superimposed. 

It is assumed that only the first-order Stark effect is operative, i.e. for any 
component 

CE eeliect seh ete Ps ee (5) 

where 5y is the separation (cm.~) of the component from the undisturbed line ina 
homogeneous field F.C is a constant. The highest components disappear first 
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as the field is increased, owing to level perturbations (Finkelnburg, 1931, and refer-) 
ences there cited), and Finkelnburg used this fact and the available data to estimate 
- inter-ionic fields in hydrogen sparks. The method is very inaccurate and un4| 
certain, and Finkelnburg apparently made no attempt to carry out the full Holts : 
mark analysis (given here,) which uses Stark-effect data ina different manner. The : 


level smearing is negligible for F,,~100 kv./cm., which is the value obtained in the 
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Figure 15. Plot of Holtsmark’s formulae. Figure 16. Holtsmark plots for components of Hy. 


present work. The values of C were then found for all important components | 
(table 2) of the different lines, using data given by Minkowski (1929) for F = 104 
ky./cem. The weakest components were ignored. 


Table 2 
n’s’—ns 
ee (quantum Av G Relative- 

number (cm=>?) (cm. !/kv./cm.)| intensity 

term) 
H, p components 2 14-4 0-138 1p) 
3 20-4 0-196 2,304 
4 26-6 0-256 1,681 
Hy, s components 0 0 0 5,290 
1 6-0 0-058 1,936 
Hg p components 6 42:3 0-407 81 
8 5 oY 0-536 384 
10 69-3 0-666 361 
Hg s components 2 14-4 0-1385 a2 
4 27°9 0-268 456 
6 41-0 0-394 294 
Hy p components 2 14:3 0-137 15,625 
5 35-0 0-336 19,200 
2, 84-3 0-810 16,641 
WS 105-0 1:01 115,200 
18 127-0 122 131,769 
Hy s components 0 0 0 141,650 
5 20-3 0-195 46,128 
| 10 70:7 0-680 88,050 
| 13 91-0 0-875 83,232 
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From equations (3) and (5) 
B cconsiant =Ovjl,, 998 eee t= (6) 


and the plot of W(F)dF against 8 may be converted to a plot of W(F)dF against 
| 5v/F,,, sothat each fine-structure component is represented by a separate curve, the 
area under which is given by 


is dv 
Ae | WR ME a>). ee (7) 
If the areas obtained for the curves drawn for the different components are arranged 
by scaling to be proportional to their respective relative intensities (table 2), the 


~ 


: ‘ ; ro) 
curves may then be comp unded to give the final curve (intensity / 7) for the 


complete line. Scaled plots for H, components are shown in figure 16. 

In order to determine ion concentrations from equation (4), the curve of 
observed broadening (intensity/wave number) is fitted on both axes to the 
calculated curves derived by the calculations described above. Figures 17-20 
show typical results using data derived from the photographic work. From 
a knowledge of the scaling factor on the wave-number axis, it is then easy to 
find a value of F,, in order that the 5v/F,, axis of the calculated curve should fit 
the 5v axis of the experimental curve, since F’, is that scaling factor. N is then 
calculated from equation (4). 

For figures 17, 18, 19 and 20 respectively, one unit on wave-number axis. 
corresponds to 12-4, 26:5, 65 and 26:5 cinege: 

The sensitivity of the method may be judged from figure 20, which shows the 
fitting obtained for F,,=120 ky./cm. in a case where the best fit is obtained for 
130 kv./cm. It thus appears possible by this method to measure F’,, to + 10%. 
The close agreement between experimental and calculated profiles indicates. 
that absorption effects in the channel are negligible. This was confirmed 
indirectly by measurements on Zn and Cd vapour, in similar sparks, using the 
triplet terms in the spectra, whose relative intensities are independent of the mode 
of excitation. It is hoped to publish these results in a later paper. 

Neither the Holtsmark theory, nor that of Hulbert cited above, applies to the 
undisturbed radiation at the centre of the profile, where the experimental and 
calculated intensities are widely different, due to the central undisplaced Stark 
components and the fact that F>0 for some of the radiating atoms. The form 
of the line near the centre of the pattern is probably governed partly by other 
effects, e.g. a Doppler broadening. 


SO ne LON CONCENTRATIONS IN THE HYDROGEN 
SPARK CHANNELS EXAMINED 


Some results of the photographic technique are summarized in table 3. 
The peak currents for the 1, 4 and 10 microsec. pulses were respectively 


120, 120 and 30 amp. 
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Figure 17. Observed (©) and calculated (xX) Figure 18. Observed (©) and calculated (x) 
profiles for He, 1-microsec. pulse, profiles for Hg, 1-microsec. pulse, 
photographic technique. Fn=124 kv./cm. photographic technique. Fn=133 kv.;cm. 
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Figure 19. Observed (©) and calculated (x) Figure 20. Observed (©) and calculated (xX) 
profiles for Hy 1-microsec. pulse, photo- profiles for Hg, 1-microsec. pulse, photo- 
graphic technique. Fp=130 kv./cem. graphic technique. Fp=120 kv./cm. 


Observed results correspond to Fn=130- 
kv./com. 
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Table 3 
Pul F, (kv./em. 
Plate No. aan peNiem) Mean - 

| (microsec.) Hz | Hg H, Py SS 

1.5.4 1 124 | 133 130 130 DENS NO 
30.4.3 4 as with 1-microsec. pulse to 130 DENSE AN Oe 

within about £5% 
1EOrS 10 85 | 79 76 80 1 Ose O22 


| Other plates agreed with that given above to within the approximate limits 
| of observation of +5°over a period of about 9 months, after the technique had 
been developed and tested, during which time the apparatus was dismantled 
| and reassembled several times for other experiments. Some 40 microphoto- 
| meter tracings were taken and examined. 

The electron multiplier results are exemplified by the data of table 4. 
10-microsec. pulses were not used in this part of the work since the spark light 
_was relatively feeble and the narrower lines rendered necessary the use of ex- 
cessively fine slits. 


Table 4 
EUs F,, (kv./em.) Mean N 
ined F, (ions/c.c.) 
(microsec.) Hy H, 
b 
| ij 165 | 163 164 DO LOM 
as with 1-microsec. 164 DID) ANMOE 
pulse to within 
about +5% 


eee ee ee 
After the technique had been developed, the results were extremely consistent, 
and records taken over a period of about 4 months agreed within about + 10%. 

Since the Holtsmark analysis applies only to the skirts of the line profiles, 
the photographic measurements in which the total light from the discharges 
‘5 examined still tend to show the maximum ion concentrations which will be 
found in the early stages of the passage of current. The electron multiplier 
results could be taken for any part of the light/time diagram (see figure 22) although 
the results analysed in detail here refer to the instant of maximum light emission, 
since the usual method of observation was to measure the peak height on the 
light/time diagram on the oscillograph screen as the spectrometer wave-length 
drum was rotated. It was checked, however, that the shape of the light/time 
diagrams did not change as the line under examination was traversed across the 
multiplier slit; hence, for example, the extreme skirts of the Stark profile 
(corresponding to the highest fields encountered during the whole “visible”’ 
discharge) did not occur especially at the beginning of light emission. 

Since, also, the photograph and multiplier plots for 1 and 4 microseconds 
agree extremely closely in shape, it seems likely that the field, or ion concentration, 
- changed very little during the observed part of the discharge. This subject will 
be discussed below in detail. ‘The conclusions from the above argument appear 


| 
: i 
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| 
y 


to be that (a) the ion concentration varies little during the time of discharge i 


which observations are made, and therefore (b) the ion concentrations measured|) 


by the two methods should agree. Hence from (6), the difference in values of 
N for the same discharges, see tables 3 and 4, is due to some unexplained consiste i 
error in one of the measurements, since both methods give accurately repent 
results (~ + 10°% error) after all precautions have been taken. The error in NM) 
which is 2:5 + 0-4 x 10!’ ions/c c., is, however, small for this kind of work, ang 


multiplier gave the same results for 1- and 4-microsec. pulses of the same pea | 
current, as would be expected, it seems unlikely that its frequency response was 


b 


it 


the results appear to be the most accurate so far published. Since the electron) 


t 


i 


inadequate. The circuits were carefully tested for response (§ 2). It is con4 4 


sidered more likely that the photographic results are in error since other work# 


5 


(to be published separately) indicated that the spectral response of the plates, i 


particularly as regards intermittency effects (see, for example, Mees, 1944), might 


not be as consistent and predictable as existing theory indicates. There appea i i 


to be little published data on the response of plates to light pulses lasting 1-5 
microsec. The discussion in §§ 2 and 3 shows that all the usual precautions} 


i 
Ht a 
( 


were taken in the photographic work (Sawyer, 1944). 


The implications of conclusion (a) are of interest. It is immediately clear} 


(Lawrence and Dunnington, 1930, and others) that the ion concentration probably} 
varies greatly during the early parts (~10-7 sec.) of spark discharges. Lawrenceij}} 
and Dunnington obtained ~30% ionizition of Zn vapour in ~10-3 sec. fromyy 
the commencement of discharge, corresponding to a temperature of ~13,000°. |} 
It seems probable that Saha’s equation will not apply to 1-10 microsec. sparks, I} 
in which case spark temperatures deduced in that way from measured ion con- i} 


centrations will be inaccurate. In the present case (T~12,000° from N=2:5]}} 
x 10"” ions/c.c.), Craggs and Mee (1946), figure 14(1), for example, shows that | | 
the light emission from the hydrogen sparks is negligible for perhaps the first |] 
0-25 microsec. of discharge. The current reaches its maximum value in ~0-1 |} 
microsec., so that the discharge is passing the full current before visible light |) 


emission is appreciable. The present experiments are not intended to refer |} 
to this early period of the discharge, which will be treated in later work. It is I} 


known, however, that the voltage gradient in the present type of spark changes ||} 


greatly only during the first 0-5 microsec. of conduction (Flowers, 1943; Craggs, 


Haine and Meek, 1946; and others) and that the ratio of the numbers of ionizing |]: 
and exciting collisions will vary greatly, for that reason, during the early part of |} 


the spark. Thus Penning (1938), using infinitely small currents, showed that | 


between X/p 20 v./cm./mm. and X /p0 (which are the approximate values for 
a hydrogen spark at the beginning and end of the high field period) the ratio of 


electron energy spent in exciting and ionizing was rapidly increasing, i.e. more | 


light was being emitted at low _Y |p. 


It is perhaps fortunate that the early part of the discharge is not recorded with | 
visible light, since that fact enables some information to be deduced for the | 


afterglow period, i.e. the time, after the current has fallen to zero, within which 
light is still emitted. Cragegs and Meek (1946) discussed mechanisms of after- 
glows in hydrogen and argon, and it was suggested (loc. cit.) that the light could 
only be due to recombination if e~10-1! (x is the recombination coefficient 


i 
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for electron ion collisions). Whilst recombination certainly takes place in the 
» hydrogen sparks, as shown by the series limit continuum of figure 4, it appears 
from the present experiments, which show that the ion concentration varies 
little during the whole discharge (since the multiplier and photographic Stark 
' profiles are identical in shape, see figures 9 and 10), that electron/ion recombination 
| must indeed beslight, and hence that « <10~" for the spark channels. It is likely 
‘that the ion concentration during the afterglow has dropped by <20%, i.e. 
/a~2 x 10-! (see table 5 and discussion, both in Craggs and Meek (1946)). 
Massey (1938) and Bates et al. (1939) quote values of the total cross-section 
» for radiative electron/ion recombination, 


pea, eee ee Bb. oe (8) 


- x 10-21 em? for an electronic energy V of 0-28 volt. The cross-section varies 
| approximately as 1/2. Assuming an electron temperature in the spark channel 
| of 15,000°, then V~ 2 volts, so v~8 < 10% cm./sec. Since 


atone Se Oi ae ene (9) 


I then ~8 x 107x3x10-21~2x 10-18. Tothis must be added Q?, ~ 6 x 10° cm" 
) for 2-volt electrons (Massey 1938, p. 35) and the total value of « is ~10-?? for 
}the spark channel. Radiationless three-body collisions (Smith, 1936) can be 
} shown to have a cross-section about equal to that for radiative capture if the 
electron concentration is ~10'8/c.c. Smith suggests that such concentrations. 
-are unlikely to be encountered in electrical discharge experiments, but an exception 
( could apparently be made for spark channels of higher current than those des- 
tcribed here. It is hoped to re-examine recombination problems in spark 
) channels, particularly for the highest attainable ion concentrations. 
In the earlier paper (Craggs and Meek, 1946), the ion concentration for the 
} present sparks (120-amp. 1—4-microsec. pulses) in hydrogen was deduced by 
+ several methods as being approximately 101” ions/c.c., in excellent agreement with 
| the present results. In particular, attention is here directed to the method 
| of equations (2) and (3) of the early paper, in which the ion concentrations is found 
>from a knowledge of channel radius (taken as 0-75 mm.) and voltage drop. The 
| latter, about 90 v./cm., corresponded to N=6 x 10" ions/c.c. 
In order to obtain preliminary information on channel structure, some 
) photographs of single 1-, 2- and 4-microsec. sparks were taken and the channel 
; images traced on the micro-photometer. Results for 1- and 4-microsec. sparks 
+ are shown in figures 21 and 22. The full diameters are about 1-3 mm. for both 
+ cases, which would give N=4x 10" ions/c.c. from the other data published 
'(Craggs and Meek, 1946). The fact that the ion concentration is much less for 
the lower current 10-microsec. discharges (table 3) is of interest. Since the !- and 
4-microsec. sparks give the same values of N, it seems unlikely that the length 
of the 10-microsec. current pulse, which might allow expansion of the spark 
channel, is the controlling factor. It is suggested that the spark channel expands 
‘less rapidly than would be necessary to give constant-current density (or ion 
' concentration), so that the higher current discharges are relatively more con- 
stricted (C. J. Flowers, 1943). However, figures 21 and 22 show that the channels 
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, 
are non-uniform in luminosity and are brighter at the centre. Although th| 
relation between intensity of light emission and ion concentration is not y¢| 
accurately known, it is reasonable to suggest a correspondingly high radial ior| 
concentration, in which case N, as determined from voltage drop, would nee} 
further correction. Figures 21 and 22, which were taken in order to shov¥ 
that the spark channels expanded inappreciably between 1 and 4 microseqj, 
after their time of origin, could owe their shapes to the mechanism of growt! : 
of a channel from a streamer, in the sense that the photographic record integrat I 
an infinite number of succeeding stages of the spark from its beginning as sl 
streamer thin compared with the spark channel which succeeds it (we ar 
particularly indebted to Professor J. M. Meek for discussions on this topicy , 
in which case the postulation of radial charges in ion concentration would requird 
verification. It is considered, since the growth of spark luminosity is so slow 
(see figure 22) with visible light, that this alternative explanation is not ikelyn 

1% 


and that figures 21 and 22 indicate strong radial changes in N at the times 1-4 
microsecs. It is intended that the technique illustrated by figures 21 and 2 
shall be developed for other spark discharges. 


$7, CONCIE SIONS 
The ion concentration in certain hydrogen spark channels has bee 
measured and found to be about 2-5 x 107 ions/c.c. by observations of the Star ‘ 
broadening of the Balmer lines H,, Hs and H,.. The analysis takes full accoun | 
of the fine structure of the above lines. It is deduced from observations of theif 
Stark profiles with an electron multiplier technique that the electron/ion re- 
combination coefficient in the experimental conditions is ~2x 10-12. The 


spark temperature, as deduced from Saha’s equation, is about 12,000°. 
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ELECTRON/ION RECOMBINATION 
IN HYDROGEN SPARK DISCHARGES 


By J.-D. CRAGGS anp W. HOPWOOD, 
Metrop litan-Vickers Electrical Co. Ltd., Manchester 


MS. received 10 Fanaury 1947 


4BSTRACT. ‘The afterglows following short sparks in hydrogen at a pressure of one 
tmosphere have been described in earlier publications. The present communication 
lyresents later results and a detailed analysis of the afterglows. It is shown that an electron/ 
on recombination process is apparently the cause of the light emitted in the afterglow. 
Jn this basis the appropriate coefficient of recombination has been calculated. The 
‘mplications of the results, and relevant literature, are discussed. 


$1. INTRODUCTION 


XPERIMENTAL data relating to electron/ion recombination are very scarce, 
and some interest is attached to them. Further efforts to obtain recom- 
: bination cross-sections are also to be encouraged, since the results would be 
jof considerable fundamental and technical interest. For example, the de-ionization 
of gases following electrical discharges in them depends partly on the recom- 
jbination processes and in certain cases (for example, in high-temperature 
discharges in hydrogen) the interacting particles are electrons and positive ions, 
since negative ions and molecules can often be shown to be relatively insignificant. 

Recombination data are used also in studies of the upper atmosphere, and their 
importance «1 that field is stressed in the Gassiot Committee’s report (1942/43). 
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Attention has recently been directed to the existence of afterglows followil) 9 
spark discharges, in high pressure gases (Meek and Craggs, 1943; Rayleigh, 194 16 
Craggs and Meek, 1945 and 1946) and the possibility of determining electron/il) 
recombination coefficients trom such observations has been stressed by Crag . 
and Meek (1946). The results thus obtained refer to the special conditic}}) 
obtaining in such discharges, and their relevance to other problems can only | 
decided after a study of such conditions. 


§2. DISCUSSION OF PREVIOUS WORK 


Many excellent investigations of recombination between positive and negatil)) 
ions have been made (Sayers, 1938, and references there cited), but experimen} . 
data on electron/positive ion recombination are scarce, as has been pointed a | 
in § 1. 
Mohler (1937) found that the recombination coefficient «, defined (where | 
time and N is the number of ions or electrons, assumed equal, per cc. of gas) 
the equation 


dNidi=—2N?,_~ re (1) 


could be determined for an interrupted Cs vapour glow-discharge as 3-4 x 10-7 
The discharge pressure was 10—33 x 10-3mm. Hg, and the electron temperatuy : 
about 1200°.. This paper followed earlier reports by Mohler (1928 etc.) a} 
similar work ; attention is particularly directed to the experiments of Mohler a 
Boeckner (1929) on the recombination spectra of ions and electrons in Cs and H] 
The great increase in the recombination coefficient with decreasing electrd 
energy is there emphasi-ed. The above data, and those of Kenty (1928) for t i] 
afterglow of an argon arc, may be summarized by stating that «~10-1° for tH} 
conditions studied. ' 

There seem to be no published results for hydrogen, but Mohler (1937) ha} 
discussed the case using the theory of Stueckelberg and Morse (1930). It appeal 
that when the kinetic energy of the electrons is small relative to that of the level int 
which the electron falls, the recombination coefficient x , for that level n is given bt 


ty =594-X 10 Ay (2) 
where A, is a simple function of n form>3. Vis the electron energy in electrorj} 
volts. When the electron’s kinetic energy is much greater than that of the level 
Oppenheimer (1928) gives ! 
t, =O3 X10 (3) if 
Equation (2) is used for <n, where 1) 

My = (13-54/V)! 2, 
and equation (3) is valid for n>n, although it may be used when n=n, to givill 
approximate results. | 

Take as an example V=0-lev. Then 11 <M) <12, and total « (i.e. Xe) 19} 
2-3x 10-4, but the errors involved are probably large and are not assessed i 


detail by Mohler (doc. cit.). The values of A,, published by Stueckelberg anc | 
Morse (1930) were used for these calculations. ! 


More recently, the observations by Lord Rayleigh on long duration Balmed}| 
series emission in hydrogen ( 1944) led Zanstra (1946) to calculate theelectron/iom|! 
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(a) 
4-microsec. 120-amp. pulse. (Light/tume and Time base for (a). 
current oscillograms.) 


(c) eS (d) 


Light/time oscillogram for (d). 10-microsec. 30-amp. pulse-current oscillogram. 


(e) 
Time base for (c) and (d). 


Figure 1. Oscillograms of current, light emission and time-base speeds. ‘The timing 


oscillation has a period of 2°8 microsec. 
To face page 772 
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ecombination cross-sections for Rayleigh’s experiments, making certain reason- 
ble assumptions in the process. The results will be discussed more fully in §4, 
yut an electron temperature of 1000°, corresponding to an average electron energy 
Maxwell distribution) of about 0-13 ev., gives «=1:2 x 10-™. 


§3. EXPERIMENTAL TECHNIQUES 


Mohler and Kenty (references given in § 1) were able to use mechanical means 
or stopping the flow cf current in their discharges which were arcs or glows of long 
luration, i.e. by the use of commutators short circuiting the terminals of the 
lischarge tube. The decay of ionization was then studied in the absence of current 
yy various means such as probes. 

This technique is clearly impracticable for spark discharges lasting only a few 
nicroseconds, but the utilization of square current pulses (~100 amp. peak), 
ollowing normal radiolocation practice, leads to the possibility of observing the 


Current begins to fol 
Light ouput begins to fall steeply 


Current begins to fol! 
VCurrent sensibly zero. 
Negofive_current_begins 
Negolive current begins 


Current sensibly zero. 
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ure 2. Analysis of hydrogen afterglow (a) Figure 3. Analysis of hydrogen afterglow () 
10 microsec. 30 amp. pulse. 4 microsec. 120 amp. pulse. 


lshort hydrogen afterglows and deriving approximate values for recombination 
soefficients from them. The circuits have been briefly mentioned by Craggs and 
|Meek (1946) and will be described in more detail in a forthcoming publication by 
\Craggs, Haine and Meek(1946). A typical current pulse (10 microsec., 30 amp.) is 
ishown in figure 1 (d) and a typical light emission/time record, figure 1 (c), indicates 
ithat a short afterglow is observable. Figure 1 (c) was taken with a photoelectric 
electron multiplier tube and cathode ray oscillograph. 

| The current pulse: of figure 1 (d) (reproduced in figure 2 after a correction by 
‘calibrations of the photo-tube and oscillograph), which is produced with an 
artificial transmission line arranged in a suitable discharging circuit, shows a fall-off 
of current taking a finite time, i.e. about 0-5 microsec. This current therefore 
vitiates measurements of the afterglows, but only for perhaps the first 20% or less 
of its life (figure 3) if a suitably matched transmission line is used for pulse gener- 
ation. 


) 
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It will be noticed from figure 1 (a), (c) and (d) that the peak light-output (visij J 
radiation) is reached some time after the current has begun to fall. This is foul] ¢ 
by careful fitting of the current and light output oscillograms at the beginning 
the current pulse, and hence appears to be a real effect. A possible explanatioi} ) 
that, during current flow, the electrical energy is stored in the discharge in |) 
form of positive ions, fast electrons and possibly highly excited atoms, and that t) 
distribution needs a finite time (~1 microsec.) to establish some form of transidjy 
equilibrium at a lower electron temperature. Some support for this argument mj) 
be derived qualitatively from, e.g., figure 1 (a), which shows that, even when f{ 
current is established, the maximum light-emission is not reached for soj p 
further 3 microsec. or more. i | 

Penning (1938) and others have studied similar effects for low-pressure gl 
discharges for vanishingly small currents, where the problem is much simplifil§ 
by the time stability of the discharge. However, it is hoped to obtain informatii 
from further experiments on short-time sparks bearing on this interesting problq | 
of the variation of electron temperature with time. | 

It is important to consider the frequency response of the amplifier/photo-tu]}, 
arrangement. ‘I'he high-frequency amplifier has been briefly described 
Craggs and Hopwood (1946). The circuit time-constant was about 0-3 microse} 
i.e. was low compared with an afterglow time of 3-4 microsecs. (15,000-0 outpy 
load, and 20mmF. oscillograph input capacitance) and the light/time diagraij 
were not sensibly altered in shape when the load was decreased to 3000, but tif 
latter load gave inconveniently low output voltages. The frequency response 
the amplifiers was checked with pulse generators and figures 4 (a) and (6) shad 
typical results. 

The response of the multiplier tube to light pulses of known shape is mu 
more difficult to determine, and would be limited by transit-time effects, or a lag 
the photc-emission mechanism. Zworykin et al. (1936) show these to be negligibily, 
for ordinary photocells at, e.g., 1 mc./sec., which may be considered as an effecti 111 
frequency for the present work. R. A. Houstoun (1936) showed that with} 
standard commercial vacuum photocell the difference in response for exposures 4} 
1:59 x 10-6 and 7-4 x 10-8 sec. was only about 0:1%. Further experiments cite} 
by Houstoun showed that the response from 4-4 x 10-3 sec. and 1-47 x 10-7 sel}} 
exposures were the same within the limits of experimental error. Recent wolf} 
by Geist (1941) proved that even for 10cm. diameter photocells at only 150 v., thi 
transit time effect was negligible for operating frequencies of 1 me. /sec. 

The authors performed some experiments with a rotating mirror and sll 
system arranged to give short light pulses, but a more satisfactory and simple} 
way exists of showing that the multiplier tubes are capable of responding to lig! 1 
changes occurring more rapidly than those in hydrogen afterglows, viz. the ratl 
of increase of light output from argon sparks, during the initial stages of the spar 
is seen to be considerably greater than that for hydrogen sparks when examine} 
with electron multipliers (Craggs and Meek, 1946). 


§4. EXPERIMENTAL RESULTS 


Many new data have been collected since the earlier work was reporteq 
(Craggs and Meek, 1946). Typical records are shown in figures 1 and 2, an 
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afterglow curves taken with two different sets of apparatus more than two years 
\part are shown superimposed in figure 5. Figure 5(a) shows a record from the 
yrevious research (Craggs and Meek, Joc. cit. in which no amplification between 
nultiplier and oscillograph was used) compared with one of the new oscillograms 
aken with a different type of electron multiplier and with the introduction of an 
mplifier (figure 5 (d)). 

Now, Craggs and Hopwood (1946) have shown that the ion concentration for 
he hydrogen spark channels used in these experiments is 2:5 x 10” ions/cc. (N;,,), 
‘e. at the commencement of the fall of light emission. The fact that such high ion 


be Sec- F 
; F © gives curve Fig,5a 


x gives curve Fig C Ys) 


Pulse_entering_amplifier 


Pulse _leaving_amplifier 


Light emrssion (arbitrary units) 


Time  (microsecs) 


(igure 4. Frequency response of one of the Figure 5. Afterglows as measured with 
amplifiers used with the photo-tube and two sets of recording equipment. 
oscillograph system. The amplifier gives 

~90% in microsec. 


foncentrations (giving a pronounced Stark effect) are found suggests at once that 
‘alculations of recombination coefficients will apply only approximately to spark 
shannels, i.e. to an extent depending on the importance of the ‘level smearing”’. 
‘t is hoped to discuss this matter in more detail elsewhere. Since the recombin- 
ition coefficient « is given by 
, Nps iN Pay Va ee (4) 

hich is equation (1) re-written, and if it is assumed that recombination is respon- 
ible for the afterglow, then the light output L; at time fis given by (kis a constant) 


The positive ion and electron concentrations are supposed equal, since diffusion of 
electrons must be negligible (see below). ‘Thus 
: 1 1 
Ni, N, i 
where Az is the time interval during which N,, (the ion concentration with current 
flowing) falls to N;,. Assuming « constant during Az, which is taken as 0-5 
microsec., then since L,=KN;/, N,, is found from N;,, and « is determined. A 
more accurate method of determining « at various points on the afterglow curve is 
by graphical integration, using the following procedure. When the light has 
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fallen sensibly to zero, as it does for example at t= 13 microsec. in figure 2, th]) 
the ion concentration at that time may be taken as zero. The area of the cur 
included from an earlier time, when the ion concentration is say N,, to the ti 
when the ion concentration is zero, is (see equation (5)) 


‘ix. dN, 
| nee 


‘This integral taken from the beginning to the end of the afterglow is kN,, whel], 
N;,, is known, and so k may be found. Thus N;, can be found at any point in tif) 
afterglow. Finally, since the ordinate at any point is kaN,? with the values off), 
and N; obtaining at that point, « may be found since it is then the only unknow |) 
It was in this way that the values of « shown in figures 2 and 3 were determined. |!) 
Figures 2 and 3 show afterglow curves in which « has been calculated for th 
marked points, and « is shown to rise (figure 3) from about 2 x 10-12 to 1 x 10-11 fy 
about 2 microsec. As mentioned above, the persistence of a small current for th 
first period (perhaps one-third) of the afterglow would vitiate the results ther! 
The records of figures 1, 2 and 3 are, however, not affected in this way. Thes 
values of « are total recombination cross-sections if the fraction of recombinatior 
giving Balmer quanta is approximately independent of temperature over the range 


say, 1000-5000°c. ‘This assumption seems reasonable (Zanstra, 1946;. Cilli¢ 
1932, 1946). 


§5. DISCUSSION OF THE EXPERIMENTAL RESULTS 

It is next necessary to justify the assumption that electron/ion recombinatio 
is the controlling process for the hydrogen afterglows. Molecular hydrogen il 
apparently absent from the discharge (100% dissociation) because no moleculal 
spectrum is observed ; the electrical and thermal properties of the spark channélh 
are such (Craggs and Meek, 1946) that this result, in accordance with Lord 
Rayleigh’s experiments (1944), is to be expected. It is not certain that negativd 
ions are absent in the hydrogen sparks but this difficulty is eliminated by showing 
that the afterglow curves of figures 1 etc. are those which are, in fact, given by 
the continuous radiation on the short wave-length side of the Balmer series 
limit at 3647 ., as well as by the visible radiation in the Balmer series, since thd 
series limit continuum is due to electron/ion recombination. I) 
Loeb (1939, pp. 144, 145 and elsewhere) has discussed the other forms off! 
recombination, i.e. preferential, columnar and _ initial recombination. It igh 
unlikely that these processes are relevant to the case of spark channels in hydrogen, | 
and so volume electronic recombination is the only mechanism of importance. _ |} 
A Wratten filter No. 1 passes radiation for A>+3600a. (95% transmission ati] 
A=3800a. and 0:1% transmission at A=3650a.) and the spark radiation fort 
A<3650.. can thus be found by measuring the total radiation and that passing} 
through the filter and performing a subtraction. Some results are shown in| 
figures 6 and 7, and it is clear from the latter that the recombination radiationlf 
decays at the same rate as the visible radiation in the Balmer series. The subtrac- 
tive process is rarely used since it is more convenient to observe the visible radiation. 
Later records taken with a spectrometer and sensitive amplifier show that H,, H; 


and H,, all decay at sensibly the same rate, which is that 0 
in figure 7, 


ij 
f the Balmer continuum | 
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In order to calculate the recombination coefficient it is not necessary to show 
' that all the afterglow radiation is due to recombination, but it would clearly be of 
‘interest to do so, since the relative importance of other processes (e.g. thermal 
excitation) could then be assessed. 

It is fortunate that astrophysicists have studied the hydrogen recombination 
spectrum in great detail, and it is interesting to apply the results of their calculations: 
_ to the present case. Pioneer work in this field is due to Zanstra (1927). Menzel 
| and Cillié (1937) show that E,, the energy emitted (frequency v) per second per c.c. 
_of gas for a unit wave number range in the continuum, is given by 


i 


E,neX aN (6) 


é 
/ Xz is the ionization potential from the second quantum state, 1.e. approximately 


3-38 v., Rk is Boltzmann’s constant and 7’, is the absolute electron temperature. 


Total_radiatian. 
Radiation for A<3600A 


Radiofion’ for 


5 Light emission (arkvirary unis ) 


A> 3600A 


Light emission (orbitrary units) 


Radiation for \ >3600A 


) 2 4 6 8 10 a 14 


Time (microsecs) Time (microsecs) 

i Figure 6(a). Radiations emitted from a Figure 6 (6). The light emission from a 
hydrogen spark, above and below the hydrogen spark, taken with and without 
Balmer series limit. The curves have a Wratten No. 1 filter between source 
scaled together at the 6 microsec. point. and photo-tube. 


bFor 7'=20000°, equation (3) gives the results plotted in figure 8, where it is seen 
ithat Z, varies only by about 10% from the mean at about 3500 a., over the range 
»from the series limit at 3647 a. down to 3300. which is about the cut-off limit of 
the glass optical system used in the present experiments. This range covers some 
62-5x10%cm-!. Cillié (1936) calculated the strength of Hy (and the other Balmer 
‘lines for a recombination spectrum) in terms of the energy emitted per unit wave 
‘number at the series limit and found this ratio to be about 10° at T,=20 000". 
‘The intensities of 8 Balmer lines (excluding H,, which is much attenuated by the 
extremely low multiplier response for red light) are plotted in figure 9. It is 
easily shown that the total continuous radiation is probably ~50°%% of the total 
Balmer radiation, making allowance for the colour response of the multiplier. 
‘The latter is discussed in a forthcoming paper by the present authors. 

Figures 7 and 8 show that the continuous radiation is of this order when 
allowance for the multiplier’s colour-response is made. This approximate 
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experiment which is to be extended in a separate investigation, strongly suggest}} 4 
that the hydrogen afterglows are due almost entirely to recombination radiation. 

Zanstra (1946) has proposed, as Craggs and Meek (1945 and 1946) had dong 
that Rayleigh’s observations of long duration Balmer spectra should be explaine# 
by recombination, and worked out the electron/ion recombination coefficient 
from the theoretical results of Cillié (1932) and others, giving the data of table 1,, 


Table 1 
TPES) 1000 5000 10 000 20000 50000 
1014 C 218 74 46:0 27-0 13°5 
NO Oe 122 33 17:7 9-4 3-6 


o8 


Intensity (orbitrary valves) (Mg #1) 


0-7 


Relative Intensity ( per unt wove no} 


$000 
3300 3400 3500 


A fA) 


4800 


3600 3800 4000 4200 4 (A) 4400 4fo0 


Figure 7; The intensity distribution in Figure 8: Intensity distribution in Balmer 


the Balmer series limit continuum for series (recombination) from Cillié’s data. 
Te=20 000°. T-=2000°. 
C is given by 
iNd=—-N2C, | | (7) 
n=eo 
where C=C, | see eee (8) 
n=1 
and v refers to a particular energy level, 
n=o 
CHC, a eee (9) 
n=3 


and gives (with equation (7)) the number of recombinations/c.c./sec. giving quanta 
emitted as Balmer radiation. | 

Comparison of our results (figure 3) with Zanstra’s computations show that | 
the electron temperature probably falls from its value of 10000° in the spark toll] 


| 
<1000° in less than a microsecond. The rough estimate of spark temperature 
just given is based on various experiments (Craggs and Meek, 1946, and references#| 
there cited). For example, experiments in this laboratory (Craggs, Haine and| 
Meek, 1946) have shown that for 120 amp., 4 microsec. argon sparks at about} 
1 atmos. pressure X/p falls to about 0-1 v./cm./mm. Hg at the end of the period of 
current flow.* If the data of Allen (1937) can be considered relevant, which is 


probably only approximately true, 7, is then 10000°, with higher values up to | 


* X is the electric field. 
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~100000° in the preceding parts of the discharge. ‘The fall may take place 
during current flow, since (Craggs, Haine and Meek, 1946) X/p falls from an 
initial value of ~40y./cm./mm. to <1v./cm./mm. whilst current is still flowing 
in a spark in which a 4microsec. square current pulse is used, or it may have 
taken place after the current has fallen to a very low value. 

It is of great interest to note that from figures 2 and 3 the recombination 
coefficients for comparable periods* in the afterglow are nearly the same despite 
the great difference in the initial values of ion concentration (the latter quantities 
were measured in a separate research and details will shortly be published). ‘The 
conclusion from this finding is that the electron temperature is largely dependent 
on ion concentration for sparks of the type described here. Further experiments 
| on this and other aspects of spark channels are in progress. It is interesting also 
to note (figure 2) the slower afterglow decay for the lower value of initial ion con- 
| centrations, in accordance with expectations. The diffusion of electrons out of the 
spark channel in the times involved here can be shown by approximate methods to 
| be negligible (Margenau et al., 1946, and Loeb, 1939, p. 175). Because of the 
‘large number of positive ions present, diffusion will be at a slower rate than that 
| for free electrons and the movement should certainly be <0-1 mm. in 4 microsec. 
| Zanstra points out that since the cross-section for electron excitation is ~10~16 
}cm? and that for capture is ~10~* cm? the former process will predominate in 
jthe earlier part of the de-ionization process. By virtue of this, however, the 
electronic kinetic energy is soon spent and the recombination process then 


assumes control. 
An illustration is provided by elementary consideration of energy loss at 


! electronic collisions, for which the tables of Healey and Reed (1941) have provided 
/the numerical data. It must be emphasized that conditions in spark channels 
}are so transitory and ill-defined that the following treatment is necessarily approxi- 
imate. At X/p=0-25v./cm./mm. the mean electronic velocity is 2 x 107cm./sec. 
jin hydrogen, with a mean free path of 

3:6 x 10s? , 

760 

lat p=760mm. Hg. The spark channel temperature is much higher than room 
/temperature but in the times involved (few microsec.) gas movement is negligible 
and so the gas density remains constant. In 1 microsec. the number of electronic 


‘collisions is therefore 


m. 


2x107~x 10-§x 760 4 Sane 
3:6 x 10-2 


The fraction of the energy lost per collision is (Townsend and Bailey, oc. cit.) 
26 x 10-4, so the total energy loss in 1 microsec. is thus > 100% or, at least, is very 
great. It is therefore clear that a rapid fall in electron temperature, such as that 
indicated by the results shown in figure 2 etc. is reasonable. Experiments 
intended to determine the electron temperatures in these sparks are in progress. 
Since this paper was first written, Margenau ez al. (1946) have studied the 
dissipation of energy of an electron swarm in T.R. switches (radar practice). 
‘They show by similar arguments to the above that, in argon at 10 mm. Hg pressure, 


i.e. when the ion concentrations are equal, 
50-2 
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free electrons will lose most of their energy in ~4microsec. At 760mm. Hg) 
pressure, the relaxation time would then be <0-1 microsec. | 
The importance of recombination processes in determining electrical con-) 


ditions in the earth’s upper atmosphere is well known. Appleton (1937) has. 
summarized the situation and has pointed out that from the data of Morse and 
Stueckelberg (1930) «=1:1x 10-" for T=400°K. (0:05 ev. energy of electrons) 
and for capture to the ground state; « varies as J’. ‘The contribution to « due to | 
recombination into excited states does not appreciably increase « Appleton 

showed that « deduced from Milne’s work cited by Chapman (1931) is in agreement | 


with that already given, and thus that there certainly appears to be a discrepancy 


between theoretical and experimental values of «. Sayers (1943) pointed out | 


that « (F, region) is apparently ~10~!cm?/sec., in agreement with the existing | 


low-pressure data (Mohler et al.), but emphasized that conditions in the two sets of 


circumstances may not be comparable. Massey and Bates (1943) discuss the | 


electron/ion recombination of oxygen also with reference to conditions in the 


ionosphere and show that, for example, at 1000°K. the total calculated coefficient is ||}, 
only ~1-5 x 10-! cm3/sec., which is much lower than the experimental values of | 


Mohler-and Kenty and those determined for the F, layer. Massey and Bates 
stress the need for further investigations. 

Bates et al. (1939) have worked out some useful expressions for recombination 
processes used by Craggs and Hopwood (1946), where it is shown that « (hydrogen) 
is about 2 x 10" cm?/sec. for an electronic energy of Zev. (T,~15000°). Using 
the same expressions, the values of « at 5000° and 1000° respectively are about 
5 x 10-18 and 10~, thus agreeing satisfactorily with Zanstra’s data given above. 


§6. CONCLUSIONS 


It would appear that the present experiments on electron /ion recombinationin || 
hydrogen spark channels confirm the theoretical values. Uncertainties stil] ||} 
exist, however, in that the electron temperatures have not yet been determined for jf 


these conditions, and the general physical properties of spark channels need further 


investigation. ‘The effect of radiationless 3-body collisions, leading to recombin- || 


ation, has been discussed by Craggs and Hopwood (1946). 
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THE VARIATION .OF THE REFLECTIVITY 
OF NICKEL WITH TEMPERATURE 


By ROBERT WEIL, 
South-West Essex Technical College 


MS. received 16 December 1946 ; in revised form 18 February 1947 


ABSTRACT. <A new method for the measurement of the reflectivity of metals in the 
visible part of the spectrum is described : the multiple-reflection arrangement is applied to 
an investigation of the reflectivity of nickel at different temperatures. A novel way of 
polishing mirrors is given, and the construction of a vacuum furnace described. This is 
followed by an account of the experimental technique. Results are presented and it is 
suggested that the observed positive temperature coefficient of reflectivity is a relaxation 


phenomenon. 


s1. METHOD 


HE objects of reflectivity measurements on metals are twofold: by means 
| of Kirchhoft’s law, 


Pet-dke See eee pio (1) 


where E stands for emissivity and R for reflectivity, we obtain a value for the former 
by determining the latter. If the temperature variation is known for one of these 


782 R. Weil 


quantities this knowledge is of use in pyrometry. Also any irregularities whic i 
appear when X is plotted against the wave-length give an indication of absorptio | 
bands and thus of the natural frequencies of vibration of the bound electrons in th 
metal of which the mirror under investigation is made. | 
The use of a multiple-reflection method reduces the error of the values to small 
proportions and is to be preferred to the direct measurement of emissivity. Le ; 
the measured ratio of the intensity of a beam of light after 7 reflections to thet} 
original be S; let the error of the measurement be «, which may be positive o : 
negative; let R be the true reflectivity of the metal; then 


S+x=R*, SUn(1 + 4/S)in= R, 


or R=sin(1 +) ee, 


For a given error x the corresponding error in R will be proportional to the nth 
part of x. ‘To measure small effects like the temperature coefficient of reflectivity | 
in the visible, a multiple-reflection method thus seems indicated. Hagen and 
Rubens (1910) used a multiple-reflection arrangement for such a purpose, but it | 
cannot give absolute values. The method described below has been devised in | 


C tals L et NU pak, et 
( pal es ars pata |S —> to lens L, and lamp 
3 2 


Figure 1. Elevation. 


order to gather information about the temperature coefficient of reflectivity of both 
solid and liquid metals. 

The set-up is such that four reflections take place on the surface under test, 
but this number can be increased. A null method is used to determine the loss 
in intensity due to these reflections: a beam from the same source of light as the 
one reflected at the mirror is compared directly with the latter, and a rotating sector 
is adjusted till a match is obtained between the two beams. 

The source of light used was a 100-watt Mazda filament lamp run off a 36-volt 
battery. It was placed at the focus‘of a convex lens L, (f=15 cm.), and the beam 
uniformly illuminated a metal screen S in an aperture of the box B (figure 1). 
Two circular holes of equal diameter (<1 cm.) were drilled above each other in the 
screen S. The latter was at a distance of 5 yards from the source: this ensured 


that the images of the source on the mirrors mentioned below were small. The 
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two holes were the effective source of light. A rotating sector was placed between 
them and the lamp. Light from the lower hole passed through an achromatic 
lens L, and was reflected from an aluminized mirror M, on to the specimen V. 
This reflected it to the mirror M,, etc. until, after four reflections, the beam struck 
the mirror M, which reflected it through another lens L; and a shutter T’ on to 
' the slit of the collimator C. 

Clearly, the beam reflected at the specimen was also reflected at M, and Ms, and 
three times at M,. To balance the loss in intensity due to these reflections, the 
other beam—the standard—must be reflected as many times under similiar con- 
ditions. This was achieved by M, ; 47 as shown in figure 1. ‘These mirrors 
were prepared under identical conditions: the identity of the reflecting powers of 
M, 3, 4,70nthe one hand, and My; , on the other, is essential for the success of the 
| experiments. M,, then, reflected the standard beam through the same lens L3 
on to the slit of C just above the image of the lower hole in S. ‘The images of the 
- two holes touched each other for reasons which will be given below. 

| The mirrors M,, M;, M, and V were all sufficiently parallel: symmetry for 
both beams was also obtained in connection with M,5,4,7-_ The mirrors could be 
adjusted in several ways. Inside the box B there were six vertical iron rods, 
| three pairs being aligned as in figure 2. Iron bosses were used to attach to them 


Figure 2. Plan. 


horizontal bars, and these held the frames which, in turn, gripped the mirrors 
(figure 3). ‘Two screws in the small, and three in the large, frames allowed a fine 
adjustment to be made in the inclination of the mirrors. This was not very 
critical from the optical point of view, since it has been found that at an angle of 
incidence of 45° the reflectivity differed from that at normal incidence only by 1%, 
but was vital for the geometry of the arrangement. The path-lengths of the two 
beams focused on C had to be equal. ‘This was achieved by fixing the length of 
the lower beam and adjusting the mirrors until measurement by means of a ruler 
indicated approximately equal paths. ‘The final fine adjustment was carried out 
by fixing a thin wire across the two holes in S and adjusting the mirrors of the 
upper beam until the images of both holes were in focus on the slit. Then the 
wire was removed. 

On passing through the collimator, the beams were deflected by a constant 
deviation prism. ‘They were then transmitted as two separate spectra through a 
lens which focused them on a ground-glass screen or a photographic plate. 


| 
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Some further adjustment of the inclinations of the mirrors proved necessary 
to place corresponding wave-length ranges vertically above each other. This wag 
ensured by replacing the filament lamp with a 250-watt Mazda mercury-vapout 


lamp. Both lamps were fixed to one stand, and by a simple rotation either the one} 


or the other was made to illuminate S. ‘Two well defined line spectra appeared o 
the ground-glass screen and were soon aligned. Their combined width war 
about 1 cm., and they were made to appear near the top of the screen: they couldf 
illuminate any part of the latter, since it could be moved vertically upward. This} 
condition was important when photographic detection was used. 

The following procedure was adopted in determining the spectral reflectivity) 


of any specimen. The rotating double sector, devised by the author (Weil, 1947), \I} 


was situated so that the standard beam was interrupted by the variable angle a, 


and the reflected beam by the fixed angle x. The former was varied until a| | 
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Figure 3. (Drawn to scale.) 


match was obtained between corresponding spectral regions. If «, and «, are the 
two sector apertures, then 
RP = a4] 0g 2 (3) 

In visual photometry it is important to bear in mind the Stiles-Crawford (1933) 
effect. To ensure that the matching of the intensities of the two visual fields was 
correct, the observer was placed in such a position as to keep his head vertical and 
his eyes in a plane perpendicular to the ground-glass screen. This position was 
made comfortable. Further, the field of observation was restricted by means of a 
slit in a movable opaque screen to a comparatively small area on either side of the 
dividing line between the two spectra. The slit also limited the wave-length range 
under observation. When a match was obtained, the line separating the two 
spectra from each other could not be discerned as they were touching. The 
calibration of the spectra was carried out with the mercury-vapour lamp. 

Several assumptions have been made in the above, and they require some 
scrutiny. First, it was taken for granted, as explained above, that the illumination 
of the screen S was uniform. Secondly, the auxiliary mirrors are supposed to have 
identical reflecting powers. Prepared by evaporation under identical conditions, 
they were opaque to visible light, and, while there is no doubt that they aged, 
there is no reason to expect that the rates of ageing for the various mirrors differed. 
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Treating M, , and M, , as two items, it will be seen that 120 separate experiments 
would have to be performed to eliminate the effect of these mirrors. Even then it 
is assumed that the same part of each mirror is used every time. Preliminary 
‘experiments on mercury showed that interchanging the mirrors did not affect the 
‘results. 
When the specimen is enclosed in a furnace, as in the case of nickel, and the 
lower beam passes eight times through a silica window, the symmetry of the 
‘arrangement is destroyed unless the standard beam is reduced in intensity to a 
corresponding dégree. This was achieved by fitting two pieces of plane trans- 
| parent silica underneath M;. 
The advantages of the above method can be summed up as follows :— 
1. Multiple reflection gives rise to an increased accuracy in the value obtained 
for the reflectivity and facilitates the detection of small effects. 
| 2. The direct and the reflected beams are observed simultaneously: thus a 
| change in the intensity of the source of light has no influence on the measurements. 
If photographic detection is used— 
| 3. The limit to the number of wave-lengths examined is given only by the width 
‘of the plate and the nature of the emulsion, and the record of the experiment is 
| permanent. 
| 4, Only one specimen mirror is required (cf. Hagen and Rubens (1910) and 
Burger and van Milaan (1939), in whose arrangements two are used). 
| 5. Assuming that differences in intensity equal to 1°% can be detected visually 
) (Helmholtz puts the limit at 1/167), the accuracy is about 1°%, for very low reflec- 
} tivities, but improves rapidly with an increase of the latter. The above figures are 
conservative estimates. 
: The method described in the previous paragraphs was tested by measuring the 
reflectivity of aluminium. One of the mirrors used in the present work was 
| prepared by Messrs. A. Hilger and another by Messrs. Bellingham & Stanley. 
The same mirrors were investigated by an arrangement due to Bor (1937). With 
| this apparatus another observer obtained results which agree with the author’s to 
| within the experimental error. This represents an agreement between two 
) entirely different methods as applied to one specimen which has so far not been 
obtained elsewhere. Tate (1912) determined the reflectivity of steel by a catoptric 
‘and a direct method and found that the agreement between the two was poor. 
| Evidently better agreement can be achieved by using a more accurate direct 


_ method. 


g§2. THE EXPERIMENTS ON NICKEL 

The work performed by Hurst (1937), Reid (1941) and others on the infra-red 
emissivity and reflectivity of nickel at different temperatures led to the belief that 
the temperature coefficient of reflectivity would be positive in the visible parts of 
the spectrum. This coefficient is determined by that of the electrical conductivity 
when R is measured at wave-lengths A>10p, since the Hagen-Rubens formula is 


then valid: , 
R=1 ce eveeeoe | 


where A is the wave-length of the radiation and a is the conductivity of the metal of 
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which the mirror is made: c is the velocity of light. From this it is seen that, in the I 
infra-red, the temperature coefficient of reflectivity is negative. Hence, if its} 
positive sign can be confirmed for the visible, there must be a wave-length in th 
near infra-red for which the temperature coefficient iszero. The only determina- 
tion of the temperature coefficient in the visible in the case of nickel has been 
carried out by Bidwell (1914), who measured the emissivity at a high temperature 
Heused the results of Hagen and Rubens (1902) for room temperature to deduce the}} " 
temperature coefficient of emissivity for A=-66 1: itwas — 1-25 x 10-4 per °c., or by’ 
(1) the corresponding reflectivity coefficient was positive. It is doubtful whethe th 
results obtained by entirely different methods can be combined in such a manner. | 
As no measurements of the reflectivity of nickel in the visible have been carried out 


(1) The mirrors | 

Since preliminary experiments had made it desirable that the four reflections at |] 
the mirror under test should be in one line, the dimensions of the specimen were |] 
chosen as 4’ x 0-75’ x 0-2’. Cold-rolled blocks of nickel of this size were 
obtained from Messrs. H. Wiggins, Birmingham. As the mirror was to be |f| 
subjected to considerable temperature changes, there was no question of sputtering | 
or evaporating nickel on glass or another substrate: the different coefficients of ||) 
expansion would have ruined. the surface. The only possibility, therefore, was |} 
polishing solid nickel. | 

Hothersall and Hammond (1940) state that, in the course of polishing nickel 
anodically, it has not yet been possible to eliminate the appearance of furrows: 
these are due to the explosive liberation of bubbles of gas on the mirror. Neither 
stirring nor changing the position of the anode removed this obnoxious effect in the 
present work. ‘Thus a mechanical method of polishing had to be employed. 
Owing to the large surface of the mirror, and the occasional necessity of carrying 
out local polishing, it was not feasible to use a polishing machine. The whole 
preparation of the mirrors, with the exception of the surface-grinding, was there- 
fore carried out manually. 

To begin with, the specimen was surface-ground. The stone left marks. 
parallel to thelongest edge. After this. Oakey’s emery paper was used in the usual 
manner. It was observed that, when the finer grades were moistened with water, 
the process was considerably accelerated. However, the paper dried fairly 
quickly and, while paraffin-oil also dried rapidly, it modified the surface of the 
Paper in such a way as to render unnecessary its repeated application: Polishing 
the surface immediately afterwards with a paste of levigated magnesia powder in 
distilled water on Selvyt cloth gave rise to polishing pits. According to Ferguson 
(1943), these can be reduced by using No. 100 carborundum in a 1:1 liquid soap 
solution on a paraffin disc as an intermediate stage. ‘The writer found it possible 
to eliminate them altogether by using a pitch surface in the following manner. 
Commercial pitch was heated until liquid, when it was poured on to a flat surface. 
A piece of plane glass, on which moist soap had been rubbed to prevent the pitch 
from sticking to it, was pressed on the latter when it was about to solidify. This — 
surface was not perfectly continuous, but the small crevices and hollows in it were _ 
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useful as reservoirs of the thin suspension of alumina in distilled water, then poured 
on it. After a few minutes’ polishing, striking results were obtained: the 4/0 
-scratches had more or less disappeared. The pitch surface was washed and dried, 
-as was the specimen, and distilled water poured on the former. ‘The polishing 
‘process was continued, the direction of the movement being changed, as the 
alumina was found to have a slight abrasive action. Finally, a piece of Selvyt cloth 
‘was wrapped round a small wooden block, a paste of magnesia applied, and the 
_mirror touched up. _ It was possible to obtain very good mirrors consistently. As 
‘comparison with other work showed, their room-temperature reflectivity was 
}amongst the highest measured. This is of interest, since Coblentz and Stair 
| (1929) also used a solid nickel mirror made of a rolled rod of the refined metal, but 
their results are rather low. 
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(2) The furnace 


After some preliminary work it was decided to use resistance heating. The 
specimen was placed on a hot-plate which formed part ot the heating element. 

The latter consisted of a box (figure 4). Two steel plates, (5°75” x 1-5" x 3”) 
_ were connected by two strips of steel along one of their longitudinal edges, and by 
the hot-plate (5-75” x 1:5” x 0:25”) along the other. A tubular opening, 0-1" in 
diameter, was drilled into the hot-plate parallel to its large planes and at right 
angles to its longitudinal edge, and a hole, 4” in diameter, at its centre. One 
small silica tube was placed into the opening on either side of the hole, and a 
platinum platinum-rhodium thermocouple threaded through them. The spot- 
_ welded junction protruded through the hole. Enough spring was provided for 
the specimen to depress the junction when lying on the plate: thus contact was 
ensured between the thermocouple and the specimen. 
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Sixty silica tubes, whose length was 6’’, external diameter 3 mm. and bore 1 mm) 


were threaded on more than ten yards of Brightray wire (S.G.30). This chain wal 
folded up, care being taken to avoid potential short circuits between the joints 
and placed in the framework described above. | 

The furnace proper consisted of a cylinder (figure 5). A thin sheet of steel wal 
bent into a cylindrical shape, the two straight edges being silver-soldered together 


‘To one end of this cylinder, whose height was 10” and whose diameter 7’, ther 


flange. ‘The external diameter of the latter was 7’, its internal 5-5”. The frame 


carrying the quartz window was screwed to it. It was made of another piece o}ff) 
mild steel, diameter 7’, thickness 3”. An aperture of 4:5” was cut into it, and j iN 


recess of 5-25” was cut out of the plate: the quartz-window, whose diameter wa 


was silver-soldered a circular plate made of mild steel, and to the other a af 


. . . . HP) 
5”, fitted into it, an allowance being made for the vacuum wax. The window wa =! E 


fixed to the frame by pouring liquid Apiezon W (melting point 80-90° C.) into the 
recess, placing the silica plate there, and playing the flame of a Mekker burner 
around the frame until all the air holes in the wax had disappeared. 


A steel tube of 3” length and about 0-5” diameter was fitted near the top of theif! 


furnace. ‘The heater and thermocouple wires, adequately insulated by means of 


silica beads, were threaded through it, and connected to two pairs of terminals onj 


two ebonite blocks. The latter were fixed rigidly to the tube. Some insulating} 


tape was wound round the open end of the tube, and provided a suitable base on#. 


which to deposit vacuum wax. Diametrically opposite to this tube, another 


opening was made near the bottom of the furnace, and the connection fitted to a | 


vacuum pump. ; 
Water running through two turns of copper tubing cooled the joint between the | 


| 


furnace and the window-frame to such an extent that the vacuum wax applied there |] 


stayed solid even when the temperature in the furnace was 500°C. or more. | 
Two half-bricks were placed on top of each other inside the furnace. Several | 


| 


layers of asbestos board were put on top of them, and the heating element rested on |} 


the latter. Its direction was perpendicular to the line joining the two tubes |} 
mentioned above. No radiation therefore reached them directly, and thus they |} 
stayed cool. The whole of the furnace was lagged with asbestos wool. Two i 


\ 


semi-circular discs of asbestos were placed just below the silica window, leaving | 


an adequate gap for the beam reflected to and fro between the specimen and M,. 


(3) Experimental technique 


Since it was not desirable to confine the measurements to one mirror only, | 


several were prepared, or, alternatively, when one had been examined its surface 
was ground down with aluminium oxide and a fresh one prepared. The tech- 


| 


nique involved in carrying out these measurements will be described in the | 


following. 


The freshly polished mirror was placed on the hot-plate. Copper-foil was put 
around it to act as a getter. The pressure in the furnace could be reduced with a 
Cenco-Hyvac pump to 1 or 2mm. of mercury and did not exceed 4mm. at the 
highest temperatures used. The presence of the getter ensured, however, that the 
residual oxygen did not tarnish the specimen. his was easily ascertained by 


measuring the reflectivity also when the mirror cooled: since these results tallied — 
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for identical temperatures with those obtained when the mirror was being heated, it 
was concluded that no noticeable tarnishing took place. Thena Hallite gasket was 
placed on the flange, and the window-frame screwed to the furnace by means of six 
screws. Apiezon W wax was next applied to the joint and a Mekker flame played 
over it. ‘The six screw-heads were similarly covered: this operation lasted about 
five to seven minutes. Next the pump was started to test the pressure and to 
‘detect any leaks. Then the furnace was placed on a wooden box below M,. The 
mains were connected to the heater, and a potentiometer, made by Messrs. Tinsley 
& Co., Type 3387 B, to the thermocouple. The water-mains and sink were fitted 
to the cooling coil. When the pressure in the furnace wasa minimum, the mirrors 
N,, , were adjusted so that the reflected beam fell on the slit of the spectroscope as 
previously described. When this was done, and the equality of the path-lengths 
‘of the two beams ensured, the reflectivity of nickel was determined for different 
-wave-lengths at room temperature. ‘Then the heater, controlled by a transformer 


sand a rheostat, was switched on. The reflectivity was measured at intervals of 
180 or 100°c. and checked again as the furnace cooled. 


(4) Results 

| The experimental results are presented in the table below. ‘The temperature 
| coefficient is defined by 

1 dR 

“= = qT’ 
A priori it is possible for dR/dT to be less affected by the condition of the surface 
‘of the specimen than «. This surmise was confirmed: initially, when not much 
| experience had been gained in polishing mirrors, R was low, but dR/dT did not 
| differ appreciably from later values. This is the reason why the results for the 
) gradient are quoted in addition to those for Rand «. ‘The data represent mean 
| values obtained from a number of measurements. Plotting R against the temper- 
ature gives straight lines for the whole range in which measurements were taken. 


Table 
Wave-length (1) Qh ae: ae 0:47 0:53 0:59 0:64 
Reflectivity (%) at room temperature: . 58:0 62°8 65°5 66°8 
Reflectivity gradient, aa (e108): 5 9-28 T2953 Gn55 5-68 
Reflectivity coefficient, « ( x 10*) so WABI ilo? 1:01 0°85 


It is to be noted that, owing to a slight temperature gradient across the specimen, 
the temperature of the mirror was somewhat less than that given by the thermo- 
couple. This is of no consequence as far as the results are concerned. The 
. accuracy of the values varied from 0-9°% in the blue to 0-5% in the red regions of the 
spectrum, improving with the reflectivity, as mentioned before. There was no 
| discontinuity at the Curie point. This was to be expected since Lowe (1936) has 
shown in some experiments on the emissivity of nickel in the infra-red that such a 
discontinuity does not occur for wave-lengths A<4-5 ». Ornstein and Kofoed 
(1938), however, find a decrease in R amounting to 0:5% for a wave-length of 
| 0-65 p. Nor istherea discontinuity at what Schubert (1937) calls the temperature 
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of recrystallization, approximately 320°c. This refers only to the recrystallizatio}}), 
of the amorphous surface layer of the mirror, for it is well known that the whole 
the metal crystallizes at temperatures much nearer to the melting point. Th: 
values of x are plotted against the wave-length in figure 6. This makes it possibly 
to compare them with those obtained by Hurst (1933) (emissivity) and Reid (1941 | F 
(reflectivity). The latter quotes in his results only three values, one of them at5 
and consequently a broken line represents his work. 

It is seen that the temperature coefficient of the reflectivity of nickel in the{j’ 
visible parts of the spectrum is positive. Its numerical value increases as th 


6x {074 


Figure 6. 


violet end of the spectrum is approached, but this is largely due to the fact that the |. 
reflectivity is reduced. ‘The writer (Weil, 1946) suggested a possible explanation |} 
of the positive sign of this coefficient. In the far infra-red the coefficient is negative 
since, as is seen from (4), it depends only on the temperature coefficient of the 
conductivity. As the visible parts of the spectrum are approached, the dielectric 
portion of the metal plays a greater réle and it can be shown that its temperature 
coefhicient tends to diminish the absolute value of adR/dT. If the term for the 
dielectric is greater than the one representing the free electrons, a positive value is 
obtained for«. The fact that the time of relaxation of the free electrons should be 
considered in the short-wave region is also relevant. It can be shown that under 
such conditions the temperature coefficient of o(v) (the conductivity for a fre- 


quency v) is positive. An analysis of the whole problem will be presented in 
the near future. 
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ABSTRACT. Electron orbits have been computed in the magnetic field between inclined 
equipotential plane pole-faces. The field, if applied to B-ray spectroscopy, should give 
_ high dispersion and resolving power combined with a fair solid angle of collection 2. 
In a particular case, 2 is estimated to be 16:5 times that of a conventional semi-circular 
| spectrograph of similar dimensions. 

If the inclined planes are bevelled so as to become parallel at their closest parts, both 
Jateral and longitudinal focusing should occur. ‘This case is treated approximately, and it 
seems probable that, although aberrations may reduce the resolution below that given by 
the first method, high values of 2 (of the order of 1 per cent of 47) may be obtainable. 


§1. INTRODUCTION 
eTHODS have recently been described for increasing the resolving power 
Mi the type of f-ray spectrograph which uses semi-circular focusing 
(Voges and Ruthemann, 1939; Korsunsky, Kelman and Petrov, 
1945). The increase has been obtained by making small departures from 
uniformity in the magnetic field, for example—by altering the profile of the pole- 
faces of the magnet. In order to get good reproducibility and ease of con- 
struction, the simplest possible profile is evidently desirable. 
It is thus of interest to calculate the orbits of electrons in the non-uniform 
field between two inclined plane pole-faces which are treated as infinite equi- 
potential planes. 


* Apart from minor corrections, these calculations were given in a report circulated in January 
1944, but publication was delayed by the war. 
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The field is the same as that due to a straight current flowing along the lir 
of intersection of the two planes, and the lines of force are arcs of circles. | 

The orbits lose their circular shape and become periodic loops which an 
a special case of the “enroulements trochoidaux” used by Thibaud and othea} 
(Thibaud, 1938). Some features of the orbits, such as their turning points 
have been given by J. J. Thomson (1903). : 

It seems possible that a marked improvement in the resolving power an 
the solid angle of collection could be obtained in a spectrograph in which t 
orbits traversed a region in which the field strength varied by a factor of about 1d 
The gain in solid angle is partly due to the rate of sideways spreading of the bean 
being less than it is in the uniform field. 

The sideways spreading can be further reduced by a modification of the 
profile of the pole-faces. In the modified profile, shown in figure 5, the inclined} 
planes are bevelled so as to become parallel at their closest parts. The orbits 
in the case of bevelled poles are treated only approximately, but it seems thajf} 
this field should give some degree of both lateral and longitudinal focusing and 
should avoid the attenuation of the beams due to sideways spreading, whick 
lowers the solid angle of collection of the semi-circular spectrograph. 

As the pole-faces are treated as equipotentials, we assume infinite permeability) 
and ignore the field of the magnetizing current. 


§2. MATHEMATICAL THEORY 


(a) The magnetic vector potential 

Let r, z, and ¢ be cylindrical coordinates representing radial, longitudinal! 
and azimuthal displacements with respect to the axis r=0 defined by the line of 
intersection of the two planes which contain the inclined pole-faces. The 
equipotential planes 4=constant all intersect along this axis, on which lie the | 
centres of the circular lines of force. The field H satisfies il! 


H=H,/1,  -—- — == (1) 


where H, is the intensity at r=1. The vector potential A obeys H =curl A | 
and, by Stokes’ theorem, | 


la. foe b(4 1 (2) 


where ds is a vector forming an element of a closed path and de is a vector normal 
to an element of area do of the surface bounded by the path over which the integral 


is taken. In our case A reduces to a single component parallel to the axis r=0, 
varying onlv with 7, and of magnitude A(r). Apply (2) to a rectangular path 
1234 lying in an equipotential plane, then 


I Hy |r. drdz= A(r,)(%_— 2) + A(r,)(24— 29). 


Thus — A(r,) ~ A(r,) = Hy log7,/r,. 


heehee (4) 
Let d4=0 whenr=0. Then 
Ar) = = 
Figure 1. (")=H,(1 — log). aoa: 
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_(b) Three-dimensional equations of the orbits 


The relativistic Lagrangian for a particle of rest-mass m and charge ég, in 
i . . . ara . . : 
. €.m.u., moving with velocity v in a magnetic field, is 


> > 


L=mceX1—V1—e Je?) +e(v. A). sae (6) 


Pa=P +P +g? is a constant of the motion because the energy does not 
change. From (5) 


L=meX1—V1—08]e) + Hyey(1—logr). ese (7) 
The angular momentum pg about the z-axis is 
OL mr 


=m,.1d, 


, a 


i where m, is the constant transverse mass. The first of Lagrange’s equations 


| d (0L L : ee 
_ gives 5 (sa) = 55 =0. Thus py is constant. This is because the Lorentz 
‘force F always lies in an equipotential plane, so that it has no turning moment 
about the common axis of intersection of all these planes. 


5B) = Sem.t)= 5 amr by (8) 

Thus mye hes " Be he (9) 
(=) “= £ (m8 + Hye(1—logr)) = a aye ee (10) 

Thus = Hee aad p= eve aCe 1 aoe (11) 


At the longitudinal turning points of the orbits, 2=0) “Letethesurame 
points be atr=A. Then 
, Aye 


m 
my 


loge stews (12) 


A ) 
_ Putting this in (9) and using |Far= [rar = - + constant, 


. Hy ie : Pn pe ! 
fis - (2 lox) rank ay ge Os (13) 
| From (12) and (13), c’ =72+22+7°9¢2=0% Let 
| _ m.V a Po {4 
mere and ad moi ee aes (14) 
ik iS proportional to the momentum m,.v if H, is constant. 
From (13) 
q ao" aL ‘fy ; 5 
r= ev i- “= aa(loe 5) eee ects (15) 


For computing the orbits it is convenient to express 7, 3, and ¢ in terms of 
a parameter 7 which satisfies vy cosys=%. We see that ¢ is the angle between 
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the velocity vector at a point P on the orbit and a vector through P parallel tq 
the axis r=0, pointing in the direction of increasing z. Equation (12) becomes 
my. & 


= == Ach ee OO a ae 16 | 
A Ae : (16) ) 
ce 
5 1 log dr : 
2-(F¢=<- |) 1 
rT IKE a,2 1 TY 2 { 
1— 2 — —(log— | 
N ya NKR A 
eK cos ¥ cosy. dibs 
=—Jf rr re eke evetace (17) 
is A’ sin? 
b= |ddt=ayo ~ 
dr ask Conn nay 
= dv ie eG (ase cece . (18) 
ks A®sin? yh. 


Equations (12) and (15) were given by Thomson (1903), who used them to find| 
the value of r at the turning points at which either ¢ or 7 is zero. | 


(c) Orbits from a point source 


Let a point source S lie in the mid-plane ¢=0 at r=r, At S let J=%, and] 
let the velocity vector be inclined at an angle €,to the mid-plane. €, is a measure} 
of the angular width of the emitted beam and is related to the constant a by 

P¢ 
coe Mm, 
é is the inclination of the orbit at any point P to the meridional plane ¢ = constant, | 
passing through P. 

Consider a family of orbits of equal momentum coming from S with different | 

angles of emission %,. Each orbit has r= r, when %=%, so that, from (16), | 


=reiné=r,siné.- © 2) = |e (19) 


Aste. CRO ae (20) 
The equations of the family are 
r==7, 68 CES 008) = a rn (21) 
r= Kry.eton{ con eked 
s° oigintt Bae ie pie eee ( ) 
(= sin? _ e72K (cos b— cos Wy) 
| sin 
i —K cos ys dis 
== K sin’, ong) es Se ee 
g €s ' int aes (23) 
—— ay” 72K (cos —cos Y.) 
sin 


The integrands in (22) and (23) become infinite when b(=%,,) is one of the 
solutions of 

sin? ; e2k cos w __ sin2 &, f e2k cos Be 
The infinities occur at the maxima and minima of 7, where 7=0. 


meter is excluded from the ranges of values in which the integrand is 


i 
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These ranges are centred on s=n7, where n is an integer, and are small if €, is 
‘ small. 


(d) Orbits lying in the mid-plane 


In f-ray spectroscopy the image will be formed by orbits which lie in or 
near the mid-plane ¢=0, and for which the inclination é is small or zero. For 
€,=0, the equations of the family of coplanar orbits are 


Tae oe eas eet 25) 


z= — Kr,.¢- oo Ye | cosy. e& dy, a5 ee (26) 


Ty 75679 = "%e 
Zs = 717-755 
lie A ae =10 


Figure 2. Orbits in the mid-plane 4=0 between inclined plane poie-faces. The baffles are 
adjusted for high resolution. They completely exclude the two ranges of rays with 0°625% 
higher momentum which would otherwise enter the slit. One narrow range is near #.=155°, 
The other, a wider one, is from 170° to about 190°. 


If we put the source S at z=0, the lower limit of the integral is at J=4,. 
The integrand is always real, so y can now have any value. _r varies periodically 
between Ae* and Ae-¥, with maxima at 4=2n7 and minima at (27+ 1), where 
n is an integer. The orbits, which are shown in figure 2, are a series of loops 
in which the radius of curvature p is equal to Kr. The z-displacement in a com- 
plete loop increases rapidly with K, as can be seen from the orbits with K=4 
-and K=1. ‘The loops contract to coincident circles as K, which is proportional 
to the momentum, approaches zero. Orbits with the same value of K have 
the same shape but different sizes, because both r and 2 are proportional to 
eK oss, which varies with the angle of emission ¥,. 

Let 2 be the integral of (26) from 4=0 to p=. 
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So= — Kirn es AE & sin 2p-tsiny ef 
Kee Ke Ke iss 
+ osinty. (1455 tae t 3,58. 73,9 » 2?) 


1G: sin 4h ike Gia F ( a ) 
15:(¥- 4 ) (14 Fe +) + Fe sint. costy I+eat... 


Kae K2 K4 
+ gyg sin’ cos. (14 5 + eae ag t+) + ete |, a atone (27) 


it is usually easier to find z by numerical integration than by summing the |} 
terms in (27). Because the loops are symmetrical about the maxima and minima | 


it is convenient to use the central difference formula (Whittaker and Robinson, 
“ib 
0 


p. 146), starting at 4=0. Values of | eXs¥ cos%dys are given in table 1 for | 


K=3, 1:0, and 100625. The close pair of values can be used to estimate the 
resolving power. 
y 
Table 1. Values of | eX cosh cosas. dis, in radians. (For K=3 and 1-00625, 
0 


5-figure, and for K=1, 7-figure, trigonometrical functions were used.) 


ib K b K 

(°) | 0-5 1:0. 100625]! (°) | -0-5 1-0 1-00625 
10 | 0-2856 0-46965 0:4726 || 100 | 1-4755 2-23040 2-2421 
20 | 0-5583 0-91157 0-9173 || 110 | 1-4360 2-19582 2-2076 | 
30 | 0-8068 130243 1:3103 || 120 | 1-3765 2:14771 2-1596 
40 | 1-0219 1-62648 1:6360 || 130 | 1-3015 2-09147 2-1035 
50 | 1-1975 187685 1-8875 |} 140 | 1-2150 2-03071 2-0430 
60 | 1-3309 2-05483 2-0660 |} 150 | 1-1202 1-96774 1-9804 
70 | 1-4221 2-16785 2:1793 |} 160 | 1-0197 1-90386 1-9169 
80 | 1-4737 2-22688 2-2385 || 170 | 0-9158 183976 1-8531 
90 | 1-4898 2-24395 2-2556 || 180 | 0-8102 1-77550 1:7893 
ee ee ee a 


The equation r=A.e%°s% was given by Larmor (1884) for the catenary 
curve assumed by a flexible conductor carrying a current and lying in a plane 


in a magnetic field produced by a stronger current flowing along the axis r=0 
in the same plane. 


te 


§3. APPLICATION OF THEORY 
(a) Focusing of orbits lying in the mid-plane 
Because the orbits are symmetrical about the maximum at #=0, a ray emitted 
from S with =<, will return to the initial radius 7, when = —y,. On plotting 
the orbits, it seems that the greatest concentration of returning rays is near 
’=T1;, SO we expect to find an image I of the source S at some point on this radius. 
Let 2; be the distance from S to the point at which the ray returns to r=r,. 


Then from (26) 
0 
2;= —2Kr,.e-K He COS ue ce = SOs hh, ovis oete(20) 
be 


The displacement z; is plotted against #, in figure 3. It can be seen, for K=1, 


} 
| 
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to have a maximum at i, = 169°, where the envelope of the family of orbits crosses 
r=r,, giving an image with a sharp outer edge just as in semicircular focusing. 
At ss,= 180°, a second stationary value of z;can be seen. This arises because 
the loop near the image is cut by the line r=r, in two points which become 
coincident when },=7. The line is then a tangent to the loop. For certain 
positions of the slit this second kind of image can make a small addition to the 


solid angle of collection. 0-0 
d 


—O- 


A= 100625, E =0 
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Angle of emission ‘Vs r=0 
Figure 3. Focusing of orbits of differing inclinations Figure 4. The projection of an orbit on 
the (7, ¢) plane. Initial inclination 


é, and momenta KHé. I 
é,=5°, with fs=7, and Keio 


(b) Focusing of inclined orbtts 
For inclined rays, (29) becomes 


a,= —2Kr,. 6% lee CU (30) 
1, 

where b=sin€é,.e 

The upper limit ,, is a value of ys satisfying (24), at which the integrand 1s 
infinite. In the particular case in which ,=7—€,, the lower limit #, also 
satisfies (24). The three lines forming the angles #5, and €, are then coplanar, 
so that the projection on the mid-plane at 5S of @ is parallel to r=0. Thus S is 
ata minimum of rand an integration with the limits 7 —é, andy, covers a complete 
half-cycle of :. 

Expressions (23) for 4 and (30) for z, have been integrated numerically over 
this range of # with €,=5°. The projection of the orbit in the (7, $) plane is plotted 
in figure 4. It consists of periodic peaks and troughs radiating from r=0. 


. e 2K cos w 


sin? yb 


K cos We. 
we 
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The angle ¢y between adjacent troughs is 14°-60. For other values of é, it il) 

nearly proportional to sin €,.e-*°s£s_ because the integral in (23) over a complete} 
cycle of % only varies slowly with é, for small values of €,. It increases from t 
76647 to 7-9204 radians between €,=0 and 5°. 


10° and 1° respectively. For the outer ranges the formula of Jeffreys (1939), 
was used : | 


= 14s Pa 12 
|, CM Babs yahde=h(F V3.9,- 38.904 Py). en (32) 
0 


V1» Y, and ys are the values of the integrand at x=h, 2h, and 3h respectively. 

In order to locate the image formed by rays with the same inclination €,, | 
it is necessary to find z, with different angles of emission %,. This introduces | 
a difficulty because b in (30) then varies with #, and a new set of integrands must 
be computed for each value of ,. We can avoid this labour by allowing €, to || 
vary with #, by the small amount needed to keep 4 constant. Then the same 
set of integrands can be used for all values of #;, with the same upper limit at 
$= Bn 

Let sin€é,=b.e-K°s¥, where b=sin 5°.e-°8 5°, Using K=1 and 7r,= An 
we get the values of z, in table-2, which also contains some values for comparison H 
found for rays in the mid-plane, with €,=0. In figure 3, z, is plotted against |]) 
,’ where #,’ is the angle between the axis r=0 and the projection on the mid- |] 
plane of the velocity vector v at S. It satisfies the relation 

cos#fi,=cosi,cose,2) | | (33) | 

The use of the projected angle %’ for inclined rays is convenient because, 
unlike y,, it is excluded from no ranges of values. 


Table 2 
bs by” és Ri te és Ry 
Se 180° By 4-8156 180° 0) 4-8263 
IGS 173° 45° 4° 58’ 4-8953 IVE Q 4-9178 
70? 17126” AoE 4-9096 170° 0 4-9261 
168° 169227 Ce a 4-9153 168° 0 4-9269 
166° G6 6neo 24 a5 24 4-9135 166° 0) 4:9222 
164° 164° 42’ 4° 50’ 4-9049 164° 0 49115 | 


The focusing of the inclined rays closely resembles that of the rays in the 
mid-plane, but the maximum displacement z, is less by a factor of 0-9976. This 
shortening can be seen from the curve for K=1-00625 to be equivalent to that 
due to a decrease in momentum of 0-08%. It is less than with semi-circular 
focusing, where the shortening factor is cos E, =0-99620. 

The length / of the image will be approximately 27,.¢) because most of the 
rays which form the image will have #, just less than 7, so that they will return 
to the initial radius after an azimuthal displacement ¢ just less than that between 


two troughs, $9. With the semi-circular Spectrograph the image length J’ is — 


; 
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2npsin€é,. With inclined poles with the same €,, and z;=2p, the image length 
2rd is only 0-3785 I’. This shortening of the image is due to the lower sideways 

» spreading of the beam caused by the presence over the long outer parts of the 
inclined orbits of an inward component of the Lorentz force directed back ~ 
- towards the mid-plane. In the uniform field, in contrast, the rays spiral away 
from the mid-plane with the constant outward velocity v sin é,. 

The curvature of the image is a little greater than with semi-circular focusing, 
because the smaller shortening of z; is outweighed by the larger shortening of 
the image length /. The values of 2; in table 2 are calculated for intersections 
of rays with the cylinder 7 =r,, so that the curved image is presumed to lie on this 
cylinder. The intersection of the envelope of the family of rays with a tangent 
plane to r=r,, normal to the mid-plane, would have less curvature. 


§4. THE SOLID ANGLE OF COLLECTION 


Let Q be the maximum solid angle formed at the point source S by the beam 
of rays of given momentum which enters the collecting slit when the field H is 
correctly adjusted. A fraction {2/47 of all electrons emitted with this momentum 
will then be collected. 

We consider an idealized case in which the slit, of constant width VW is curved 
to fit the curvature of the image, so that the entry of rays emitted with inclination 
€, to the mid-plane is not reduced until their sideways displacement exceeds 
half the length of the slit. © is then approximately the product of two constant 
angular ranges Ay, and Ag,, where Ay, is the range of ;J,, measured in the mid- 
plane, which enters the slit, and Aé, is the range in lateral inclination. 

The relation between W and Aj, has been found graphically by drawing 
orbits with different #,, putting ,=0. For each range Ay,, the slit was placed 
across the beam in the position which made the width W a minimum. ‘The 
optimum source-to-slit distance 3; varies slightly with Ay,. The results for 
K=1and K = are given in table 3, which also gives the slit width W’ of a semi- 
circular comparison spectrograph of the same length which collects the same 
range Aj,. 

It can be seen that, with K=1, a slit of given width collects about six times 
the range Ay}, that is collected by the comparison spectrograph with a slit of equal 
width. 


Table 3 


ee SS ee 


K=m;,.v/Hye0 1-0 0-5 


ue 


eee ee en ae ee 
Extreme angles of emission %, (degrees) | 200 190 190 180 160 140 
150 150 160 160 110 120 


Range collected Ay, (degrees) 50 40 30 20 50 20 
Slit width W 0-064 | 0-038 | 0-0205 | 0-009 | 0-125 | 0-02 
Source-to-slit distance 2; 3-41 | 3-46 | 3:52 3-60 D255, | 2:59 
Ratio W : 2; 0-019 | 0-011 | 00058 | 0-0025 | 0-049 0:0079 
W’ : x; for semi-circular spectrograph 0-097 | 0:06 | 0-0341 | 0-0152 

Ratio W:W 5-0 5) 5:8 6-1 HE ON ett os 


i rn oe ye 
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The largest value of the inclination €, which allows the ray to enter the) 
collecting slit is set by the azimuthal angle 24, between the two meridional planes} 
¢= +4, which contain the ends of the slit. This angle, in turn, is limited by) \ 
the angle of inclination of the pole-faces. | 

For €,=5°, equating ¢, to the angle between the minima in the (r, ¢) plane,, 
we have ¢)=14°-60. It is clear that a higher value of €,, for example 7°-5, 
could be used with steeply inclined pole-faces. | 

For comparison we can calculate &;. for a semi-circular spectrograph of radius 
p and slit-length 7. Then sin &{.=//2zp. | 

Let /=1 cm. and p=5 cm. ‘The range A€; is then 3°-64 compared with 
NELELO 

If Q=A€é,.A},, we find that for K=1 the inclined pole spectrograph has |) 
a solid angle of collection Q about 16-5 times that of a parallel pole spectrograph 
with a slit of equal width and of length p/5, with the same source-image distance. |] 


| 
| 
ql 


§5. MOMENTUM DISPERSION AND RESOLVING POWER 


A knowledge of makes it possible to estimate the counting rate at the peak | 
of a B-ray line, but it does not give the shape of the line, or transmission factor, 
which would be a measure of the resolving power. 1 

‘This shape would be difficult to compute in the present case, but we can 
get some interesting information from what may be called the momentum |} 
dispersion. This can be defined as the longitudinal displacement Az; in the 
position of the image I due to a fractional increase in momentum Ap/p, the field H 
being unchanged. 

In the semi-circular spectrograph 


2p 
1 2. ap He,’ 
Thus 
dey _ 2p 
E. ip matics 


The dispersion is proportional to the length of the spectrograph. With inclined 
poles, for K near to or greater than unity, 7, is near to 7, so that 


b) 


B= 2h we l, eX4 cos. df, approximately 


, I Kas 
= Ky nll Oot gee th Geeetee-0 (34) 
from (27). We have p= KH ep, giving 
a2, | Kaz 2 1 Ke } 
p dp aie = Kn l(K+2)4 pea a 7. 42.¢(K+6)+ €tence a 
oe (35) 


\ - : dz; a § 
For K=1 this gives Pip = 4-242,, which represents 4-24 times the dispersion 


ae dz, 
of a semi-circular spectrograph of the same length. Because p ae increases 


very rapidly with K, a spectrograph of high resolving power is possible, 
A possible arrangement of defining baffles is shown in figure 2. 
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§6. LATERAL FOCUSING WITH BEVELLED POLES 


Let the inclined plane pole-faces be modified, as in figure 5, so that the planes 

become parallel at a radius r=r, = OP from the axis of intersection r=0. The 
_ field near O is uniform and equal to Ho, whereas above P it will, after passing 
. through a region of transition, become equal, as before, to H,/r. 
Possible advantages of such an arrangement of what may be called bevelled 
; poles are (1) that more space is made available near the source and slit, and (2) that 
with a given source-to-slit length z;, about half the flux density near the source 
) is needed to focus a given momentum. A third advantage is that lateral focusing 
allows the use of a wider range Aé,, so that the solid angle of collection © can 
_ be increased. 


Shs == 
‘ Mer Ee 
N ease 
a 6 eee 
Leese 
Figure 5. Profile view of the bevelled poles. Figure 6. 


Let #’ be the angle between the axis 7=0 and the projection on the mid-plane 
of the velocity vector v at a point on the orbit. Lateral focusing is possible 
because, apart from small aberrations, we can find a position of the source S 
which allows all the members of a fan of rays with the same b, but different 
inclinations €,, to enter tangentially the equipotential planes ¢=constant of 
the upper part of the field in figure 5. ‘The tangential entry is made where the 
planes bend over in the transition zone near the cylinder r=OP=r,. ‘The 
rays will remain in their respective planes until. they return to r=7p, when they 
will converge again to an image I lying in the mid-plane at 7 =7;. Owing to small 
aberrations, the image will be a short line in the mid-plane rather than a point. 
It would be difficult to compute the orbits in the transition zone, but the 
uncertainty arising there should be small provided that the beam traverses the 
zone nearly at right angles to the axis r=0. 

The Lorentz force F will then be nearly parallel to that axis and will have no 
component in the (7, ¢) plane, so the projections of the rays in that plane will 
be nearly straight when crossing the transition zone. Small variations of F with 
the azimuth ¢ may thus cause more disturbance of longitudinal than of lateral 


focusing. 


§7. THE CONDITION FOR LATERAL FOCUSING 


Let H, be the strength of the uniform field near the source S and let 249 be 
the angle between the inclined planes. The field at large 7, H=H,/r, is related 


| 
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to Hy by the requirement that the pole-faces must be equipotential surface} 
This gives 
ory sin do 
\ chee eeceoe 
Let us make the paraxial approximation in which ¢=sin ¢ and let the uniforn 
field H=H, change abruptly at the cylinder r=r, to the decreasing field 


H,= 


jee 
r fie 


In figure 6 an orbit from S emitted in the mid-plane ¢ = 0 crosses the boundary 
cylinder r=r,, at P where =i,. Consider a fan of rays, emitted with differer 4 
inclinations €, such that the projections on the mid-plane all have the sama | 
angle of emission %;. The projections will have radii of curvature p, =Kr, cos& | 


in the uniform field below r,- ‘Thus to the approximation that cosé,=1, al} i 


from S become straight lines radiating from Q. If Q lies on the axis r=0, thal: 
straight lines are all tangential to equipotential planes in the decreasing field 
above P. ‘Thus the condition for lateral focusing is 
PQ=r7,/sin , =arc PS=pi8=Kr pp.) 9S ae (37) 
The condition cannot be exactly satisfied for large €, because of the more 
complicated nature of the transition field and the variation of cos E-21 rie urther, | | 
it is only valid for one value of ;, other values giving fans of tays which, afteri] 
straightening out, will radiate from points a little above or below the axis r=0.. 
This latter aberration gives rise to orbits which have small inclinations to the} 
equipotential planes. For practical ranges of %, the inclinations € are so small | | 
that the shortening of z, will be negligible, and longitudinal focusing will be very |] 
little disturbed. i) 
In order to satisfy (37) for the rays at the centre of the focused beam we must | | 
place the source S at the optimum distance above the axisr=0. Let DE=C.7, |, 
= CE-CD=Kr,(siny—sina). Then 


C=K(siny—sing)) > 5 eee (38) 


From (37) 


We have « =p» —7/2, so that B can be eliminated and we can find the value 
of DE which gives lateral focusing for a given angle of emission $,=yt+nr/2. 

This value of 4, should also satisfy the condition for longitudinal focusing. 
It seems that for K= 1, the fraction C should be about 0-7, . 


§8. LONGITUDINAL FOCUSING 


As before, we seek for a stationary value of z,, the distance from S at r=r, 
=1,(1—C) to the point at which the returning ray again crosses r=1,. 3; Will 


be the sum of a displacement %, in the uniform field below r=r, and a displace- — 
ment 2 in the decreasing field above. 


Magnetic focusing between inclined plane pole-faces 803 
Zp = —2(PD — SE) = — 2p (cos « — cosy) 
C 2 
=— 2pe4c0s af /1— @ + sin x) \ opiates (39) 
The minus sign applies when ey 
y 
2=2Kr,.e-K Mp | Renee ieee cae © Metta ct (40) 
0 
%,=%+28, is plotted against %, in figure 7. For K=1-00, ,=160° gives a 
}maximum value of ;. Families of orbits with K =1-0 and 1-00625 are plotted 


in figure 8. 

Owing to small variations of H with 
the azimuth ¢ in the transition zone, 
orbits emitted with differing inclinations 
|é, will have slightly different values of 
|z, This will give rise to a lower resolv- 
ing power with bevelled poles because 
| the presence of lateral focusing will make 
fine image length so small that it would 
{be impossible to separate the rays with 
differing zx, by the use of a curved slit. 
It therefore seems probable that in- 
clined plane poles have advantages where 
high resolving power is important, but 
‘that bevelled poles may be useful for the 
‘study of continuous spectra where they 
would give a higher counting rate, or for 


14.0° 


180° 160° Ye 
Figure 7, Longitudinal focusing between 
bevelled pole-faces. Source-image 
distance 2; against angle of emission ¢s. 
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r= 3:0 lo r=< 2-76 
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Figure 8. Orbits in the mid-plane between bevelled pole-faces. 


The baffles are again adjusted to 


exclude the two ranges of rays with 0°625% hig 


enter the slit. 


The two orbits at S have K=1°0 and bs 


her momentum which would otherwise 
=150° 53’ and 168° 40°5’. 
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| 


:, | q 
high energies where the approach to saturation of the iron is a factor. ‘The sol} ‘ 
angle Q could be made large enough to collect 1° of the rays emitted with ji 
given momentum. if 
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ABSTRACT. An investigation is made into the uniformity of axial magnetic fielcyfl 
attainable on the central plane between twin parallel co-axial circular coils arranged ir} ( 


conjunction. Information is derived and set out graphically which permits of the optimu | ( 
coil separation for a given circular area with given coil diameter, as well as the highest}: 
degree of uniformity attainable over that area, being read off directly. The modificatio ! 
for, and consequent improved uniformity possible over, an annulus is indicated. iW 

The investigation is then extended to volumes of cylindrical shape and some usefulll, 
field characteristics, including regions of remarkably constant axial field, are considered, | 
Two special cases are taken and axial field contours are plotted to show the deviation from 


particular separation of the two special cases is then examined. | 


of particular shape. 


$12 INTRODUCTION 


ECULIARITIES associated with the magnetic field between a pair of coaxial 
P twin coils have been noted and made use of by Rosa (1909), Llewellyn 
(1934), Nettleton and Balls (1935 and 1942) and Nettleton and 
Sugden (1939), and the Helmholtz position has not always proved the best for |i 
the requirements of these experimenters. Von Ziepel (1944) has considered the | 


| 
i 
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use of parallel coils for the production of a uniform field over a Wilson cloud 
chamber and has derived theoretically a means of establishing such a field. 
Two general cases are cited. Of these, the first, utilizing twin parallel coils, 
converges in uniformity attainable and in position upon those of the ideal 
Helmholtz pair as the axial length of the coil decreases. The second case, 
employing four axially extensive coils, is capable of producing a very homogen- 
eous field. The calculations involved in the final solution are indirect, and it is 
not always convenient to have the region subjected to the field difficult of access 
via the interstices of an interrupted solenoid. ‘Tables are being published shortly 
by Comrie giving the values of the axial field at points off a conducting circular 


wire. 

The object of the present communication is to show by means of these tables 
\that a coil separation less than the Helmholtz is advantageous when the problem 
lis that of securing optimum uniformity of field over a definite volume of specific 
shape, a matter of special importance in work with compound f-ray spectrometers 
|and mass spectrographs, and to draw up data ina graphical form which will enable 
|the appropriate separation to be read off, the deviation from uniformity to be 
| estimated and other characteristics of the field to be appreciated. 
| For the production of uniform transverse or longitudinal fields in one dimen- 
sion, a common requirement, as, for example, in the neutralizing of the earth’s field 
over a single lens f-ray spectrometer, where particle paths are considerable only in 
one dimension, there are well-known standard methods. In the lens-magnet-lens 
system of compound f-ray spectroscope or in some types of mass spectrograph the 
particle paths are long and of appreciable extent in two dimensions. In cases such 
as these the effect of the earth’s field can be a serious one and its neutralization over 
an area becomes a matter of importance. It is found convenient to compensate 
this effect by means of twin parallel circular co-axial coils arranged in conjunction 
- and with an appropriate number of ampére-turns associated with them. 


Sy 2 NOMENCLATURE AND TABLES 
Because the fields produced by all circular coils have the same shape, in the 
- following outline all distances are given in arbitrary units of which the coil or the 
- twin coils considered have radii-of ten. Because of the axial symmetry of the field, 
' cylindrical coordinates are used, Oz being the common axis of the coils and the 

origin being taken for convenience at the centre of one coil. 
| The values of the axial fields supplied in the tables to which reference has 
, already been made were computed using elliptic integrals in place of the more usual 
- zonal harmonic series and so permitting of their being established over a much 
' wider range of r than would otherwise be possible. The field may be considered 
as due to a current in a circular conductor such that the ratio of ampere-turns to 
radius is as ten is to one, and the values of H, are supplied in gauss to the fourth 
decimal place over a lattice of z and 7 at integral values of y and in planes of 
separated by one half unit. Fields at intermediate points were calculated from 
these by interpolation. From the lattice of axial fields and their interpolations, 
other requirements can be procured as necessary. Thus, H, at r=7 in the plane 
midway between two parallel circular coils in conjunction with separation Z units is 
twice H, due toa single coil at r=7, when 3 = Z|2. In this plane there is no radial 
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component of magnetic field. The H, at any point off this plane is found Hi 
summation of the H, due to each coil at that point. | 


§3. OPTIMUM COIL SEPARATION FOR A CIRCULAR AREA 
‘Taking the axial field due to a single coil ina plane with constant z, and plottin 
as a percentage of H,atr=0 the field difference at any particular value of r fromit 


magnitude atr = 0, against 7, givesasmoothcurve. If thisis done successively foi 
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Figure 1. Variation of axial field with distance from the axis for a number of 


planes parallel to the coil. 


values of z from 3-8 to 5-4 a series of graphs, some of which are shown in figure 1 
results. Each of the curves must, of course, intersect the ordinate at 0% 
r=(. Curves for z planes outside the extreme ones shown are not i 
because they diverge very rapidly from the origin at small values of r and so are not 
important. From this family of curves it can be seen approximately how the 
uniformity of field over an area around r=0 varies with the z plane in which the 
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depends upon the maximum value of 7 in that area. It is noteworthy that the 
curves over the range shown fall very steeply as 7 increases beyond certain limits, 
that the Helmholtz separation is only of use for small areas and that a coil separation 
greater than the Helmholtz is comparatively inferior. 

_ If now the variation of H, over the area from r=0 to r=3 be found as a per- 
centage of the mean field over that area, and this be plotted against z for different 
values of z, a curve results. If this be repeated for 7max=4, max =5; Tmax = 6 and 
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Figure 2. Variation of axial field uniformity over an area parallel to a coil 
against distance from coil. 


Tmax =7 the family of partly coincident curves shown in figure 2 is produced and 
the values of z for greatest uniformity over any of the areas are then seen as minima- 
The twin coil separation required for any area is twice the z for the area at its 
minimum variation. Curves for r greater than 7 are not shown, as the field vari- 
ation even at the optimum coil separation becomes too great to be of practical use. 


- Most important features which are emphasized by these curves are that the smaller 


the area as compared with the coils the more critical is the distance of separation of 


the coils at the best position, and that the larger the area as compared with the coils 
the greater is the deterioration of the field on departing from the best position. 
_ Thus, an axial displacement of 0-2 units from the optimum position (brought 
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about by an error of coil separation of 0-4 units) causes an increase in coarseness 
the overall field of 33% for the area containing Myax=7 and 400% for the aréf} 
containing 72x =3, whereas the actual increase in the coarseness*in the fora” 
case is 1:5°% as against 0-27°% in the latter. Furthermore, it can be seen fro 
figure 2 that as each curve is approximately symmetrical about its minimum, tof 
small and too great separations of the coils are equally harmful to the fiell 
uniformity. 
The z value of each minimum plotted against the r value associated with thi 
curve provides a useful graph seen in figure 3, from which the best coil separatior 
for any area including a known 7yax may be procured by doubling the ordinate of 
the point on the graph with the known 7a. as abscissa. Here it is seen that th ' 
Helmholtz position is approached for small areas and that the larger the area tha 


closer must the coils be brought together. For larger areas the overall variatiorj} 
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Figure 3. Optimum position for a given area. Figure 4. Field uniformity attainable over | 


a given area. 


increases even at the best setting, as would be expected, and figure 4 shows the 
relation between the percentage variation of H, over the area in the optimum 3 
plane against 7,,. forthat area. This curve shows clearly how the field uniformity 
attainable deteriorates as the area increases, but shows also that even between the 


limits r=0 and r=7, by suitable coil placing (seen to be 7-35 units apart) the field 
can be kept uniform to within 4:5 ee 


§4. OPTIMUM COIL SEPARATION FOR AN ANNULUS 


In the event of a region, say fromr=0 tor =3, being unoccupied or of relatively 
little importance, as can occur for example in the particular case of a pair of long | 
magnetic lenses at right angles in the compound f-ray spectrometer cited above, | 
the degree of uniformity over the remainder of the region, say from r=3 to r=5§ 
can be improved further by disregarding the variation between r — Oand7=3. (ig 
this way a more uniform field over the instruments can be obtained by al 


ie 
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_ placing of the components over such an annulus, than by any other disposition of 
them. ‘Taking this as an example and plotting the variation of axial field over the 
- new area (i.e. between r=3 and r=5) as a percentage of the mean field over that 
. same area, against z, and adding the resulting curve as a broken line to figure 2 gives 
a new minimum extending below the minimum of the rmax =5 graph and with one 
arm of the former curve, if continued, almost coincident at first with the corre- 
sponding arm of the latter. It is seen that the optimum separation for the coils 
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Figure 5. Variation of axial field over a number of planes between the coils. 


becomes 8-38 units instead of 8-8 as would have been required for the area r=0 to 
y=5 and that the overall variation is now as low as 0:5°%. Repeating for the areas 
r=2 to r=5 and r=1 to r=5 gives intermediate values both of optimum coil 


separation and of overall uniformity. 
§5. FIELD IN A VOLUME 


| Taking H, for positions off the central plane between the coils, it is found that 
the field variation from its magnitude at the same r on the central plane is small for 
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small differences of z, but as the difference approaches two units the variation may 
become pronounced. Each coil separation has, of course, its own particular fiel 
form. Because of the variation of H, with r on the central plane it is more con+ 
venient and more useful to take the H, difference at any point in terms of the H} 
on the central plane atr=0. A series of curves for different z planes between coils} | 
separated by 8-4 units is shown in figure 5. Other separations give families off 
curves of the same general character. It is observed that the curves shown within 
the z limits indicated, i.e. up to 2 units on either side of z =4-2, intersect nea | 
y=3-5 although they are not exactly concurrent. In the region of this waist the 
variation of H, with z, r being constant, is a minimum and in this particulary} 
instance is of the order of 0-1% for a range of 4 units, whichis nearly one half of thet 

distance between the coils. 

Ther value at the waist of the family of curves changes with the coil separation #} : 
in the manner shown in figure 6. It is apparent at once that the axis of Helmholtz 4 
coils is not the best line for H, uniformity over a range as great as two units on|] 
either side of the plane of symmetry, the best position being located near r = 1:3, | 
where the uniformity is twice as good as it is alongr=0. The axis of Helmholtz jf}: 
coils has a variation of 0-18 %, of the centre field over the central four units of its | 
length and an overall variation between the coils of 5-5°% of the same field. It has, 
of course, the advantage of being free of all radial component of magnetic field and 
has in addition a surrounding region extending radially as far asy = 1-5, in which the 
H, uniformity is very good. If the region 
examined were reduced from that used in _ 00 
establishing figure 6 the curve is slightly 
changed. Thus for half the range, ice. 
up to | unit from the central plane, it would 
intersect the ordinate at 10 units. When 
a 2 range not so close to the central plane 
is considered for any specific coil separation, 70 Fp 2 3 4 5 
the value of r at which the waist appears Radial distance from axis for constant axial field (units) 
increases from its value for a x range near 
thecentral plane. Furthermore, for higher 
r values at the waist, i.e. for closer coils, 
the position is more critical and consequently the region of uniform His 
less extensive. 

For any predetermined coil separation, the way in which the axial field 
between them varies with z and r can best be seen by taking z and 7 as axes and 
drawing contours through points which have the same magnitude of H,. This 
has been done in figure 7 (a) for a separation of 8-4 units over the ranger=Otor=7 
and for z=4-2 to z=6-2. The field is symmetrical about z=4-2. From the 
curve in figure 3 it is seen that 8-4 units is the optimum separation for the area with 
Tmax =5°6 units and from the broken line addition to figure 2 for the area r=3 to 
r=5. For convenience the contours are drawn through the coordinates of points © 
whose axial fields differ from that at the point z= 4:2, r=0, by the same positive or 
negative percentage. From such a figure as this it can be seen immediately over 
which region between the coils the axial field variation lies within any particular 
limits. It is observed that the field is very uniform on the central plane from r=0 
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Figure 6. Variation of constant axial 
field position with coil separation. 
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to r=5-6 and that the region between r=3 and r=5 on z=4-2 has H, entirely 
‘within successive contours. In the event of this latter region being the one of 
importance, the field would be adjusted for the mean one required over that area ; 
contours in terms of this mean field are shown in figure 7(b). They closely 
resemble the others in general character but have, of course, different positions, 
and because they are percentages of a somewhat greater field have slightly increased 
spacing. The particular contours for + $% and — 4% have been included in this 
case (as broken lines) in order to indicate the trend of the field over the rather large 
space which otherwise would have been left ungraphed. 
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Figure 7 (a). Field contours in terms of field at centre between coils. 
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Figure 7 (b). Field contours in terms of mean field over annulus r=3 to r=5 on z=4°2. 


§6. THE RADIAL FIELD 

This brief survey of the field pertaining to the central region between parallel 
coils in conjunction cannot be left without some reference to the radial component 
of field which obviously must be present over most of the region and of which at 
least an approximate knowledge is advisable. Once more each coil spacing re- 
quires separate attention, as the radial field at any point is the algebraic sum of those 
due to each of the two coils at that point. In general, on the central plane and 
along the r=0 axis, H,, is zero, and for small x displacements from the central 
plane, 7 being constant, the H,, at the point will be proportional to the amount of the 
displacement. As an individual case, the particular coil separation of 8-4 units has 
again been taken, and the H, calculated for points removed from the central plane 
at s=4-2 by one and two units respectively, and from r=0 to hax inclusive. 
The calculations were made using Laplace’s equation and approximate integration 
methods. The values of the first differential coefficients of 1, with respect to 2 
were supplied by Comrie’s tables over the same lattice of points as were the 1, 
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supplied. Intermediate values were obtained, as before, by interpolation. The | 
results were calculated as percentages of H, at x =4-2, r=0 and are shown graphif 
cally in figure 8. The sign is arbitary as it changes everywhere in crossing the 
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Figure 8. Variation of radial field over a number of planes between the coils. 


plane of symmetry. Disregarding sign, the quantities are symmetrical about 
z=42. The magnitude of H,, like the variation of H,, is seen to be compar- } 
atively small over the important region in which H, uniformity is being effected, 
and to increase rapidly as r becomes large off the central plane. | Throughout the 
volume 7=0 to r=5-6 and z=2:2 to z=6:2 it is seen that H, is never greater than 
the satisfactorily low proportion of 2% of the H, at the centre. 


§7. PRACTICAL CONSIDERATIONS 
(a) Cozl dimensions 
All quantities from which the preceding results are derived are based on the 
assumption that the current 1s concentrated ina line, and this in practice cannot be 
attained perfectly. However, it can be approached very closely. The author 
has constructed a pair of coils 10 feet in diameter, capable on a 400-volt supply of 
compensating with ease the earth’s field at centre between them, and they have each 
a cross-sectional area of less than 0-375 square inches, which is very small in com- 


parison with the area of the section taken between the coils in a plane containing the 
central axis. 


In such coils of mean separation’2z, and mean radius a, let the radial depth and 


axial length be d and / respectively (see figure 9). Then considering one coil only, 
it follows that the optimum z 


plane for the area being sub- 
jected to the uniform field is 
distant. z, from the plane of 
this coil. . Taking the effect 
of the axial length of the coil 
on the axial spread of its 
optimum plane, it is readily 
seen that it is caused to be 
extended over a distance / 


ade 


Figure 9, Coil cross-section containing central axis. 
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‘(see right-hand half of diagram). Now, taking the effect of radial depth 
‘only; the optimum plane for all turns from those of radius a—d/2 to 
‘those of radius a+d/2 must lie within limits separated by a distance 2d/a (see 
left-hand half of diagram). Therefore the effect of radial depth is to the effect of 
axial length as coil separation is to coil diameter. It follows that for a given cross 

sectional area of coil (as, in order to attain maximum uniformity these limits should 
be equal) the axial length should be to the radial depth as the separation to be 
“used is to the mean coil diameter. This, in addition to the comparatively small 
coils possible, means that the dimensions of the coils need not be such as to give 
| rise to an appreciable effect when the field required is no greater than that of the 
| earth. 


(b). Determination of equivalent separation 


The equivalent coil separation, Z units, can be determined experimentally by a 
| practical method due to Dr. Nettleton and communicated privately to me by him. 
/ The fluxes G,, G, produced in a search coil (see below for dimensions) placed 
axially at the centre of each of the twin coils in turn, by the establishment of the 
‘same current i, are determined. For identical coils they will be equal. The 
average flux for the two positions is 3(G,+G_)=-i/a, where k is a constant 
and a is the coil radius. The twin coils are then arranged in opposition and the 
centre of the plane of symmetry between them is found by adjusting the position of 
the search coil, still with its axis along 7 =0, until no flux is produced on establishing 
a current in the twin coils. This position is critical, so can be located accurately. 
The coils are then arranged in conjunction and the flux Gy observed when the 
current 7 is established in the coils in series. 


Then 


_ _ 2kai 

~ (a*+2,"7)" 

| where 22, is the coil separation. Hence 

G,+G, = (a? + 2,2)3? 
Gy a : 


1.€. ae eS ) (Ie es 


But if a=10 units, then Z=2z, units and 
2/3 1/2 - 
i 20{ (Siz) y i} unite. 
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Gr 


For observations such as these, in which all measurements are made at centres 
of symmetry of magnetic fields, the search coil should be made of a single-layer 
solenoid of radius R and half-length L such that L/R= V/ 3/2, in order to eliminate 
the effect of its own finite dimensions. This ratio follows from the well-known 
- fact that the magnetic field just off a centre of symmetry can be given to a first 


approximation by the relation 
H(z,r) = H,(1 + 62" — 367’), 


where Hy is the field at the centre of symmetry, bis a constant which may be positive 
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or negative and z and 7 are the coordinates of the point. The origin is taken at t 1 
centre of symmetry. If the flux in the coil is to be proportional only to Hy, then) 


+L /R 

[ [ 2rr(bz* — 4br?)drdz 
+ =F 2 0 

must be made zero, i.e. 


+L 
[ 2n(4b22R? — 1bR4)dz =0, 
L 


L/R=V3/2. 
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ABSTRACT. Tables of the distribution coefficients and the relative 
are given for total radiators at 1500-250-3500° K. and 2360° k., as well as for the equal- — 
energy stimulus and the standard illuminants A, B and C. The energy distributions 
required for the calculations were obtained from Planck’s formula (C,=14350) and the 
distribution coefficients for the equal-energy stimulus are taken from Condensed Tables 
for Colour Computation by T. Smith (1934). By using these tables, with entries at every 
0-01 », the labour of colour computation is only one-half of that involved by the use of 
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" the C.I.E. standard observer tables, with entries at every 0-005 ». In nearly every instance 
the calculated colour will be indistinguishable from that which would be obtained if the 
C.I.E. tables were used. 


Se NRO DiC LOIN 
er \o facilitate the calculation of colours of materials from their spectral trans- 


mission or reflexion factors, it is useful to have tables which give the distri- 
bution coefficients of several illuminants. These coefficients are derived 
from the products of the distribution coefficients for the equal-energy stimulus 
and the spectral energy distributions of the illuminants. Such tables have been 
_ used at the National Physical Laboratory for many years, but failing agreement on 
| the value that should be given to C, in Planck’s formula they have not been 
| published. However, there have been many requests from colorimetrists for 
| tables, and it is considered that the value 14350 will prove the most satisfactory 
for this purpose. This conclusion was reached not only because 14350 was used 
to calculate the spectral energy distributions of the standard illuminants A, B and 
C in the C.I.E. tables, but also because this value had been adopted for so much 
work both here and in America. 
When the colours of total radiators were published (Harding, 1944 and 1946) 
with C, = 14384-8 (Birge, 1941), figures were given for the correction which could 
be applied to compensate for an alteration of C,, and consequently the usefulness 
of the tables would not be affected by such an alteration. No such simple pro- 
cedure is possible with tables of distribution coefficients; nevertheless, if a new 
value of C, is adopted the tables will not be without value, because they will then 
apply, on the new scale, to a slightly different temperature, obtained by multiplying 
the stated temperature by the new value of C, and dividing the product by 14350. 
For widely used illuminants, such as 2360 and 2848° k. (illuminant A) it may be 
preferable, in the event of an alteration of C,, to assign a new temperature to the 
present distribution coefficients rather than to retain the numerical value of the 
temperatures at 2360 and 2848 and re-calculate the distribution coefficients. 
The distribution coefficients for the equal-energy stimulus and the standard 
illuminants A, B and C which have been included with the newly calculated tables, 
have been taken from Condensed Tables for Colour Computation by 'V’. Smith (1934). 
Offprints of these tables have not been available for some years, and it is felt that 
the inclusion of these widely used distribution coefhicients will make table 2 more 
comprehensive and, therefore, more useful to colorimetrists. 


CALCULATION OF COLOURS, AND TRANSMISSION OR 
REFLEXION FACTORS 
A colour, defined on the system recommended for use by the Commission 
Internationale de l’Eclairage in 1931, is expressed in the form 


C=7X4 yY- 3Z, 
where x, y and g are trichromatic coefficients whose sum is unity and where X, 


Y and Z denote the standard reference stimuli, X being analogous to red, Y to 
green and Z to blue. The values of x, y and z are obtained from the distribution 
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coefhicients for an equal-energy stimulus (x., y, and z,), the spectral distributio 1h 
of energy of the illuminant (£) and the spectral transmission or reflexion factoi if 
of the specimen (t,) by making the following calculations: 


1 5 i | 
v= 92 (Ex, t,), ee (1) | 
1 a 
— = 4 . 4s" “~ | 105) gb eee 1h WD Bhareneleners Z 
y= 52 (B34) Q) 
52 (BF 3) 
2= 3 (E, 2,5), 9 0 9 eee | 
where S=2(H,%,t)+ (Ey b)- ob 2 fe (4) | 
From equations (1), (2), (3) and (4), it can be seen that, for a given illuminant, | 
the expressions F,x,, E,y and E,z, are independent of the characteristics) 


of the material, so that if these values for any particular illuminant are tabulated, jj} 
they form a set of distribution coefficients applicable to any material. As the 
luminosity factors of the X, Y and Z stimuliare 0, 1, 0 respectively, the transmission 
or reflexion factor T is given by 


T=2(E,y,t,) [2 (E,V) ee a pie (5) 


Hence, if the sum of the E, 7, coefficients is arranged to be 100, the value 4 (E, y, t,) 
represents the percentage transmission or reflexion factor without any further 
calculation. 

At the laboratory, the computation of x, y, x and T is regularly performed in 
about thirty minutes with the aid of a suitable electric calculator. Recently the 
Hollerith section of the Mathematics Division of the Laboratory has been calcu- 
lating the colours, and by this means the time taken has been approximately halved. 


3. PREPARATION OF THE TABLES OF DISTRIBUTION 
COEFFICIENTS 


S 


Tables of the distribution coefficients for total radiators at 1500-250-3500° x. 
and also for 2360°k. have been prepared in the following way. 

The relative energy distributions of the total radiators were calculated from 
Planck’s formula 


Exg= Cr [exp. (C,/A9) — 1]2, 


where £;, is the amount of energy radiated at the absolute temperature @ between 
the wave-lengths + dy/2 (microns); C, and C, are constants. Since only the 
relative spectral distribution of energy is necessary for these calculations, the value 
‘of the constant C, is immaterial; for convenience the energies for radiation of 
wave-length 0-56 u are made equal to 100-0000. The value given to C, is 14350. 
All the energy values have been checked by forming fifth differences and are 
estimated to be correct to about one partina million. These energy distributions, 
together with those for the standard illuminants A, B and C, are given in table 1. 

The distribution coefficients for the equal-energy stimulus are not those of the 
C.I.E. system (Smith and Guild, 1931-2) which are quoted for the wave-lengths 
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_ 0-38-0-005-0-78 » but Smith’s condensed values (T. Smith, 1934) which, quoted 
for wave-lengths 0-38-0-01-0-77, have about half the number of entries of the 
C.I.E. tables. 

The products of the energies given in table 1 and the appropriate distribution 
coefficients for the equal-energy stimulus given in table 2, columns 1, 2 and 3, were 
calculated and multiplied by 100[=(E£,,y,)}-?. The distribution coefficients 
obtained in this way for the various illuminants are tabulated in table 2. 


CNG GURAC YOCOM OURS CALCULATIONS 
USING THESE TABLES 
In using these tables, for most practical purposes, the calculated colours are 
indistinguishable from those that would be obtained if the full C.1.E. standard 
| tables were employed. For example, the colour of a total radiator at 2360°K. 
| calculated by the C.I.E. tables is 


0-489320X + 0-414913 Y + 0-095767Z 
and when calculated by these tables is 
0-489319X +0-414917Y +0-095764Z. 


The maximum difference in the trichromatic coefficients is 0-000004, which is 
much less than the minimum perceptible colour difference. Other examples, 
| quoted by T. Smith (1934), show that for a dichroic filter which has an irregular 
transmission curve, the difference between the trichromatic coeficients when 
calculated by the condensed and the C.I.E. tables may be 0-:0005; for didymium 

glasses with very irregular spectral curves the differences may be as much as 0-003. 


§5. CONCLUSION 


Although the use of these condensed tables in place of the full C.I.E. data may 
introduce significant errors in the calculated colours of some very exceptional 
materials, in most instances they will give results sufficiently close to the C.I.E. 
values for the differences to be of no visual significance. 
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Table 1. Relative energy distributions 


Wave-length Temperature (° K.) (C,=14350) 


(microns) 


1500 1750 2000 2250 
0-38 02126500 0:6756414 1-607880 3-155824 
0-39 0-3561294 1:031832 2:291443 4-261929 
0-40 0:5793768 1:537854 3-198011 5:651747 
0-41 0:9176569 2:241006 4377885 7-369801 
0-42 1-417842 SAOS SIF 5-886990 9-461902 
0-43 2:140842 447/287 7-786404 11-97432 
0-44 3:164166 6:156287 10-14175 14-95296 
0-45 4°584542 8324897 13-02238 18-44245 
0:46 6:520517 11-08388 16-50054 22°48540 
0-47 9-114932 14-54488 20:65031 27-12158 
0-48 1253722 18-82992 2554662 32:38729 
0-49 16-98535 24:07058 31-26401 38-31472 
0:50 22-68749 3040693 37°87575 44-93147 
0-51 29-90316 37-98631 45 -45264 52:26020 
0-52 3892386 46-96187 54:06199 60:31827 
0-53 50:07329 + 57-49097 63-76674 69-11760 
0-54 63°70687 69-73346 7462463 . 78:66468 
0°55 80:21066 83-84996 86-68733 88-96027 
0-56 100-0000 100-0000 100-0000 100-0000 
Oss7 123-574 118-3403 114-6007 111-7741 
0:58 151-2289 139-0234 130-5199 124-2679 
0:59 183-6230 162-1941 147-7804 137-4618 
0-60 221-2060 187-9916 166-3969 1518323 
0-61 264-4978 216°5442 186-3766 165-8515 
0-62 314-0282 247-9703 207-7184 180-9879 
0-63 370-3334 282-3764 230-4133 196-7071 
0-64 433-9504 319-8566 254-4455 212-9720 
0-65 505-4137) 360-4913 279-7914 229-7425 
0-66 585:2501 404-3470 306-4208 246-9773 
0:67 673-9747 451-4756 334-2972 264-6334 
0-68 772-0869 501-9142 363-3778 282-6664 
0-69 880-0656 555-6851 393-6151 301-0314 
0-70 998-3661 612-7957 424-9558 319-6828 
0-71 1127-418 673-2385 457-3430 338-5754 
Oe) 1267-619 736-9920 490-7156 357-6637 
0-73 1419-336 804-0205 525-0090 376-9030 
0-74 1582-897 874-2745 560-1564 396-2491 
0-75 1758-593 947-6918 596-0885 415-6589 
0-76 1946-677 1024-198 632-7336 435-0903 
0:77 2147-364 1103-708 670-0196 454-5026 


The calculation of colours on the C.I.E. trichromatic system 819 


Table i. Relative energy distributions (continued) 


Wave-length Temperature (° K.) (C2=14 350) 
(microns) 
2500 2750 3000 3250 3500 
0-38 5-412436 8-415148 12-15516 16:59021 21-65663 
0:39 7-001587 10-50930 14-74109 19-62634 25-08057 
0-40 8-912871 12-93802 17-64894 22-95015 28-74125 
0-41 11-17897 15-71932 20-88188 26°55179 32-61856 
0-42 13-83054 18-86738 24-43885 30-41774 36-68986 
0-43 16-89566 22:39234 28-31475 34-53127 40-93081 
0-44 20:39914 26-30018 32:50061 38-87293 45-31581 
0-45 24-36209 30°59258 36:98389 43-42103 4981833 
0:46 28-80156 35-26716 41-74888 48-15217 54-41175 
0-47 33-73023 40-31740 46-77714 53-04164 59-06961 
0-48 39-15632 45-73311 52-04785 58:06399 63:76597 
0-49 45-08341 51-50054 57-53830 63:-19335 68°47575 
0-50 51-51062 57-60280 63-22428 68-40385 IS ANAS MG 
0-51 58-43271 64-02024 69-08045 7367004 77°84147 
0-52 65:84010 70-73076 75-08079 7896699 82-45382 
0:53 73:71929 RE FAOS 2 81-19904 84-27069 86-99271 
0-54 82-05318 84-93314 87-40891 89-55830 91-44037 
0-55 90-82123 92-37231 93 -68438 94-80816 95-78087 
0-56 100-0000 100-0000 100-0000 100-0000 100-0000 
0°57 109-5634 107-7878 106-3311 105-1150 104-0852 
0°58 119-4833 115-7073 112-6540 110-1359 108-0254 
0-59 12957295 123-7300 118-9460 115-0469 111-8117 
0-60 140-2706 131-8276 125-1859 119-8340 115-4362 
0-61 151-0739 139-9727 163537 124-4846 118-8926 
0-62 162-1062 148-1385 137-4308 128-9874 122-1763 
0-63 T7/SE3 387 156-2991 143-4000 1183-3332 125-2835 
0-64 184-7226 164-4298 149-2457 137-5136 128-2118 
0-65 196-2391 172:5071 154-9537 141-5219 130-9599 
0-66 207-8501 180-5087 160-5112 145-3524 133-5276 
0:67 219-5229 188-4139 165-9069 149-0010 135-9153 
0-68 231-2257 196-2031 171310 152-4644 138-1244 
0-69 242-9278 203-8583 176°1748 155-7405 140-1571 
0-70 254-5995 211-3631 181-0310 158-8281 142-0159 
0-71 266-2125 218-7024 185-6936 161-7270 143-7045 
0-72 277-7400 225-8627 190-1577 164-4376 145-2261 
0-73 289-1562 232°8317 194-4197 166-9613 146-5849 
0-74 300-4372 239-5986 198-4766 169-2999 147-7856 
0-75 311-5607 246-1538 202-3265 171-4559 148-8327 
0-76 322-5054 252-4892 205-9684 173-4322 149-7313 


0:77 3332500 258-5979 209-4027 WE WARPA 150-4867 


820 H. G. W. Harding and R. B. Sisson 


Table 1. Relative energy distributions (continued) 


Vaseline Standard illuminant 

pores 2360° Kk. 

(microns) nx B Cc 
0-38 4-058004 9-79 22-40 33-00 
0:39 5-371485 12-09 31-30 47-40 
0-40 6-988679 14-71 41-30 63-30 
0:41 8949441 17-68 52-10 80-60 
0-42 11°29332 21-00 63-20 98-10 
0-43 14-05871 24-67 73°10 112-40 
0-44 17:28217 28-70 80-80 121-50 
0-45 20:99759 33-09 85-40 124-00 
0-46 2523566 37-82 88-30 123-10 
0:47 30:02324 42-87 92-00 123-80 
0-48 35-38301 48-25 95-20 123-90 
0-49 41-33301 53:91 96:50 120-70 
0:50 4788649 59-86 94-20 112-10 
0°51 55:05166 66-06 90-70 102-30 
0-52 62-83201 72°50 89-50 96-90 
0-53 7122568 . 79-13 92-20 98-00 
0-54 80-22638 85-95 96-90 102-10 
0-55 89 -82294 92:91 101-00 105-20 
0:56 100-0000 100-00 102-80 105-30 
0:57 110-7381 107-18 102-60 102-30 
0-58 122-0143 114-44 101-00 97-80 
0-59 133-8018 121-73 99-20 93-20 
0-60 146-0715 129-04 98-00 89-70 
0-61 158-7914 136-34 98-50 88-40 
0-62 171-9273 143-62 99-70 88-10 
0-63 185-4434 150-83 101-00 88-00 
0-64 199-3028 157-98 102-20 87-80 
0-65 213-4671 165-03 103-90 88-20 
0:66 227-8972 171-96 105-00 87-90 
0-67 242-5544 178-77 104-90 86°30 
0-68 257-3992 185-43 103-90 84-00 
0-69 272-3929 191-93 101-60 80:20 
0-70 287-4969 198-26 99-10 76°30 
0-71 302-6737 204-41 96-20 72:40 
WED) 317-8862 210:36 92-90 68-30 
0-73 333-0992 216-12 89-40 64-40 
0:74 348-2781 221-66 86-90 61-50 
0-75 363-3898 227-00 85-20 59-20 

0-76 378-4030 232-11 84-70 58:10 


Oa 393-2872 257-01 85-40 58:20 
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Table 2. Distribution coefficients 


Equal energy stimulus Waveclength 1500° k. 

= = = microns 

x ey z Ey500% E5009 E5002 
0-0023 0-0000 0-:0106 0:38 0-0000 0-0000 0-0001 
0-0082 0-0002 0-0391 0:39 0:0001 0-0000 00005 
0-0283 0-0007 0-1343 0-40 0-0006 0-0000 0-0027 
0-0840 0-0023 0-4005 0-41 0:0027 0-0001 0-0128 
0-2740 0-0082 1-3164 0-42 0:0135 0-0004 0-0650 
0-5667 0-0232 2:7663 0-43 0-0423 0:0017 0-2063 
0-6965 0-0458 3-4939 0-44 0:0768 0:0050 0-3851 
0-6730 0-0761 3-5470 0-45 0-1075 0-0122 0-5664 
0-5824 0-1197 3-3426 0-46 0-1323 0-0272 0-7592 
0-3935 0-1824 2:5895 0-47 0-1249 0:0579 0-8222 
0-1897 0-2772 1-6193 0-48 0:0828 0-1211 0-7072 
0:0642 0-4162 0-9313 0-49 0-0380 0-2462 05510 
0-0097 0-6473 0:5455 0:50 0:0077 0-5116 0-4311 
0-0187 1:0077 0-3160 0-51 0:0195 1-0496 0-3292 
0-1264 1:4172 0-1569 0-52 0:1714 1:9215 0-2127 
0-3304 1-7243 0-0841 0:53 0:-5763 3-0076 0-1467 
0-5810 1-9077 0-0408 0:54 1-2893 4-2334 0-0905 
0-8670 1:9906 0-0174 0:55 2°4224 5:5617 0-0486 
1:1887 1-9896 0-0077 0:56 4-1406 6:9304 0:0268 
1:5243 1:9041 0-0042 0:57 6°5583 8-1924 0-0181 
1-8320 1-7396 0-0032 0:58 9-6506 9-1638 0:0169 
2:0535 1-5144 0-0023 0-59 13-1345 9-6864 0:0147 
21255 1-2619 0-0016 0-60 16°3776 9-7233 0-0123 
2-0064 1-0066 0-0007 0-61 18-4855 9-2741 0-:0064 
1-7065 0-7610 0-:0003 j 0-62 18-6667 83243 0-0033 
1-2876 0:5311 0:0000 0-63 16:6099 6°8511 0-0000 
0-8945 0:3495 0-64 13-5211 52830 
0:5681 0-2143 0-65 10-0015 3°7728 
03292 0-1218 0-66 6:7111 2:4830 
0-1755 0-0643 0-67 4-1201 1-5096 
0:0927 0:0337 0-68 2:4931 0-9063 
0:0457 0-0165 0-69 1-4010 0:5058 
00225 0:0081 0:70 0-7825 0-2817 
0-0117 0-0042 0-71 0-4595 0-1649 
0-0057 0:0020 0-72 0-2517 0:0883 
0-0028 0-0010 0:73 0:1384 0:0494 
0-0014 0-0006 0-74 0:0772 0:0331 
0-0006 0-0002 0:75 0-0368 0-0123 
0-0003 0-0001 0:76 0:0203 0:0068 
0-0001 0-0000 Oe 0:0075 0-0000 

21-3713 21-3714 2473715 ‘TOTALS | 148-7536 | 100-0000 5:4358 


0:33333.X+0-33333 Y+0-33334Z COLOUR 0-58521.X+0-39341 Y+0-021382 
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Table 2. Distribution coefficients (continued) 
1750° K. Wave-length Ni 
Ey z50% E750 E7502 eee Eso00% Eso00¥ EB so00% 
0-0001 0-0000 0-0003 0:38 | 0-0002 0-0000 0-0007 
00003 0-0000 0:0016 0-39 ) 0-0008 0-0000 0:0038 
0-0017 0-0000 0-0081 0-40 | 0-0038 0-0001 0:0180 
00074 0-0002 0:0351 0-41 | 0-0155 0-0004 0:0737 
0-0343 0-0010 0-1649 0-42 0:0678 0-0020 0:3257 
0-0994 0-0041 0-4850 0-43 0-1855 0:0076 0:9053 
0-1679 0-0110 0:8423 0-44 0:2969 0:0195 1:4893 
0-2194 0-0248 10563 0-45 0:3683 0:0417 1-9414 
0:2528 0-0520 1-4507 0-46 0:4039 0-0830 2°3182 
0-2241 0-1039 1:4748 0-47 0:3415 0-1583 2°2475 
0:1399 0-2044 1-1940 0-48 0:2037 0:2977 17387) 
0-0605 0-3923 0:8778 0-49 0-0844 0:5469 1-2238 
0-0115 0-7707 0:6495 0-50 0-0154 1:0305 0-8684 
0-0278 1:4989 0-4700 0:51 0:0357 1.9251 06037 
0:2324 2-6061 0:2885 0-52 0-2872 3-2202 0:3565 
0-7438 3°8818 0-1893 0-53 0-8855 4-6214 0:2254 
1°5865 5:2092 O14 0-54 13223 - 5-9835 0-1280 
2°8467 6-5359 0-0571 0:55 3-1589 7°2528 0-0634 
4:6547 7:7908 0-0302 0:56 4-9962 8-3624 0:0324 
7:0635 88234 0-0195 0-57 7°3421 Del eHAls 0:0202 
9-9730 9-4700 0-0174 0-58 10-0500 9-5431 0:0176 
13-0420 9-6181 0-0146 0-59 12-7549 9-4064 0-0143 
15-6464 922892 0-0118 0-60 14-8652 8-8254 0-0112 
17-0129 85353 0-0059 0-61 SoZ 7°8852 0-0055 
| 16-5699 7°3892 0-0029 0-62 14-8986 66439 0-0026 
| 14-2372 5-°8725 0-0000 0-63 12-4696 3:1434 0-0000 
11-2034 4:3774 0-64 9-5662 S137. 
8-0193 3-0251 0-65 6-6807 25201 
| 52123 19285 0-66 4-2398 1:5687 
3:1026 1-1367 0-67 2:4659 0-9034 
1-8219 0-6623 0-68 1-4158 0-5147 
| 0:9944 0:3590 0-69 0-7560 0:2730 | 
0:5399 0-1944 0-70 0-4019 0-1447 
0-3084 0-1107 0-71 0-2249 0-0807 
0:1645 0:0577 0-72 0-1176 0-0412 
0-0882 0-0315 0-73 0-0618 0:0221 
0-0479 0-0205 0-74 0-0329 0-0141 
0:0223 0-0074 0-75 0-0150 0-0050 
0-0120 0-0040 0-76 0-0080 0-0026 
0-0043 0-0000 0-77 0-0028 0-0000 
| 136-3975 | 100-0000 9-5590 TOTALS 127-2603 | 100-0000 14-6353 
0-55456.X+-0-40658 Y-+-0-03886Z CoLour 0-52610.X + 0-41340 Y+.0-06050Z 
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Table 2. Distribution coefficients (continued) 


ee Wave-length 2500 °K. 
Eo959X Esy50y E9502 ea raees Eo500X Esso0¥ Easo02 
0-0003 0-0000 0-0015 0°38 0-0005 0-0000 0-0026 
0-:0015 0-0000 0:0073 0-39 0-0026 0-0001 0-0124 
0-0070 0-0002 0:0334 0-40 0-:0114 0-0003 0-0541 
0-0272 0-0008 0-1297 0-41 0-0425 0-0012 0-2025 
0:1140 0-0034 0:5474 0-42 0-1714 0-0051 0-8235 
0-2982 0:0122 1-4557 0:43 0-4330 0:0177 2:1138 
0:4577 0-0301 P2959 0-44 0-6426 0-0422 3-2235 
0:5454 0:0617 2°8747 0-45 0-7417 0-0839 3-9082 
0:5755 0-1183 83029 | 0-46 | 0:7586 0-1559 4-3541 
0:-4690 0-2174 3-0863 0-47 ' 06003 0-:2782 3-9503 
0-2700 0-3945 2°3047 0-48 0:3359 0-4909 2:8677 
0-1081 0-7008 1-5680 0-49 0-1309 0:8486 1-8989 
0-0192 E273) 1:0771 0-50 0:0226 1:5080 1-2708 
0-0429 2-3143 O27 2917, 0-51 0-0494 2:6631 0:8351 
0-3350 3-7565 0-4159 0:52 0-3764 4-2201 0-4672 
1-0035 SBI: 0-2554 0-53 1:1016 5:7490 0-2804 
2:0085 65948 0-1411 0:54 2:1561 7:0796 0-1514 
33894 7:7820 0-:0680 0-55 BOOS 8:1766 0-0715 
5:2238 87433 0:0338 0:56 5:3762 89984 0:0348 
74872 9-3528 0-0206 0-57 TBI 9-4353 0-0208 | 
10-0045 9-4999 0:0175 0:58 9-8999 9-4006 0:0173 | 
12-4047 9-1481 0:0139 0-59 12-0485 8-8854 0:0135 
14-1352 8-3920 0-0106 0-60 13-4843 8-0056 0-0101 
14-6233 73364 0:0051 0-61 13-7091 6:8778 0-0048 
sio727 6:0526 0-0024 0-62 12-5114 DOA: 0-0022 
11-1304 4-5910 0-0000 0-63 10-0940 4-1635 0-0000 
8:-3717 3-2710 0:64 7-4731 2:9199 
5-7356 2:1636 0-65 5:0421 1-9020 
SPL) 1-3219 0-66 3-0946 1-1450 
2-0409 0-7478 0-67 1-7424 0-6384 
1:1515 0-4186 0-68 0:9694 0-3524 
0-6046 0-2183 0-69 0:5021 0-1813 
0-3161 0-1138 0-70 0:2591 0-0933 
0-1741 0:0625 0-71 0-1409 0-0506 
0:0896 0-:0314 0-72 0-0716 0:0251 
0-0464 0-0166 0-73 0-0366 0-0131 
0:0244 0-0105 OD: 0-0190 0-0081 
0-0109 0:0036 0-75 0-0085 0-0028 
0-0058 0-0019 0:76 0-0044 0:0015 
0-0020 0-0000 0:77 0:0015 0-0000 
120-4007 | 100-0000 20-3946 ‘TOTALS 115-1808 | 100-0000 26°5915 


Cl ——————E EE nn 
0-50001.X + 0-41529 Y+ 0:08470Z COLOUR 0:47640.X + 0-413 61 Y+0-10999Z 
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Table 2. Distribution coefficients (continued) 


2750" K. Wave-length AD 
Boz 5X Bez Boyq59% ia E’so90X E3q00¥ Exo00% 
0-0009 0-0000 0-0041 0-38 0-0013 0-0000 0-0060 
0-0040 0-0001 0-0189 0-39 0-0056 0-0001 0:0269 
00-0169 0-0004 0-0801 0-40 0:0233 0-0006 0-1106 
0-0608 0-0017 0:2902 0-41 0-0818 0-0022 0:3902 
0-2383 0-0071 1:1447 0-42 O-S025 0-0093 HS 102 
0:5849 0-0240 2°8548 0-43 0:7487 0-0307 3-6549 
0:8442 0:0555 4-2350 0-44 1-0563 0:0695 5-2987 
0:9489 0-1703 5-0011 0-45 1:1614 0-1313 6:1213 
0:9466 0:1945 54330 0:46 1-1346 0:2332 6:5447 
0°7312 0-3389 4-8116 0:47 0-8589 0:3981 5-6522 
0:3999 0-5843 3-4131 0-48 0-4607 0-6732 3-9238 
0-1524 0-9879 2:2105 0-49 0-1724 11-1174 2:5005 
0:0258 1:7184 1-4482 0-50 0-0286 1-9097 1-6093 
0:0552 2:9733 0:9323 0-51 0-0603 3-2483 1-:0186 
0-4120 4-6198 0:5115 0-52 00-4428 4-9651 0:5497 
1:1833 6:1756 0:3012 0-53 1:2519 675333 0:3187 
2:2742 7:4674 0-1597 0-54 2:3698 7°7810 0:1664— 
3-6910 8-4744 0:0741 0:55 3:7901 8-7020 0-0761 
5 -4784 9-1696 0:0355 0:56 5-5468 9-2840 0:0359 
LOS 9-4590 0:0209 0:57 7:5631 9-4476 0-0209 
9-7695 9-2767 0-0171 0:58 9-6303 9-1446 0-0168 
11-7099 8-6358 0:0131 0:59 11-3976 8-4054 0-0128 
12-9138 7:6668 0-0097 0-60 12-4161 7°3714 0-0093 
12-9433 6:4936 0-0045 0-61 12-2978 6:1698 0-0043 
11-6509 5:1956 0-0020 0:62 10-9436 4-8802 0-0019 
9-2752 3-8257 0-0000 0-63 8-6159 3-5538 0-0000 
6:7787 2:6486 0:64 -6:2294 2:4340 
4°5166 1-7038 0:65 4-1076 1°5495 
2°7387 1:0133 0:66 2:4656 0-9122 
1:5240 0:5583 0:67 1-3587 0:-4978 
0:8382 0:3047 | 0:68 0-7402 0-2691 
0:-4293 0-1550 0-69 0:3757 0:1356 
0:2192 0-0789 0-70 0-1901 0-0684 
0-1179 0-0424 0-71 0-1014 0:0364 
0-0593 0-0208 0:72 0-0506 0:0177 
0-0300 0-0107 0-73 0-0254 0-0090 
0-0154 0-0066 0-74 0-0130 0:0056 
0-0068 0-0023 0:75 0-0056 0-0019 
0-0035 0-0012 0:76 0-0029 0-0010 
0-0012 0-0000 0:77 0-0010 0-0000 
(111-1625 | 100-0000 33-0269 TOTALS 108-0394 | 100-0000 39-5477 


0°45523.X+0-40952 Y+0-13525Z CoLouR 0-43637X-+ 0-40390 Y+-0-15973Z 


The calculation of colours on the C.I.E. trichromatic system 825 


Table 2. Distribution coefficients (continued) 


TS Ne Wave-length 3500" kK. 
Esa59X ; Esa50 E350 eens) E3500 E3500) E3500 
0:0018 0-0000 0-0083 0:38 0-0024 0-0000 0-0109 
0-0076 0-0002 0-0361 0-39 0-0097 0-0002 0-0464 
0-0306 0-0008 0-1450 0-40 0-0385 0-0010 0:1825 
0:1049 0-0029 0-5002 0-41 0-1296 0:0036 0-6177 
0-3921 0-0117 1-8836 0-42 0:-4754 0-:0142 2:2838 
0-9205 0:0377 4-4936 0-43 1:0968 0-0449 5-3538 
1-2736 0-0838 6:3891 0-44 1-4924 0-0981 7-4865 
1:3747 0-1554 7:2451 0:45 1e5853 0-1793 8-3554 
1-3192 0-2711 TSS 0-46 1:4984 0-3080 85999 
0-9818 0:4551 6:4612 0:47 1:0991 0:5095 7:2326 
0-5182 Ons 4-4230 0-48 0:5720 0:8358 4-8824 
0:1909 e272 2°7685 0:49 0:2079 1:3476 3:0154 
0:0312 2:0829 17558 0-50 0:0336 2:2397 1:8874 
0:0648 3-4922 1:0951 0-51 0-0688 3-7090 1-1631 
0:4695 5-2645 0-5828 0-52 0-4928 58 0-6117 
1-:3098 6°8355 0-3334 0°53 1-3591 7:0927 0:3459 
2°4477 8:0370 0:1719 0-54 2 82483 0:1764 
3:8668 8:8779 0:0776 Or55 3-9266 9-0153 0:0788 
5:5918 9-3594 0:0362 0:56 56207 9-4077 0-0364 
f25373 9-4153 0-0208 0:57 7:5020 9-3712 0-0207 
9-4915 9-0128 0:0166 0-58 9-3576 8°8857 0-0164 
pledetS)5) 8:1959 0-0124 0-59 10-8567 8-0065 0:0122 
11-9818 71135 0-0090 0-60 11-6016 6:8878 0-0087 
11-7494 58946 0-0041 0-61 11-2794 56588 0:0039 
10°3546 4-6175 0:0018 0-62 9-8584 4-3963 0:0017 
8-0761 eso 0-0000 0-63 7:6276 3-1462 0-0000 
5-7864 2:2609 0-64 5:4228 2:1188 
3:7821 1:-4267 0-65 Se o179 132770 
2:2509 0:8328 0-66 2:0785 0:7690 
1:2301 0:4507 0:67 179 0:4132 
0:6649 0:2417 0-68 0:6054 0:2201 
0:3348 0:1209 0-69 0-3029 0:1094 
0:1681 0-0605 0-70 0:1511 0:0544 
0-0890 0-0320 0:71 0:0795 0:0285 
0-0441 0:0155 0:72 0-0391 0:0137 
0-0220 0-0079 0:73 0:0194 0-0069 
0:0111 0-0048 0-74 0-0098 0-0042 
0-0048 0:0016 0:75 0-0042 0-0014 
0-0024 0-0008 0:76 0-0021 0-0007 
0-0008 0-0000 0:77 0-0007 0-0000 
105-5932 | 100-0000 46-0422 TOTALS 103-6658 | 100-0000 52-4306 


0:41963.X +0-39740 Y+-0:18297Z COLOUR 0-40479X+0-39048 Y+0:20473Z 


PROC. PHYS. SOC. LIX, 5 53 
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Table 2. Distribution coefficients (continued) 


2360° K Waveienotn Standard illuminant A 

Eo 360% Ex360¥ Eys692 a | E,x Ex,y Ex2 

0:0004 0-0000 0: 0019 0:38 0-0010 0-0000 0-0048 

0-0020 0-0000 0:0094 0:39 0:0046 0-0001 “ 0-0219 

0:0088 0-0002 0:0419 0-40 0-0193 0-0005 0-0916 

0-0335 0-0009 0:1597 0:41 0-0688 0-0019 0:3281 

0:13:79 0-0041 0:6627 0-42 0:2666 0-0080 1:2811 

0:3551 0:0145 17339 0-43 0-6479 0-0265 3-1626 

0:5365 0:0353 2:6914 0-44 0:9263 0:0609 4-6469 

0:6299 0-0712 3-3197 0-45 1:0320 0:1167 5-4391 

0:6551 0-1347 3-7598 0:46 1-0207 0:2098 5-8584 

0:5266 0:2441 3:4653 0-47 0-7817 0:3624 5-1445 

0:2992 0-4372 25538 0-48 0-4242 0-6198 3:6207 

0:1183 0:7668 W277 0:49 0:1604 1:0398 2°3266 

0:0207 1:3816 1:1643 0:50 0-0269 1-:7956 15132 

0-0459 2:4727 0:7754 0-51 0-0572 3-0849 0:9674 

0-3540 3-9690 0:-4394 0-52 0-4247 4-7614 0-527 

1-:0489 5:4741 0:2670 0-53 1:2116 6:3230 0-3084 

2:0776 6°8218 0:1459 0:54 2°3142 7:5985 0:1625 

3-4711 7:9697 0:0697 0°55 SUV) 8:5707 0:0749 

5-2983 8-8682 0:0343 0:56 5-5086 9-2201 0-0357 

ony ow 9-3984 0:0207 0:57 7:5710 9-4574 0:0209 

9-9633 9-4608 0-0174 0:58 WegelEy 7) 99-2257 . 0:0170 
12-2468 9-0317 0-0137 0:59 11-5841 8-5430 0-0130 
13-8387 8-2160 0-0104 0-60 12-7103 7:5460 0:0096 
14-2008 7:1244 0-0049 0-61 12-6768 6:3599 0-0044 
NSO7S 58318 0-0023 0-62 Soi 5-0649 0-0020 
10-6429 4-3899 0:0000 0-63 8-9999 SoU 0-0000 

7:9462 3:1047 0-64 6:5487 275587 

5-4054 2-0390 0-65 4-3447 1-6389 

3-3440 1°2372 0:66 2°6234 0-9706 

1:8974 0:6952 0:67 1-4539 0:5327 

1:0635 0-3866 0-68 0-7966 0:2896 

0:5548 0-2003 0:69 0-4065 0:1467 

0-2883 0-1038 0-70 0-2067 0-0744 

0:1578 0:0567 0-71 0-1108 0-0398 

0-0808 0-0283 0:72 0-0556 0:0195 

0-0416 0:0148 0-73 0-0280 0-0100 

0-0218 0-0093 0:74 0-0144 0-0062 

0:0097 0-0033 0:75 0:0063 | 0-0021 

0-0051 0:0017 0:76 0-:0032 0-0011 

0:0017 0:0000 0:77 0-0011 0-0000 
117-9314 | 100-0000 23-0802 err: 109-8450 | 100-0000 | 35- J PE PSS | Se 


" 0-48932X4-0-41492¥-0-095767 | Const GUE S yep sueey anne 48932X-1-0-41492 Y+0-09576Z CoLouR 0:44757X+0-40745 Y-+0-144987 | 
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Table 2. Distribution coefficients (continued) 


Standard illuminant B Wave-lenath Standard illuminant C 
E,x E.y E,z cen.) E,x Ew E.z 
0-0025 0-0000 0-0113 0:38 0:0036 0-0000 0-:0164 
0-0123 0-0003 0:0585 0-39 0:0183 0-0004 0-0870 
0:0558 0-0014 0-2650 0-40 0:0841 0-0021 0-3992 
0-2091 0-0057 0-9970 0:41 0-3180 0:0087 1-5159 
0-8274 0-0248 3-9750 0-42 1-2623 0:0378 6-0646 
1:9793 0-0810 9-6617 0-43 2:9913 0:1225 14-6019 
2:6889 0:1768 13-4883 0-44 3:9741 0:2613 19-9357 
2:7460 0:3105 14-4729 0-45 3:9191 04432 20:6551 
2:4571 0-5050 14-1020 0:46 3:3668 0-6920 19-3235 
1:7297 0-8018 11-3825 0:47 2:2878 1:0605 15-0550 
0:8629 1:2609 7°3655 0-48 1:1038 1-6129 9-4220 
| 0-2960 1-9190 4:2939 0-49 0-3639 2:3591 5:2789 
| 0:0437 2:9133 2:4552 0-50 0-:0511 3-4077 2:8717 
0-0810 4-3669 1:3694 0-51 0-0898 4-8412 1:5181 
0:5405 6:0602 0-6709 0-52 0°5752 6:4491 0-7140 
1:4555 7°5959 0-3705 0:53 1:5206 7:9357 0:3871 
2-6899 8-8322  0-1889 0-54 2:7858 9-1470 0:1956 
4-1838 9-6060 0-0840 0°55 42833 9-8343 0-0860 
58385 99-7722 0-0378 0:56 58782 98387 0:0381 
7:4723 9-3341 0-0206 0-57 7:3230 9-1476 0-0202 
8-8406 83947 0:0154 0:58 8:-4141 7:9897 0-0147 
9+7329 WENT 0-0109 0:59 8:9878 66283 0:0101 
9-9523 5-9086 0-0075 0-60 8:9536 5-3157 0-0067 
9-4425 4-7373 0-0033 0-61 83294 4-1788 0-0029 
8-1290 3-6251 0-0014 0-62 7:0604 3:1485 0-0012 
62135 2°5629 0-0000 0:63 5:3212 2:1948 0:0000 
4:3678 1-7066 0-64 3-6882 1:4411 
2-°8202 1:0638 0:65 2:3531 0:8876 
1:6515 0-6110 0-66 1-3589 0:5028 
0:8796 0-3223 0-67 0-7113 0:2606 
0-4602 0:1673 0:68 0:3657 0:-1329 
0:2218 0-0801 0-69 0:1721 0:0621 
0-1065 0-0384 0:70 0-0806 0:0290 
0:0538 0-0193 0-71 0-0398 0-:0143 
0:0253 0-0089 0:72 0-0183 0:0064 
0-0120 0-0043 0-73 0-0085 0-0030 
0:0058 0:0025 0:74 0-0040 0:0017 
0-0024 0-0008 0:75 0-0017 0-:0006 
0-0012 0-0004 0:76 0-0008 0-0003 
00004 0-0000 0-77 0-0003 0:0000 
99-0915 | 100-0000 85-3094 TOTALS 98-0699 | 100-0000 | 118-2216 


, | $$$ SES Se Se ae LULL 
(-34842.X+0:35162 Y+0-29996Z COLOUR 0-31006 X+0-31616 Y+0°373782 


53-2 


828 i 


COAXIAL ELECTRON LENSES | 
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4BSTRACT. The resolving power of electron microscopes is limited chiefly by the faci 
that the spherical aberration of electron lenses of the conventional or “‘ coreless ”’ type ca | 
never be eliminated. In this paper a new type of electron lenses is investigated, callec 
coaxial lenses. These contain a central cylindrical conductor, surrounded by a numbe} 
of annular electrodes. The electrostatic fields in such lenses can be produced by super’ 
imposing fields of a certain simple type, cclculated and tabulated in this paper. Thi 
field corresponds to a “‘ one-element ”’ coaxial lens, containing an annular electrode in tha 
form of a perforated disk with rounded edges, preceded and followed by cylindrical guar d 
rings. | 

At least two such elements are required to correct the aberrations of an ordinary electror| 
microscope objective to the accuracy required, and a fully satisfactory system requires | 
three-element correcting lens. A two-element and a three-element system are calculated ir 
detail and their theoretical performance is discussed. 


§1. INTRODUCTION 


the first-order spherical aberration of the objectives, which, by a well-knowr 


ale HE resolving power of electron microscopes is at present chiefly limited b | 


theorem of Scherzer (1936), can never be eliminated in the absence of space 


charges. ‘The optimum theoretical resolution has been estimated by seventh | 


authors (see Zworykin et al., 1945a; Gabor, 1945) at 5 to 7a., and recently 
J. Hillier (1946) has realized about 8-5. Further progress can be expected only}! 
from a reduction or elimination of the spherical aberration by novel means.|f| 
Space-charge correction has been suggested by Gabor (1945 b) but has not yeti: 


been tried experimentally. 


Another possible method is the use of coaxial electron lenses, recently suggested | j 


by Gabor (1940). Whereas in the conventional electron lenses the axis is free! 


from electrodes (figure 1 (a)), coaxial lenses have one or several central electrodes orf 
cores. ‘Thus only an annular region is accessible to the electron beam. In reality) 
it is not possible to utilize the full annular aperture, as the cores must be supported, |, 


but it is easy to see that a full annular aperture produces a diffraction pattern only 


very little smaller than a sector of this aperture with a tangential extension approx1- I 
mately equal to the radial width. This has the advantage that there is no need for | 


special electron guns for the production of hollow conical beams, any ordinary 
electron gun with more or less circular cross-section of the beam will do, if the’ 


gun is tilted so that the beam passes obliquely through the object and eccentrically | 


through the coaxial lens. 
As the fields used in electron lenses must have accurate axial symmetry, and, 
moreover, as the space in electron-microscope objectives is very restricted, only 
the simplest arrangements are of any practical interest. The simplest type has a 
single straight cylindrical wire as central electrode, which must be firmly supported 
at bothends. The supports themselves must be in the field-free region, where the | 
potential is the same as that of the central wire. In the following, this potential 
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will always be assumed as zero. There may be one annular electrode with potential 
different from zero in the lens, or several. In the first case we speak of a one- 
element coaxial lens. An example of this is shown in figure 1(b). According to 
the number of annular electrodes with non-zero potentials we speak of two-element, 
three-element etc. coaxial lenses. 

By a zonally corrected electron lens we mean a lens in which the zonal power 
has a stationary value of at least the second order. If only the first differential 
_ quotient of the intercept of the rays starting from an axial object-point with respect 
to the initial angle of the rays is zero, that is to say, if the zonal power has a simple 
‘minimum or maximum, this means merely that an imaging effect exists in an 
‘infinitesimally narrow zone. In the case of ordinary, coreless lenses, the first- 
order imaging condition is always and automatically fulfilled, as the deflection 


S 


CLLLLLLLLLLL 


tee 


(a) Coreless electron lens. (6) Coaxial electron lens. 
Figure 1. 


) angle 5 is in first approximation always proportional to the off-axis distance 7, 
} but in coaxial lenses this condition is by no means automatically fulfilled. It can 
| be satisfied only by two-element lenses or by more complex combinations. 

As in the following we shall always have to deal with objectives in which one 
) conjugate is practically at infinity, it is convenient to characterize the zonal position 


i 


) by the final radius 7, at which the ray leaves the lens, practically parallel to the axis. 
) The condition for a lens effect, that is to say, for a stationary intercept, is d5/dr;=0/r; 
for the centre of the zone, rs=7;. Ina corrected combination at least the second 
differential coefficient must vanish, @28/dr 2 =0, but it has been found in the course 
of this investigation that in order to obtain objectives better than the existing ones 
it is necessary to impose a third condition, d°§/dr=0. It was found that these 
) three conditions can be satisfied by certain combinations of two-element coaxial 
lenses with ordinary objectives, but only a three-element coaxial lens combined 
. witha suitable coreless objective, preferably of the magnetic type, gave a convenient 
position of the corrected zone. ‘This is the lens which was described by Gabor 
(1945). In the present paper the rather laborious steps will be described which 


led to this combination. 


‘| 
1 
: 


§2. ZONAL CORRECTION BY COAXIAL LENSES 


| In the following, the deflection angle 5 will always be reckoned positive if the 
_ ray is deflected towards the axis, as ina condensing lens. By Scherzer’s theorem, 
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d?5/dr 2 is always positive in ordinary lenses for sufficiently small off-axial distances 
r;, but there is good reason to believe that this is also true for any value of 77, nay 
example to the contrary being known. ‘Thus, as the characteristic 5(75) of ar 

ordinary lens is always positively curved, the first problem in a correcting leng 
is to produce a negative curvature. This cannot be achieved in a single lens, 
as shown in figure 1(5), but it can be realized by a combination as shown in 
figure 2. Whether the trajectories are described from the left to the right or in the 


assumed that the electrons move towards the right. In figure 2 they pass first 
through a converging lens. A single coaxial lens, whether converging or diverging, 
will always produce a deflection which is approximately proportional to 1/r, 
where 7 may be the radius of the trajectory in the middle plane of the lens. Let us#j 
call the deflection produced by the first lens 5, =s,/7;, where s, is the strength off 

the lens, a quantity of the dimension of a length. Let us now combine this with aj 


Figure 2. Correction of spherical aberration by a two-element coaxial lens. 


diverging lens of strength s, <0, so that the combination produces no deflection in a 
certain zone. ‘The condition for this is 
So/Sy=—TelT55 eee (1) 

but, as the first lens is convergent, 7,<7,, i.e. the divergent lens must be weaker} 
than the convergent one. HY 

The curvature of the characteristic contributed by each lens, d?8/dr?, is pro- | 
portional to s/r’, and has the same sign as the deflection. As s/r is the same for the | 
two lenses in absolute value and r is smaller for the divergent lens, the resulting |) 
value of the curvature d°3/dr? is negative for the combination, i.e. of a sign suitable |}} 
for the correction of ordinary lenses. i 

This is illustrated in figure 2. It is assumed that the resulting deflection is | 
zero for the two outer rays, hence it will be positive, i.e. towards the axis, in the |] 
case of the middle ray. ‘The curvature had to be strongly exaggerated in order to |} 
make it visible. 

The lens systems considered in the following will be similar to the one shown in \ 
figure 2 in that the resulting deflection is nearly zero. The focal power must be | 
supplied by an ordinary lens, preferably a magnetic objective of the conventional | 
type. Coaxial lenses which can be used by themselves as objectives are possible 
in principle but cannot be realized, as the fields required would cause autoelectronic | 
discharge even under the most favourable conditions. 


§3. THE ELECTROSTATIC FIELD JIN COAXIAL 
ELECTRODE SYSTEMS 
In the theory of ordinary coreless lenses, the potential is entirely determined if 
It is given along the axis. In the case of coaxial lenses, we are free to prescribe its 
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values along two surfaces of rotational symmetry. For the above-mentioned 
‘practical reasons we need consider only the case in which the inner surface is an 
equipotential cylinder of radius a with a potential ¢=0. It is convenient to 
characterize the whole field by prescribing the value of ¢ as a function of the axial 
co-ordinate z along an outer cylinder of radius 5. 

In order to represent a general field, it is convenient to expand ¢ (4, 2) in terms 
of functions which allow simple analytical representation in the annular space 
between the radii aand $b. The conventional procedure is to expand ¢ (6, 2) into 
a Fourier integral, 


0 


¢(b, z)= : ds (2) COS SU U8) i alin te (2) 


0 

where it has been assumed for simplicity that $(b, 2) has the symmetry plane 
z=Oand ¢ is the Fourier transform of ¢. ‘To obtain the solution ¢(r, 2) in the 
whole annular space between a and b we have merely to replace each coefficient 
(cos sx by 

I,(ax) H(rx) — Ho(ax) Io(7) 
T9(ax) Ho(Bx) — Ho(ax) 19(b22) 
| where /, and H, are the modified Bessel functions of the first and second kind of 
order zero. This expression satisfies Laplace’s equation, and it can be seen by 


COS2X kote (3) 


Figure 3. Potential profiles corresponding to Figure 4. Illustration of 
a deita-function at the outer diameter }. relaxation method. 


| inspection that it satisfies the boundary conditions at r=aandr=6. Substituting 
) (3) into the integral (2) instead of cos 2x, we obtain the well-known Fourier-Bessel 
integral. - 

This procedure is not very satisfactory from a practical point of view. Each 
of the solutions (3) is infinitely periodic in the direction (3), and to build up func- 
- tions from them which correspond to practical electrode arrangements is no easy 
matter. For this reason we have preferred to take as the elementary field one which 
corresponds to a potential of the form of a delta-function impressed on the outer 
electrode r=b. ‘The general form of this potential distribution is illustrated in 
) figure 3. Once this elementary solution is obtained, any prescribed potential 
, distribution can be obtained from it by a simple integration, but in fact, not even 
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this is necessary, as the field distribution in figure 3 is one which can be realized with, J 
good approximation with electrodes of the shape shown in figure 1 b, and coaxial 
lens systems with almost any desired property can be built up by the combination} 
of a number of these. 

Thus our first task is to calculate the potential 4(r, z) corresponding to a delta | 
function at r = b, which we write, with the usual reservations, in the non-convergent 
form 


$(4, 2) =8(z) = an COS2Xdx, "sae (4) 


Replacing each cos zx by the expression (3), we obtain the corresponding (7; 2) | 
in the form of a Fourier-Bessel integral. This in turn can be transformed by | 
contour integration into the following infinite series: 
7 sp Fol 4V x) No(7V x) = No(avx) Fo(7¥x) 
BT, 2) = puk (eae COSh 9) {25 0 eee (5) 
T(x) Fo(byx) 
where the sum is to be taken over all roots y, of the equation 
Fax) No(bvx)— No(ayn) Joby,)=0. eae (6) | 

J and Nj are the normal Bessel functions of the first and second kinds of order zero. | 

‘The series (5), however, converges so extremely slowly that it is almost useless 
for practical applications. Therefore we have preferred to derive a useful | 
approximation from equation (5), and to correct this by numerical methods. 

In the series (5) we replace the cylindrical functions J oand N, by the asymptotic 
approximations, valid for large values of the argument 


Di 

Fela), } 2 sin (2+ 7) 
wad 

N (2) ~/2 sin (: — 4) 


The series (5) can then be summed. 


From now on we put the radius of the central wire a= 1, that is to say, all |) 
lengths are measured in units of a. We put 6/a=k and obtain the approximation |] 


4 Rall 
1 re Lae er 
O72 )— eapN* ana = 7s (7) 
cos ap eos reap 


This is seen to satisfy the boundary conditions, but not the Laplace equation. 
It can be, however, used as the starting point of a numerical evaluation of the correct 
solution, by means of a relaxation method. 


§4. NUMERICAL CALCULATION OF THESRIELDUBY 
MEANS OF THE RELAXATION METHOD 


The relaxation method has been introduced in a systematic way into a great 
variety of physical and engineering problems by R. V. Southwell (1940), and an 
application particularly useful for the present problem has been made recently by 
H. Motz and L. Klanfer (1946), but apart from technicalities, this method is in 
principle identical with J. Poincaré’s balayage method, which starts from any 
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- function fulfilling the boundary conditions, and modifies this until Laplace’s 
. equation is satisfied, by “ sweeping ”’ the space charge gradually into the electrodes 
i (see Picard, 1894). 

The principle of the relaxation method can also be illustrated by a physical 
model, shown in figure 4. It is assumed that the problem is to solve Laplace’s 
_ equation in two dimensions with prescribed boundary values. It is known that an 
} evenly stretched membrane, fixed at the boundaries, assumes the shape of this 
function, provided that its height above the base plane varies only within narrow 
limits. Let us assume that in a first approximation we have arrived at provisional 
values of this function, and that we have pegged down the membrane to the corre- 
_ sponding heights at the boundaries and at certain mesh points inside the boundaries. 
~ We can now improve the solution inside a mesh, by pulling out the central peg, 
| and letting the membrane assume its natural position. We next peg down this 
point to its new position, and pull out another peg. The process can be repeated 
| any number of times, until the whole membrane is “ relaxed” and the pulling out 
| of pegs affects its shape only by a negligible amount. 

In the tracing of electron trajectories to be carried out later, the values of the 
_ radial field intensity 046/dr must be known with great accuracy. For this reason the 
relaxation method was applied directly not to ¢ but to 4/dr._ From the results so 
obtained, ¢ can be determined with more than sufficient accuracy by an integration. 
Differentiating Laplace’s equation with respect to r we obtain 


BO) 12@)- 20) EG@)-- 0 


Assuming a quadratic mesh with a side length o for each cell, and writing 
p=r/c, i.e. measuring the radius in units of o, we can convert equation (8) into an 
| equation of finite differences, which expresses the value of 0¢/ér for any mesh 
point (r, 2) in terms of its values at four neighbouring mesh points. In order to 
make the equation clearer we write 0¢/dr = 47, 


= 29) dlr +0) ehusts +1)2p)+4,(r—2,2)(1=1/2p) 


A similar equation, but for ¢ instead of ¢,, was used by Motz and Klanfer (1946) 
(without the third term in equation (8)). Calculating ¢, instead of ¢—which is 
necessary for reasons of accuracy—another difference also arises. As boundary 
conditions at the inner electrode we have assumed the values of ¢, given by the 
| approximation (7). As these are not the exact values, what we in fact obtain by the 
relaxation process is a field which satisfies Laplace’s equation with high accuracy, 
- but does not correspond exactly to the initially assumed boundary conditions, 
that is to say, it gives no delta-function at the outer radius, but only avery sharp and 
narrow potential peak. This, however, is quite sufficient for all practical appli- 
cations. In all the numerical calculations the outer radius was assumed as five 
times the inner radius. In practical applications it will be advantageous to 
approach the outer electrodes nearer to the axis, to save voltage. By choosing as 
electrode shape any of the equipotentials calculated by the relaxation method one 
can make sure that the potential values and field intensities calculated in this paper 
_-will apply with the indicated high accuracy. 
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For the start, the field values ¢, given by equation (7) were assumed also in the | | 
syminetry plane s=0, but these were slightly modified later in the relaxation | 
process. As may be seen from figure 5, the potential field obtained finally differs |} 
but very little from that produced by a delta function at r=5. 

Table 1 shows some of the values computed by the relaxation process and 
allows us to form an estimate of its accuracy. The initial values, obtained from 
equation (7), are underlined. Intermediate values, calculated by a first appli- 
cation of the relaxation method, are showninthesame row. The row below shows | 
the values obtained finally. The mesh used in this computation was varied |}} 
according to the strength of the field; in regions where it is strong, twice as fine a 
mesh was used as the one shown in the table. All values were computed to | 
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Figure 5. Potential distribution in single coaxial Jens. 


ae figures, and the process was continued until there was no change in the fourth 
gure. 

The accuracy of the table was checked at a number of points by using an inter- || 
polation formula more accurate than (9), by considering eight neighbours of a 
point Om numbered as follows :— 

6 
2 
TG SRU BUGS 
4 
8 
always with the spacing o between neighbouring points. The formula is 
apna 1S ee: 1 
oye a= 16 BHO* | $2) - 64) — Fe ,(7)-44(8)) 


= te (3): Ss (9a) 
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in which the errors arising from the fourth-order derivatives, not considered in 
equation (9), have been eliminated. At about three-quarters of the points 
checked equation (9 a) gave no change, and in no case did the error exceed three 
| units in the fourth figure. Thus table 2, which contains all values of the radial 
gradient required for trajectory tracing, can be considered as reliable to at least 
(01%. : 
The table was extended in order to compute table 3, which contains the 
potential values. These were obtained by integration from the values of ¢, and 
_can be considered as reliable to the fifth figure. In order to draw figure 5 some 
values of the potential at greater radii were calculated by direct application of the 
relaxation method to ¢. 

Equation (7), which was used as the starting point, gave a very convenient 
potential scale, so that there was no need to multiply all values by any constant 
factor. ‘The equipotential surface ¢ = 1 givesa very suitable electrode shape. In 
the corrected objective, to be calculated later, the most convenient cathode 
potential was found to be — 30 units. That is to say, with 60 kev. electrons, as used 
| in many modern electron microscopes, the electrode potentials will be of the order 


| 
| 
) 
| 


| 

of 1-2 kv., and the accuracy of the calculation corresponds to a few hundredths of a 
volt. 

§5. NUMERICAL TRAJECTORY-TRACING 

| The trajectories were traced in steps of 0-2 length units (one-fifth of the wire 

radius). Since the angles between the trajectories and the axis never exceeded 

| 0-02, the angles were not distinguished from their sines and the axial velocity was 

| taken as the total velocity calculated from the potential. Errors of this kind, 

| small as they are, cancel out almost entirely, since the main interest is in the 

| 

| 


. 


deflections at different radii. 

Let ¢, be the cathode potential, measured, like all other potentials, from the 
potential of the central wire as zero, ¢ the potential at the point of the trajectory 
under consideration, and f the angle of the trajectory with the axis. With the 
above simplifying assumptions we can write 

dB 1 ddjer 
dz 2(6—¢e)’ 
and if the step length s is sufficiently small, the deflection Af suffered along s is 
s 0d¢/er 
DBS (bade); Lae (11) 

The trajectories were started parallel to the axis, and equation (11) applied to 
/ each step. After every step the new potential value was inserted, belonging to 
the radius (r—sf). The values of ¢ and 0¢/dr were interpolated from tables 2 and 
3. Five decimals of 0¢/dr were used, and three decimals for ¢, which, added to 

= — 30, were sufficiently accurate. Seven decimals were used for the deflections. 
As the final deflections were of the order 0-001, and since they were the sum of a 
large number of steps (80 steps in two-element lens), neglecting the seventh 
decimal might have produced an error in the fifth decimal or third figure of these 
deflections. ‘The deflections at each step were less than 0-001, so that only four 
ed, which could be reliably obtained from the tables of 0¢/dr 


| 


figures were need 


and ¢. 
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§6. TWO-ELEMENT LENSES | 
Preliminary calculations, carried out by other methods, gave a rough indicatior| 

of the dimensions of a two-element correcting lens which promised zonal correc+ 
tion. With the cathode at —30 units, the potential impressed on the converging} 


element was — 1 unit, on the diverging element 0-86 units, and the distance betwee | 
the two was 8 wire radii. Apart from the potential of the diverging element, thig}} 


combination forms part of the three-element system shown in figure 6. 
The results of the ray tracing are shown in the following table: — 


Table 4 
ro te Rea, a 85 | 
2°6 2:4619 0:002371 0:015972 —0-:013601 | 
2:4 2°2556 0:002357 0:016599 —0-014242 | 
2:2 2:0482 0:002338 0:017429 —0-015091 | 
2°0 1°8387 0-002299 0:018520 —0-:016221 
1:8 1:6262 0-002233 0:019950 —0-017717 


‘The first column gives the initial radii 7), 4 units before the centre of the con-|f) 
verging unit, the second gives the final radii 77, 4 units beyond the centre of the |} 
diverging component. 6 is the total deflection produced by the combination, | 


reckoned positive if it is towards the axis. For the purpose of varying the com- | 
bination, the deflection 5,, midway between the two components, was also com- 
puted. ‘This can be considered roughly as the deflection produced by the first | 


(converging) lens. The last column, 5, =8 —8,, can be similarly considered as the |) 


deflection produced by the last element, by itself. | 


In applying the last two columns for the calculation of new combinations, | 
caution is needed, as there is some overlap of fields, and the deflections are not | 


strictly additive or proportional to the lens strength. In combinations with |} 


strength ratios appreciably different from the one in the above example, —1:0-86, | 
new ray tracing may be necessary. 


§7. FITTING A MAGNETIC LENS Vi 


In the above ray tracing, the initial rays were parallel to the axis, corresponding | 
to a corrected image at infinity; thus the magnetic lens should be placed at the 
other end. The errors produced by this magnetic lens must be such that the rays | 
leaving it tend to one object point. 


form: 


On= Tf ECC)? ae a (12) 

Hence r is the radius at which the electrons leave the magnetic lens and enter the 
correcting lens, that is to say, the radius which has been called 77 in table 4; fis the 
focal length of the magnetic lens and C is its coefficient spherical aberration. 
It is possible that in correcting magnetic lenses, higher terms of the series (12) are 
of importance, but as nothing is known of these it was thought better to leave them 
out of consideration. 

If the magnetic lens and the coaxial lens are to fo 


. rm a corrected combination, 
the resulting deflection §+5 


m Must be proportional to 7 in a certain zone, as dis- 


t 
i 
i 


E 


1a 


i 


The deflecting characteristic of the magnetic lens is assumed in the following |] 
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cussed in§1i. It could not be assumed that the combination described in connec- 
tion with table 4 hits this off exactly, but there were reasons, justified by the sequel, 
‘y believing that a slight variation in the strength of one of the components, say 
the second, would produce the desired effect. In order to measure this variation 
directly in potential units, we write the deflection produced by a slightly modified 
Sombination 8 + d,/0-86, where « is a small coefficient. 

For the purpose of fitting equation (12) to the results of table 4, these results 
had also to be expressed in the form of a polynomial in7y. Introducing 
v=r;—2-0482, i.e. measuring the radii from the central ray in table 4+, we obtained 
by Lagrangian interpolation 

5 = 10-4(23-38 + 1-298x — 2-258x? + 1-93x% + 1-45x4) ...... (13) 


and similarly 
— §,/0-86 = 10-4(175-47 — 54-51% + 36-23x? — 14-1x? + 0-7x*) ...... (14) 
We want now to fit the two lenses in a zone centring on a radius 7, which has 
yet to be found. We write, therefore, 
§ +8,/0-86 =a) +4,(r —7) +.a,(r—7)? + a3(7 —7)8 + a,(7—-7)%, 


‘to which has to be added the deflection 5,, of the magnetic lens, given by equation 
(12). The resulting deflection, which may be called 5,, must satisfy the three 


dd, 5, d*6,, EE os 

Se ee a al 7B = (et ee ee (16) 
(which give in turn the three equations 

2C(r/f )? =a — 417 3C(r/f)P = — agr?, C(r/f)? = — ar? 
aor (7) 

The coefficients a, however, themselves depend on 7. In order to give the 
equations in full, let us write b)....5, for the numerical coefficients of the poly- 
nomial in equation (13) and cy... . cy for the corresponding figures in equation (14). 


Writing R for the radius of the middle ray from which x was measured, 1.e. 
iv=r—R (R was 2:0482 in the above example), we obtain finally two equations: 


36[by —O,R+ 3bgR? + (Cy — OR + 3cyR)|(by + €Cy) = [3b3R — b+ «(Cg —c2)]?, 
a ae (18) 

3b,R — by + €(3c3R — Ca) 
6(b; + €C4) ‘ 


These are the two equations for 7 and for «. Once these two are fulfilled, the 
third of the equations (17) can be fulfilled by a suitable value of C/f%, that isto say, 
by a certain series of magnetic lenses. 

From the values of equations (13) and (14), « was found to be 0:023. ‘That is to 
say, the strength of the second lens had to be changed by less than 3°%, which 
justifies a posteriori the method followed. ‘The value of 7 was found to be 1-50. 
This is not aconvenient value. It falls in a range in which the values of the deflec- 
tion were found by extrapolation only, but even assuming that the results are 
reliable, the rays pass uncomfortably close to the inner wire, and the performance 


joey 
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of the lens would be too much dependent on the precision of workmanship. Fog 
these reasons the search was continued for a three-element lens of more convenien 
properties. 
§8. THREE-ELEMENT CORRECTING LENS 

Rough calculations showed that a diverging element of strength 0-4 placed 
before the converging lens as in figure 6 should make correction possible at a radius 
of about two units. This element was traced on its own, with the trajectories 
starting parallel to the axis at 4 units from its centre, at the right. That is to} 
say, the element was traced in opposite direction to the other two, so that it couldi 
be added on to the previous combination. A certain error arises of course from 
the fact that the begs: eee are now no longer parallel to the axis. 


ANS 
WSN 


Figure 6. Electrodes and electron trajectories in three-element coaxial correcting lens. 
Cathode at —30 potential units. 
The following values were obtained by direct ray tracing: 
Ve 1-8 2-0 22 Die Na 2-6 
5; —0-008068 —0-007459 -—0-006972 —0-006585 — 0-006274 
which can be represented by the following quartic: 
— 8, = 10-4(69-72 — 20-800x + 11:101x%?—3-35x8—1-41%4),  .. (20) 
3, was added to 6 and the sum was used instead of 8 in the calculation of < and 7, | 
een otherwise was carried out by the methods outlined in the last section. | 
The result was «= —0-333 and r=1-98. The original diverging lens was thus | 
reduced to a strength of 0:527, The whole combination with the trajectories is | 
shown in figure 6. 
The resulting characteristic of this three-element lens combination is shown | 
in figure 7(a). ‘The magnetic lens which fits it must belong to the series 
Cif2=0:223 104 
or JH=35:3C wirevadir ae “AE eer (21) 
The residual error of the combination is shown in figure 7(5). It has the form | 
of a quartic parabola. | 
As an example let us assume that the microscope objective lens which is to be 
corrected is about as good as it can be made. At 60kev. the best realizable values | 


are about f=3mm.andC=0-2. In this case equation (21) gives a wire diameter of 
about 0:27mm., which is a quite convenient value. The bore of the electrode 
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system is about 1mm., which means that the construction of the lens requires 
accuracy of a high order, but not beyond the reach of really good workshop 
practice. 

The residual is less than 10-7 radian in a range of 1-98 + 0-135 wire radii, which, 
with the focal length chosen, corresponds to an angular range of 0-090 + 0-0062 
‘radian. For a beam inside these limits the geometrical error is less than 3 a. 

_ Inorder to estimate the diffraction errors, we must divide the de Broglie wave- 
length, which for 60 kev. electrons is about 0:05 a., by the angular range, which is 
about 0-012. This gives about 4a. for the width of the first maximum in the 
radial diffraction figure. Two points can perhaps be separated if they are at 
'0-6 to 0-7 of this distance; thus we can say that the diffraction error is also 3 a. or 
less. Both the geometrical error and the diffractional error are less than can ever 
| be realized in uncorrected electron microscopes of the current type. 


{ 
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(a) Characteristic of electrostatic (b) Residual error of combination with 
correcting lens. magnetic lens. 
Figure 7. 


It is impossible to foresee at present how much of the calculated improve- 
| ment will be realizable in practice. Evidently workmanship of the highest order 
| will be required, and very careful focusing, much more careful than in microscopes 
| of the current type, as the focal depth of the zonally corrected objective will be 
| some 30 to 50 times smaller. On the other hand, this small focal depth might 
| open up the new possibility of exploring objects in depth with an accuracy of the 


| order of 100A. 
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ABSTRACT. A formal solution is given for the construction of thin symmetrical cement ; t 
triple objectives corrected for unit magnification. "To any symmetrical objective with if}, 
a diverging lens between two converging lenses there corresponds another with a con-'}} | 
verging lens between two diverging lenses, and, with the same kind of glass for the}f)’ 
exterior lenses, the curvatures and glass properties for the central lens of one objective can be } 
written down when those of the other objective are known. Both objectives are free | 


from coma and have the same amounts of chromatic and spherical aberrations. 


$12 INDRODUCLTON 


N lenses to be used at unit magnification coma is usually eliminated by using | 
| a symmetrical form of construction. A widely-used form consists of an} 

equi-convex lens of a crown glass enclosed by two similar meniscus flint 
lenses, the three being cemented together. An alternative form, which has | 
been used less extensively, is constructed by cementing an equi-concave flint | 
lens te two similar converging crown lenses. A pair of glasses suitable for | 
securing freedom from chromatic as well as spherical aberration in one type of | 
construction has not the properties required for lenses of the other kind, and |]) 
the design of one type appears to be distinct from that of the other type. But |] 
on looking at the results of some numerical calculations I noticed a connexion | | 
which could not be accidental. If a combination of each kind of the same focal | 
length is made with the external lenses of the same glass, the curvatures of the | 
external surfaces of both forms will have the same value if Wy, 1, @,' are in | 
arithmetical progression, where w, is the reciprocal of the refractive index of the | | 
glass used externally, and w, and «,' are the reciprocals of the indices of the || 
glasses used for the central lenses in the two forms. This coincidence implies |} 
that a simple relation subsists between the internal curvatures of the two forms, | 
and also a relation between the dispersive properties of the three glasses. But |] 
the observation is chiefly of interest as it suggests that lenses of these types can 
be computed with exceptional facility. 


§2. GENERAL THEORY 


To investigate this the notation and formulae employed in a recent paper I 
(Smith, 1945) are adopted, so that repetition is unnecessary. Taking unity 
as the power of the complete lens, and j as the sum of the power and the total 
curvature, we have 

%= —JyJa(@1 — 2) =(j —Ja) ja (2-1), 
and Ytyi=P+ujtjfajor=jP+ (7? —Ja")@ 1 Ja( 2-1). reese (1) 
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But since j=j, +7, and the power of the lens is 7,(1 — @,) +Jo(1 — 9), 
._j(lse)=1_j(l=o,)=1 ; 
iS oc 5 I= Tey ) pieheretere ( ) 

so that, when j and w, are given, the value of y+y, is independent of the sign 

of js, i.e. of w;—~@,. This verifies the numerical result observed, for the condition 
to be satisfied is y+y,=0. It will be noted that the equality of curvature holds 
for equal amounts of spherical aberration when the w’s form an arithmetical 
progression. As the curvatures of the surfaces are 

B(j-1), dfo2, —2Je2, —3(7—1), 

+ and j, is merely reversed in sign when w, is replaced by w,’, the connexion between 
/ the curvatures of the cemented surfaces is simple. Also since the range of 
values of w with the glasses normally employed in optical instruments is small, 
the differences between the curvatures of these surfaces in the two forms will 
} usually be small. So far as manufacture is concerned, one type of lens has no 
| special advantage over the other. The tendency is for the shallower curves 
to be obtained when w,>,, i.e. when a flint glass is cemented between two 
| crown lenses. In practice the preference for one type rather than another will 
depend on the kinds of glass available and the higher-order aberrations, which 
| are not considered here. 

| The dispersive properties of a glass may be represented by the value of w/da, 

| which may be denoted by wu. The connexion between this and the quantity v 

{ tabulated in glass lists is y=(1—w)u. Formally there is a change of sign, but 

| this may be neglected as the sign is purely a matter of convention. The condition 

) for freedom from chromatic aberration is 


Lge waste! 
Uy Uy Uy — Uy 
Since in the alternative construction the sign of j, is altered, the condition that 
: : dW, dw, da’ : 

both types of lens are chromatically corrected is that” at aap 
l. 2 1 2 
| arithmetical progression. More generally, if this condition is satisfied, the amount 
| of chromatic aberration will be the same in both types of lens having the same 
exterior glass. 

To solve the condition y+y,=0 when w, and w, are given, we first make 


| the right side of equation (1) homogeneous in j and j,, using equation (2) for jp. 


| The result is 
eiZis (2) Tee aris polar =: 
l—w,\j J @y— We 


= 1/2 ei 
vm 2{* 1)  sinh30= 


3w4 (wg — @)’ 


Writing 


_ the solution is 
jo=je sinh, 
and by (2) 
1/j=1-—0, — (wy —@,)x sinh 6. 
Constructional details for lenses of these types, when thicknesses are neglected, 
can therefore be obtained directly from common tables. 
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It will be noticed that the problem considered here is essentially the same 
as the determination of a cemented doublet corrected for parallel light incident 
initially on a plane surface: 


§3. EXAMPLES OF APPLICATION 

It may be of interest to add two numerical examples, one where the glasses 

do not differ greatly in their indices, and the other where the difference is large}] 

Let w,=0-600, w,=0-610. Then x= 34/2, sinh30=2254/2, : 
25 3 ee et00 


giving sinh 6 = 34/2, 1 oP > Ta 
and the curvatures are 

arse a 2 

Oe ak 18 9° 


The corresponding alternative form has 
w,=0-600, w,’=0-590, 
with curvatures 


8 59S = 9 8 


DG Sipe aon 
For chromatic correction 
Bury Ban Bay 


Fa) SAE BS) 


Ws Ww, Ws 

The 25 per cent differences in these chromatic factors contrast markedly withj 
differences in the indices of under 2 per cent. ) 
For the second example take w,=0:500, w,=0-600. This gives «= 34/3, 
sinh 36 = 15/3, with the solution 


: ; + "YORE 0 
sinh 0234 73.6j =e =k 
AV; a 3 J2 3 
The curvatures are di 7 
6? 25. = 2 re 


In the associated solution for w,=0-500, w,’=0-400 (corresponding to a higher| 
refractive index than has hitherto been obtained in glass) the curvatures are 


ei aA, 7 


67) S73 ase eaeny 
and for chromatic correction 

OWs = 0, POWs’ 

cae Srimnic 
The substantial difference between the curvatures of the inner surfaces of the jf) 
two lenses is to be expected in view of the very great difference 0-2 in the w values. |} 
The 20 per cent differences in these values are accompanied by 50 per cent | 
differences in the dispersive ratios. The examples suggest that the former |} 
difference increases relatively more rapidly than the latter. | 
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| ABSTRACT. Difficulties in the operation of centimetric wave-length radar equipment 
} at low angles of elevation (less than 10°) have led to a detailed consideration of the influence 
| of ground reflexion. A technique is described for the determination of the relation between 
| the signal strength of the echo from an isotropic reflector and the angle of elevation of the 
/ reflector. Measurements obtained over natural ground sites are shown to be in accordance 
with simple theoretical considerations. The effect of wire-netting artificial screening has 
| been examined, the experimental results being in general agreement with those derived by 
) theoretical treatment of diffraction using Sommerfeld’s formula. 


§1, INTRODUCTION 


of elevation of a few degrees gave rise to a number of siting problems. 

In order to avoid the clutter on the cathode-ray tube display of unwanted 

echoes from ground objects such as buildings or hills, which on high sites may 

} return appreciable signals at many kilometres range, it was found desirable to 

place the radar set so that a crest within a few kilometres afforded screening from 

more distant ground objects. Artificial screening by wire netting was also 

introduced during the flying bomb attacks on London and S.E. England for radar 
| sites where no suitable natural crests were available. 

In addition to the requirement for eliminating the clutter of echoes from 
ground objects, it was essential to know the coverage of the radar set at low eleva- 
tions, this being profoundly affected by reflexion and diffraction effects of the ground 
and screen surrounding the set. ‘The present research was carried out between 
/ autumn 1944 and spring 1945 at the experimental station of the Army Opera- 
) tional Research Group, Ministry of Supply. The investigation was designed to 
determine the echo signal strength pattern in the vertical plane for an Army radar 
/ equipment operating at a wave-length of 10°7 cm. on typical natural sites both with 
and without artificial screening. - An attempt is here made to relate the results to 
theoretical considerations of reflexion and diffraction. 


| | HE wartime requirements for Army radar equipments to operate at angles 


§ 2. EXPERIMENTAL TECHNIQUE 
f the British Army set known as G.L. III (see 


difications to give a suitable presentation for 
The transmitter radiated 


The equipment consisted o 
plate 1), with some minor receiver mo 
the measurements required in the present investigation. 
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pulses of 1 microsecond duration with a peak power of about 200kw. Separaté 
transmitter and receiver paraboloids with apertures of 1:22 m. diameter mounted} 
adjacently with foci at a height of 3°6 m. could be traversed together in bearing Oo! 
elevation as required. Reflected pulses were displayed on the receiver cathode-ray 
tube as deflections of a linear range trace. The receiver output circuits werd 
arranged so that the deflection amplitude on the cathode-ray tube was directly 
proportional to the received signal strength. 

The investigation was carried out for vertical polarization (electromagnetid} 
waves with the electric vector in a vertical plane). The transmitting aerial wag 
fixed, but the receiving aerial was displaced alternately to the right and left so ag 
to give a horizontal deflection of the electrical axis of the beam of 1:2° to each side} 
The received signals for the two positions were presented so as to appear side b 


axis was directed towards the bearing of the reflector. This method was the 
standard radar technique for determination of bearing by this equipment and wag 
used throughout the investigation to maintain the paraboloid axis on the bearing} 
of the target. | 

The reflector from which the echoes were obtained consisted of a 0°6m. dia4 
meter papier-maché sphere, metallized with sprayed zinc, suspended from af 
tethered balloon at ranges of 2500 to 3000m. Weather conditions, with fre- 
quent gusty winds, often presented a serious handicap to experimental work. 
‘The most satisfactory method of supporting the sphere was found to be by means o 
an ‘‘M”? type balloon (a spherical fabric balloon of about 4m. diameter) flying 
onanyloncord. The balloon itself gave a signal about } of that from the sphere; 
provided the balloon and sphere were close.together, the slight beating of the 
signal due to this cause could be tolerated. By measurements of the pulse 
amplitude on the cathode-ray tube, and with the aid of several fixed receiver gain 
settings in simple ratios, the signal strength could be determined in terms of the 
“‘free-space”’ reflexion signal to an accuracy of roughly 5%. The free-space 
signal was obtained from observations at an angle of elevation of about 15°, where 
ground interference effects were negligible. 

The transmitter and receiver paraboloid axes were set at a fixed elevation of a| 
few degrees and the height of the spherical reflector was varied at a rate of roughly 
15 m. per minute between ground level and about 500m. The elevation of the 
reflector was measured by means of a theodolite placed close to the equipment. |} 
Readings were taken at intervals of two seconds both of angle of elevation of the || 
reflector and of echo signal amplitude on the cathode-ray tube. The range of the 
echo was also recorded so that, where necessary, the readings of echo signal || 
amplitude could be normalized to a constant range by the inverse-square law. 


| 
| 
i 


§3. ELEMENTARY THEORETICAL CONSIDERATION 

OF GROUND REFLEXION 

The manner in which the signal strength echoed from an isotropic reflector |] 
varies with the angle of elevation of the reflector for a given bearing, and elevation 
of the paraboloid axes will here be referred to as the directional sensitivity * of 


* In the Services and elsewhere this has oft 


, en been loosely referred to as the vertical polar | 
diagram of the equipment. 
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the radar equipment for the vertical plane considered. Where ground reflexion 
is present, the directional sensitivity pattern will depend on the configuration 
and reflexion coefficient of the ground, the position of the radar aerial, and the 
free-space directivity factor of the aerial. In the case of the transmitting aerial, 
we define the free-space directivity factor as the relation between direction and 
radiated field strength, scaled to a maximum of unity; for the receiving aerial, it is 
the relation between the direction of an incident plane wave of given amplitude, 
and the received signal strength, again scaled to a maximum of unity. Suppose 
the free-space directivity factor of the transmitting aerial in the vertical plane is 
F(0), where 0 is the angle between the axis of the paraboloid and the direction of the 
target, then the field strength at a reflector, elevation «, illuminated by a paraboloid 
tilted at elevation ¢, compared with a maximum free-space value of unity, is 
given by 
F(0),-9+ Re F(8)_a-s: 


where the expression represents the addition of the direct and reflected waves, 
R being the reflexion coefficient (which may be a complex quantity), y the phase 
difference due to the path difference between the direct and reflected waves, and 
i=,/—1. If the reflector is isotropic, the directional sensitivity of the radar 
equipment is the product of the above expression and one similarly derived for the 
receiving aerial. 

Figure 1 shows the calculated pattern of directional sensitivity in a vertical 


plane for the G.L. III aerials, at a height of 3-6m., directed at grazing incidence to 
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Figure 1. Calculated directional sensitivity patterns for G.L. Ill. 
Aerial height 3-6 m. above horizontal plane ground. Radar axis at 08° elevation. 


ground having a horizontal plane surface with assumed values of the reflexion 
coefficient of R= —1:0 and R= —0°5 respectively. The diminution in amplitude 
of the lobes as the elevation increases is due to free-space directivity factor, F(6), 
oftheaerials. ‘The multiple lobe structure is due to ground reflexion interference, 
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The elevations of the maxima are given approximately by | i 
sin a =(n—4)A/2A, 


and of the minima by 
sina =(n—1)A/2hA, 
where « is the angle of elevation, the wave-length, h the aerial height above the 


plane, and n is an integer. For A=10°7cm. and R=3-6m. the corresponding} 
values of « are as follows :— 


Maxima(") 04, 2:2, .2-0.52-3 (a5: 

Minima (°) 0, 0-8, 1-6, 2-4 .... 

If the plane has a slope of angle of elevation f in the direction of the reflector, 
then the above angles will be increased by 8 in each case. For the case of a 
distant slope, differing from that of the near ground, simple image theory leads to} 
substitution of an effective height for # in the above equations for those reflexions 
that take place on the distant slope (provided at least about half the first Fresnel | 
zone lies on the slope). This effective height is the perpendicular height of the 
aerials above the plane containing the distant slope. In such cases, however, | 
where the ground surface is discontinuous, multiple reflexions often add further | 
complexity. ee 
Although natural ground is generally far from flat, certain deviations can be 
tolerated before we may expect serious changes in the shape of the directional | ; 
sensitivity patterns shown in figure 1. Provided the region around the point of |}. 
reflexion (as defined by geometrical optics) is flat for an area of the order of half 
the first Fresnel zone, the reflected wave will be of the same order as that for an 
infinite reflecting plane. Ground may be said to be flat if the surface irregularities 


do not cause path differences exceeding a small fraction of a wave-length. This | 
may be expressed in the form 


Hsin« <d/2, Hi. 
where His the height of the surface irregularity above the mean level. For | 
example, the measurements of Ford and Oliver (1946) indicate that, for Hsin« |] 
approximately equal to 0-2A, the value of the reflexion coefficient is about 0-5. 

The dimensions of the first Fresnel zone may be calculated as follows. In |}} 
figure 2, let A represent an aerial at height A above a plane reflecting surface. |]/ 
B is the point of reflexion, such that the angle of incidence is equal to the angle of |]) 


Figure 2. Diagram to illustrate calculation of first Fresnel zone. 


reflexion, and CD is the reflected wave front. Then the outer limit D of the first 
zone is determined by 


AD —(AB+ BC)=2/2. 
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This can be approximately expressed by 


Acosa+ VA2 cos?a + 4hA sin « 
2 sin? « s 


BD= 


Similarly, the inner limit E is approximately given by 


—dcosa+ VA2 cos2a + 4hA sin « 
2 sin? o 


BE= 


’ 


and the lateral half-width is approximately given by 
BF =(hA/sin «)'?. 


| The relations between zone size and angle of elevation are given graphically 
| for h=3-6m. and A= 10-7cm. in figure 3, where BD, BE, BF are represented by 
| Xj, X,, and Z. ‘Two features are of particular note in practical considerations of 
| ground sites. Firstly, the zones are narrow compared with their length, so that 
the nature of the interference pattern on a given bearing will be determined by 
the characteristics and slope of the ground in that direction, and will be 
- independent of the ground more than a few degrees away from this bearing. 
' Secondly, as the elevation of the reflector increases, the length of the first zone 
diminishes and the point of reflexion approaches the equipment. It may be 


~ shown that the zones are truly elliptical in shape. 


10,000 


T 
N 


nr 
i} 


Lipo oa aan 


1000 


ee ma 


= 
S 
So 


Distances from point of reflection to boundary of zone ametres) 
Lateral half width of first Fresnel Zone (metres) 


B 
ie: Al 
1 
10 | { ! al 0 fin f | l | i Sine 
0 e OG Be 4 5° 6° 0 177, 2 at ee eee Cae ee 
Elevation («) of reflector Elevation («) of reflector 
e Acos X+ VA? cos?a+4hr sin a, a im 
x sal cf ; Seewaasorcr eae NJ sin a 


2 sin a 
A=10'7 cm., h=3°6 m. 


Figure 3. Relations between dimensions of first Fresnel 
zone and angle of elevation of the reflector. 


In order to attempt to apply the above considerations to natural sites, a survey 
of the ground was made in the directions in which echo signal strength measure- 
ments were taken. From the vertical profile, a mean point of reflexion could be 
estimated for any given value of the reflector elevation «. If the ground around 
this point was flat (within the specification discussed above) over an extent not 
less than half the first Fresnel zone, a reflexion could be expected in accordance 
with simple theory of reflexion from a plane surface. 


A=10°7 cm., h=3°6 m. 
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In the following section a few typical results, obtained at four sites in Richmond | 
Park, are described For two sites (I and II), the above conditions for simple. 
reflexions are largely satisfied; two other sites (III and IV) represent more 
complex cases. In all cases the results for the echo signal amplitude are expressed 
in terms of the maximum free-space value. 


$4. EXPERIMENTAL RESULTS FOR REFLEXION 
AT NATURA IMSL di Es 


Site I. A photograph of the site is shown in plate 2, and figure 4 gives the. 
measured contour of a vertical section of the ground in the direction in which | 
radar observations were taken. (In the ground contour diagram it should be | 
noted that height variations and angles of elevation appear exaggerated, due to the | 
ditterence between the height and range scales.) 
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Figure 4. Vertical Section of Site I. 
(Note that height and range scales are different.) 


0 | 


Simple theoretical considerations according to the principles outlined above 


indicate that the ground up to approximately 800m. from the radar equipment | 


could be considered for the most part flat, with a slope of 0-5°. The angle of 


elevation of the crest was 2-2°, and for elevations above this value the points of | 


reflexion for a plane surface are within 300m. Thus we may expect interference 
maxima at angles of 0-5° greater than those for a horizontal! plane reflecting surface. 
‘The theoretical lobe maxima will therefore be at 2:5 33°34: tovetos the higher 
lobes are less easily predicted for the following reasons. As the elevation increases 
the size of the first Fresnel zone becomes less, and hence departures from the mean 
slope of 0:5° may occur over the area of the zone; irregularities within the zone 
also become more important. Further, at the higher angles of elevation, the 
lobes are more likely to be influenced by secondary reflexions from the crest 
slope (ranges beyond 800m. from the equipment), although such reflexions can 


only have a minor effect owing to the considerable variations in slope and the 
wooded nature of the ground in this region. 


Measurements of the signal reflected from the s 
were made with the axes of the radar paraboloids at fixed elevations of 0°, 3° and 
5° respectively. Smooth curves drawn through the graphed results are shown in 
figure5. In the case of the paraboloid axes at 3° elevation, the points representing 
the individual measurements have also been marked ; this has been chosen as a 


phere (at about 3000 m. range) 
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. typical example to. demonstrate the scatter in the observations. It will be seen 
that there is general agreement between the expected positions of the interference 


(a) Radar axis at 0° elevation (b) Radar axis at 3°elevation (c) Radar axis at S’elevation 
25 i 2-5 = 25 
i) A 1 
i} { ! 
1 ; ‘ 
eS] ; vs \ 
9 = " * ' 
=20 =? 0 ! See 
5 2 5 af 5 
5 | 5 A wa +! 
iz) Bi iva) Es El ay 
= 5 )- “= E15 =! Sp lst 5! 
& 3 1) ol a7) ‘=i 
DB | a a! aI Sl 
is E sal 5 2 
S oa £ con 5 aol 
; 1:0 S| Ss 1-0|- S| 2 10 cal 
x gs! 5 
2 2 : z A e| 4 
©, = sl, = aes 
[3] S| a | 3 | 
Bos et 2 05 & 3 05 | 
oS Pa as ea (4 =sh 
z | if ! 
t t 
1 
i] 
9 ! Dt ! 0 Lo il ol tt tt 
0° OTe eh Rae iy Peahis (ce ea rl ee GG er: 


Bieaken of reflector Elevation of reflector : Hievation of reflector 
Figure 5. Directional sensitivity pattern at site I. 
lobes and those measured experimentally. The increased magnitude of the first 
observable lobe, when paraboloids are set with their axes at 0° elevation, is notable 
and indicates a high value for the reflexion coefficient. 

‘Site II. The vertical ground section for the site is shown in figure 6. ‘The 
ground from about 100 m. to 300 m. from the radar equipment may be regarded as 
having an almost uniform mean slope of about 0°9°, the effective height of the 
aerial with respect to this region being approximately 4m. ‘The measured 
vertical directional sensitivity pattern is shown in figure 7. ‘The small lobe at 2°3° 
could be accounted for by the lobe with > ans dome 
predicted maximum at 2:0°, which would q i 
be considerably screened by a distant 
heavily-wooded crest at 2°1° elevation 
(not shown in figure 6). The observed 
maxima at 2°8° and 3°6° fit well with 
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Figure 6. Vertical section of site II. Figure 7. Directional sensitivity 
(Note that height and range scales at site II. 


are different.) 
the values of 2°75° and 3°5°, which would be expected from the above considerations 
of the site contour. The discontinuities of the ground within about 100 m. make 
the lobe structure for higher angles of elevation more difficult to estimate. 


854 ¥. S. Hey, S. F. Parsons and F. Fackson 


Site III. The vertical section for this site is illustrated by figure 8, and thet 
measured echo strength pattern in figure 9 shows a strong lobe system extending} 
to high angles. This might be expected from the steepness of the gradients ;) 
further, the ground slope changes from concave to convex before attaining aj 
crest only some 500 m. away, and no Ae 
simple prediction of lobe positions or 
magnitudes is possible owing to the 
complexity of the contour. 
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(Note that height and range scales pattern at site III. 
are different.) Radar axis at 4° elevation. 


Site IV. Consideration of the vertical section at this site, given in figure 10, 
indicates that double or triple reflexions may occur. A complicated relation | 
between echo strength and reflector elevation | 
might be expected, therefore, and this is shown oe 
to be the case in figure 11. As for the previous 
site, no simple prediction of lobe positions or 
magnitudes is possible. 
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Figure 10. Vertical section at site IV. 
(Note that height and range scales 
are different.) 


Figure 11. Directional sensitivity pattern 
at site IV. 


§5. DIFFRACTION EFFECTS WITH ARTIFICIAL SCREENS 


On certain radar sites where there was no natural crest to afford screening from | 
unwanted echoes from ground objects, wire-netting screens of 22 S.W.G. galvan- | 
ized iron wire and 1-4 cm. mesh were erected after a preliminary trial had indicated | 
their effectiveness for this purpose. These screens were placed at a distance of 
about 50m. from the radar equipment, the top edges of the screens being at the | 
lowest elevation compatible with adequate reduction of the ground clutter. 
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| Measurements of the effect of such screens on the directional sensitivity pattern, 
_ described below, demonstrated a general agreement with the following theoretical 
‘treatment of diffraction using Sommerfeld’s solution. "The Sommerfeld formula 
| for the diffraction of electromagnetic waves by a semi-infinite perfectly reflecting 
plane screen was applied to the two parallel edges of a screen of finite width. 


t wave 


Figure 12. Diagram to illustrate calculation of diffraction effects. 


| We are here concerned with diffraction through small angles, and in this case, 
with the notation in figure 12, the received amplitude and phase angle of the wave 
| at a point M, as compared with the value if no screen were present, are given by the 
complex amplitude 
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| The values of these integrals are readily obtainable from Cornu’s Spiral.* 

| Since a paraboloid aerial system is used, and not a point aerial, the following 
| artifice was adopted. Consider first a plane wave received by the paraboloid in 
| freespace. The received signal was derived from the wave at the circular aperture 
| of the paraboloid by dividing the aperture into horizontal strips. Let S be the 
| area of a strip expressed as a fraction of the whole aperture. ‘The amplitude and 
) phase of the wave received by the strip, compared with those obtained if the aper- 
| ture was rotated about its centre so as to be parallel with the wave-front, may be 
| expressed by Se’*, where ¢ is the phase angle at the centre of the strip with respect 
/to the phase at the centre of the paraboloid aperture. ‘The resultant signal 
received is given by the complex summation for all the strips. 

If now a screen is introduced in front of the aperture, the diffracted signal 
| received by a strip becomes ASe'?, where A is given by the diffraction formula 
\above. A similar treatment may be carried out for the waves reflected from the 
ground. In the present case, where the screen is near the radar set, the only 
important ground reflexion is that which takes place from the ground on the far 
side of the screen. The resultant received signal, compared with the maximum 
free-space value, can then be determined by combining the contributions of all 
the strips for both direct and reflected waves with due regard to their relative 
phases. By the reciprocity theorem the same result applies for transmission as 
for reception. This method has been used, assuming flat ground with a reflexion 


| where 


* For numerical values, see, for example, Jahnke and Emde’s Tables of Functions. 


maximum free-space signal. | 

The experimental measurements with screens were made on Site I (figure 4), 
‘which was the flattest available site in the Richmond'Park trials ground. It should | 
be noted that a site of this type, with a natural crest at 2:2° elevation, does not| 
require wire netting to provide screening from the ground clutter. It was possible 
to demonstrate, however, a satisfactory agreement between experiment and theory 
by measurements at elevations above that of the natural crest. This is shown, for | 
exainple, by figure 13, in which measurements and theoretical calculations are | 


compared in the case of a screen of 4m, vertical depth. 


Screen centre at 0°elevation Screen centre at 0°elevation 
Radar axis at 0°elevation Radar axis at 5°elevation 
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Figure 13. Directional sensitivity patterns showing diffraction effects with a 3-ft. screen. 


The possibility of utilizing narrower screens to act as partial zone plates to 
enhance particular regions of elevation in the directional sensitivity pattern was | 
also considered. In figure 14, theoretical and experimental curves are compared 


gnal strength 
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ing diffraction effects with a 74-ft. screen, ing diffraction effects with a 12-ft. screen. 
for screens of vertical depth 1 m. ina position chosen on zone-plate principles so as | 
to enhance the lobes from 2-4° to 4-4° elevation. Between these angles, the screen 
cuts off approximately the second Fresnel zone in the lower half of the direct wave 


Reflexion of centimetric electro-magnetic waves over ground 857 


‘front and in the upper half of the reflected wave-front. In figure 15, the experi- 
‘mental and theoretical results are shown for a screen of 2:25 m. designed similarly 
to enhance the lobes between 3:7° and 5-8° elevation by cutting off the second, third 
and fourth zones. Again a general agreement in form between the measurements 
and theoretical expectations is apparent. 


( 


§6. CONCLUSIONS 


The investigation described above has demonstrated a method for the 
determination of the directional sensitivity pattern in a vertical plane for radar 
‘equipment of centrimetic wave-length and has shown that the reflexion and 
| diffraction effects can be predicted on many natural sites to a first approximation by 
)simple theoretical considerations. [he varying configuration and nature of the 
iground of natural sites is often such that precise measurements of magnitude and 
phase of the reflexion coefficients are of little practical value since a solution 
Jinvolving detailed variations would be too complex to solve. It is of practical 
jinterest therefore to see how well simple considerations can often give a satis- 
factory forecast of the directional sensitivity pattern. 

The results in figures 5 to 10 suggest, by the depth of the minima and ampli- 
jtude of the maxima, that the reflexion coefficients for rough pasture land for 
ivertical polarization has a high value for the elevations considered, namely 0° to 
about 8°. It may be noted that the experiments of Ford and Oliver (1946) showed 
\that, for vertical polarization, grass can give higher values of reflexion coefficient 
‘than does bare ground. 

| he wire-netting screen used in the diffraction experiments was far from 
jopaque, as later experiments revealed. Nevertheless the experimental results 
|show satisfactory general agreement with the simple application of diffraction 
jtheory for perfectly reflecting screens. It is also seen that practical realization of 
izone-plate effects may be obtained by suitable choice of screen dimensions. 
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RADAR OBSERVATIONS OF METEORS 
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ABSTRACT. (i) An investigation of short-duration radio echoes observed at 4to5 metres 
wavelength in the neighbourhood of the E region of the ionosphere is described. Obser- 
vations by vertical beam radio equipments showed that the echoes occurred most frequenil 
ata height of about 95 km. Marked directional characteristics were revealed by the use 0} 
equipments with oblique beams, the diurnal variations being different on different bearings} 


(ii) Analysis of the results has indicated the close link in characteristics of these echoes 
and meteors, and has thus confirmed the suggestion of meteoric origin which has been mad¢ 
by some previous workers. A detailed correlation is demonstrated in the present investi+ 
gation and a method is described for the determination of the radiants of the most activd 
meteor streams. Further, a determination of geocentric velocities was made possible by thd 
introduction of improved photographic techniques for the observation of the Giacobinic 
meteor shower in October 1946, 


$1, INTRODUCTION 


INCE October 1944 we have used Army radar equipment operating or 
S a wavelength of about 5 metres to investigate the transient ionospheric 

echoes obtained at heights around 100 km. The general occurrence of 
these short-duration echoes at frequencies exceeding the critical frequencies 
tor either the normal or abnormal E layers was noted by Appleton, Naismit 
and Ingram (1937) during their Polar Year observations of 1932-33. Schaferij’ 
and Goodall (1932), who worked in collaboration with Skellett (1932) in ant 
investigation of meteors as a source of abnormal E-region ionization, also recorded} 
them as a specific feature of the 1931 Leonid shower. Skellett (1935) was abled 
to show that in certain cases sudden increases in abnormal E-layer ionizatio 
coincided with the passage of visible meteors. Further, Skellett (1938) con- Hie 
sidered that Eckersley’s observations (1937) of the characteristics of the rane { 
echoes indicated the ionization produced by the passage of ineteors through theif! 
upper atmosphere as the origin of these echoes. Subsequent investigations o 
the echoes were made by Appleton and Piddington (1938), who determined 


the durations and made some observations of the diurnal variation in rate off) 
occurrence of the echoes. Eckersley and Farmer (1945) have recently made} 
detailed measurements of the polarization and direction of the reflexions received ; 
they thought that their results did not conform with the meteoric hypothesis. 
Appleton (1945), however, in his Kelvin Lecture, considered that the evidence} 
so far available had strongly suggested the meteoric origin. 

The developments in radar techniques which have taken place during the | 
war have made it possible for more exact determinations of some of the charac- 
teristics of these transient echoes. We have recently published (1946) a brief} 


description of some of the results of our investigations at wavelengths between} 
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4m. and 7m. Ferrell (1946) indicates that measurements are also being made 
in America on wavelengths of this order. Such wavelengths are considerably 
shorter than those used in the early work to which reference has been made above. 
Our investigations, which are here described in detail, provided conclusive 
proof of the meteoric origin of the echoes by a comparative study of their 
characteristics and the properties of meteors. ‘The influence of the orientation 
of the meteor trail * in determining whether or not a reflexion may be obtained 
from it was first pointed out by Pierce (1938, 1941) and has been found to be 
a factor of particular importance in the interpretation of our results. 


§2. INITIAL OBSERVATIONS, OCTOBER-NOVEMBER 1944 


Transient ionospheric echoes were observed at wavelengths of 4 to 5 metres 
‘on certain long-range Army radar equipments with elevated beams during the 
‘latter of part 1944.¢ A chain of 12 of these radar sets was deployed by A.A. 
| Command, and the authors were directly concerned in an advisory capacity, 
, both in the planning of the system and the investigation of its operational per- 
1formance. ‘The transmitters each radiated approximately 500 pulses per second 
with a pulse duration of about 3 microsecs. and a peak power of 150 kw. ‘The 
;aerial systems provided elevated beams with axes around 45° to 55° elevation, 
|some of the equipments having stacks of four dipoles and others single Yagi 
aerials. The receiver time base was extended to 140 km. and the characteristics 
}of all echoes exceeding 2 seconds in duration were noted by direct visual 
‘observation of the cathode-ray tube display. 

An analysis of the transient ionospheric echoes recorded between 16 October 
and 19 November 1944 was made by E. B. Britton, who was working in col- 
laboration with the authors. The analysis showed that of a total of 348 echoes 
the average duration was about 13 secs. ‘The mean ratio of signal to noise was 
approximately 4, the peak values in amplitude appearing at the onset of the echo. 
The average initial range was about 124 km. Assuming the mean elevation of 
‘observation to be that of the maximum of the radio beam, the mean heights were 
calculated to be approximately 93 km. on first appearance and 91 km. on dis- 
jappearance. ‘The analysis also revealed the interesting feature that although 
there was a considerable overlap in the coverage of the stations it was rare for an 
echo to be observed simultaneously by more than one station. Further, a diurnal 
variation in frequency of occurrence was recorded, the maximum being around 
sunrise and the minimum after sunset. 


§3. INVESTIGATIONS FROM JUNE 1945-JUNE 1946 


The above series of observations was incidental to an operational watch 
‘maintained for other purposes. At the end of the war it became possible through 
‘the cooperation of A.A. Command to utilize their Army radar facilities for 


* The terms “ train ”, “ streak’, and “ trail’ have all been used by various writers, sometimes 
‘with slight distinctions in meaning (see, for example, Herschel (1911)). In this report we shall refer 
to the column of glowing gas formed by the passage of a meteor through the upper atmosphere as a 
ieetrail. °”. 

+ P. E. Pollard informs us that such echoes were observed at these wavelengths in 1937-8 during 
the development of Army Gun-laying Radar Equipment by the Ministry of Supply. It was not 
‘until 1944, however, when this type of equipment was modified to work at very long range, that the 
echoes were of practical significence in Army Radar operation. 
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experiments designed to elucidate more specifically the characteristics of these, 
short echoes. ‘T'o this end a watch was set up involving five radar stations, , twel | 
with vertical radio beams at Aldeburgh and three with inclined radio beams at) 
Richmond, Aldeburgh, and Walmer respectively. These stations were manned | 
and organized by A.A. Command, while the authors were responsible for the) 
scientific direction of the experiments and the analysis of results. 

At the end of July 1945, A.A. Command were unable to continue to provide} 
the personnel to man the five stations. Their participation ceased, therefore, 
except for some further valuable assistance in the reading of the photographically | 
recorded films, and for a short trial in October with the vertical beam sets at 
Sheerness. The research was therefore continued on a more limited scale |}} 
in Richmond Park by the authors, with assistance from other Operational | 
Research Group personnel. 

In the following account we begin by describing in chronological order the 
investigations with the vertical beam stations. During the first few months jf} 
many important data were collected although no definite conclusion as to the |f} 
cause of the echoes appeared warranted. The subsequent development of the 
investigation, however, revealed a significant correlation with meteors. 


A. Observations with two vertical beam equipments, Fune, Fuly and October 1945 

During June, July, and part of October 1945, a comparison of performance 
was made for twoequipments with beams directed vertically upwards. The polar 
diagrams showing the variation of radar signal power sensitivity with direction 
are given in figure 1. The purpose in having two stations was to compare their | 
performance both with similar and varied conditions of operation. In the first 
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Figure 1. Polar diagram of radar signal Figure 2. Diurnal variations in hourly rate of oceur- 
power sensitivity. (Vertical-beam rence of echoes for vertical-beam equipments. 
equipment A1, A 2.) Ordinate= mean hourly rate. 

Abscissa= time G.M.T. 

few weeks they were operated independently at frequencies of 73 Mc./s. (A=4'1 m.) 

and 55 Mc./s. (A=5'4 m.); but subsequently both were maintained at 73 Mc./s. 

and the effects of varying polarization and of using a common transmitter instead 
of two independent ones’ were investigated. 
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Plate 1. 
| Ciné photographs of transient ionospheric echoes presented as deflections of a linear range trace 


| 


(abscissac, 80 to 125 km.); cine speed—16 frames per second, sequence downwards. 
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Plate 2. 
Photographic records of transient ionospheric records presented as brightness modulation of 
range trace (ordinates, 80 to 140 km.) on continuously moving film. Range calibration 
marks appear at six-second intervals. 


km. 
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0) Time (sec.) 5 
, Plate 3. 
Photographic record of a transient ionospheric echo during the Giacobinid meteor shower 1946, 
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A comparison was also made between visual recording of echoes displayed 
on the cathode-ray tube as deflections of a linear time base, and photographic 
recording of a brightness-modulated time base on a 16 mm. film moving at a speed 
of 0°5 mm. per sec. In the latter case, echoes were recorded on the film as spots 
if the echo duration was short, or as lines if the duration was long enough for the 
film to have moved appreciably. Ciné photographs of typical echoes presented 
as deflections on a linear time base, taken at 16 frames per second, are shown 
in plate 1. ‘These illustrate the appearance of the time base to the operator 
making visual observations of the cathode-ray tube display. An example of 

_an echo of very short duration is given in plate 1 (4) in which the echo can be seen 
during only one frame, and its duration must hence be about + second, or less. 
Typical echoes obtained by photographic recording of the brightness modulated 

trace are shown in plate 2, which includes examples of echoes lasting several 
seconds. 

We shall first consider the results for the three periods in table 1, for each 
of which the total number of echoes observed visually exceeded 1000. We refer 
to the two equipments as A 1 and A 2 respectively. 


Table 1 


Period Details 


22-29 June 1945 | A1 on 73 Mc./s., A 2 on 55 Me./s. | 
Visual recording. 


7-17 July 1945 Aland A2 on 73 Mce./s,, with common transmitter. 
Visual and photographic recording. 


24 July-1 Aug. 1945 | Al and A2 on 73 Mc./s., with separate transmitters. 
Visual and photographic recording. 


Graphs showing how the number of echoes per hour recorded visually varied 
| with the time of day are given in figure 2 and the range distribution is shown in 
figure 3. These graphs demonstrate substantial agreement between the two 
stations, although the hourly rate for the 55 Mc./s. station, A 2, in the first period, 
is higher than that of the 73 Mc./s. station, A 1. Certain differences between the 
three periods are apparent in the mean diurnal variations of rate of occurrence, 
most particularly the pronounced peak in hourly rate which occurs around 
midnight in the third period; the interpretation of this peak is discussed later 
| in this report (§$4c). The range distributions show no marked changes for the 
| three periods. Since the radio beam is fairly narrow with its axis vertical, 
these represent approximate height distributions; thus the height of the region 
in which the maximum number of echoes occur is around 97 km. for each period. 

‘Despite the fact that the two sets were on the same site with almost identical 
radar coverage, and that the form of the results reveals general similarity, the 
number of simultaneous observations recorded visually at the two stations 
amounted to slightly under 50% of the echoes seen by either station. This is 
explicable by the fact that the greater number of echoes were of momentary 
duration and small signal strength. As an example, the ratio of numbers of 
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echoes of duration less than 1 second to those of greater duration was 3°4: 1, 

while the ratio of the number of signals exceeding twice noise power to those} 

exceeding four times noise power was 2'2:1. Itis understandable therefore thay 

observers might be especially 

liable to sees a proportion of Bquipment At Equipment A2 

echoes owing to the preponder- ™”] ] 

ance of echoes of short duration } 

and small signal amplitude. ee 
Operation of the photo- 507 mar oh 

graphic recording of the bright- 

ness-modulated time-base was 

PN TAEN CIES owing i eden "0 80 90 100 10 120 150 70 80 90 100 110 20 150 

faults, but the results indicated Km. Km. 

an increase of about 20% in 

the total number of echoes 

and a slight increase in the 

proportion of coincidences. ™ ere 2 

The efficiency of this system 

depended on careful adjust- 

ment and stability in the setting OO 80 90 

of trace brightness and of 4 

receiver gain, these _ factors 

determining the noise level, 

which appears as a speckled 

background on the film. Im- RR 

perfections in the recording 

apparatus prevented the coinci- 

dence rate from being greater, "7 80-90 100 0 12, 130 70 89 90 100 10 BY 50 

but it must be noted that the 

difficulties of recognizing small, 

short-duration echoes on a Ordinate= relative number. 

noise background are such that Abscissa= range. 


100% coincidences can never be expected. With the knowledge of the earlier |}) 
experiences, special precautions were taken during a few days of photographic |} 
recordings obtained at Sheerness in early October 1945, and the coincidence 
rate then rose to 85%, 

In addition to the three periods of observation tabulated above, several 
experiments on polarization effects were undertaken for periods of one or two days. 
Although these tests covered such limited periods, the results indicated that 
there was no significant change when the plane of polarization was turned through 
90°, from East-West to North-South. Further, when the polarization of a trans- 
mitter was at 90° to that of the receiver the number of echoes fell considerably, 


showing that the polarization of the echoed field tended to be the same as that 
transmitted. 


100 10 120 150 70 80 90 100 0 120 150 
Km Kn 


Figure 3. Range distribution of echoes for 
vertical-beam equipments. 


B. Observations with vertical beam equipment, December 1945—Fune 1946 
It was not practicable, owing to staffing problems, to continue the watch 
further until early December 1945. It was resumed at that date with a single 
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| vertical beam station in Richmond Park, the plan being to investigate over a 
‘long period any correlation between frequency of occurrence of echoes and 
| meteor showers. Owing to the limitations in available staff the watch was kept 
only between 0915-1200 hrs. and 1400-1630 hrs., G.M.T. daily; these daily 
observations were made over a period December 1945 to June 1946 inclusive. 
All recording was made by visual observation of the echoes on the cathode-ray 
tube. During the period April 20-22 inclusive, the time of the Lyrid shower, 
the watch was carried out at night together with a visual watch for meteors in the 
‘sky. Daily measurements of transmitter field strength and receiver sensitivity 
were made so as to exclude equipment performance as a possible variable affecting 
the observed rate of occurrence of echoes. 

(i) Record of mean hourly rate, December 1945—June 1946. ‘The correlations 
in hourly rate of occurrence of echoes with the main meteor showers during 
this period has been discussed in a previous publication by the authors (1946). 
It will suffice here to illustrate the results by figure 4, and to draw attention 
to the marked peaks in hourly echo rate corresponding to the Quadrantid meteor 
shower on 2—3 January, and the Lyrids, on 20-22 April. The correlation is 
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Figure 4. Mean hourly rate of occurrence of echoes. Vertical-beam station, Richmond Park. 


} shown in an even more striking manner by figure 5, in which the hourly rate of 
broad and multiple echoes is plotted. A prominent peak for a single day occurs 
at the time of the Quadrantid shower, while a marked broader peak with a 
maximum on 21 April occurs at the time of the Lyrids. This faithful repro- 
duction of the meteor characteristics in the hourly rate of the transient echoes 


provided us with unmistakable evidence of the meteoric origin of at least a major 


proportion of these echoes. 
(ii) Simultaneous echo observation and visual meteor watch, 20-22 Apni 1946. 


A direct visual watch for meteors in the sky during the time of the Lyrid shower 
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afforded further verification that the echoes are associated with meteors. Thes | 
observations were made during 2030-2400 hrs. G.M.T. on each of the nights 
of 20-22 April. The sky was observed through a horizontal rectangular frame 
fixed vertically above the observer. The angular subtension of the frame 
roughly corresponded with the radar-beam coverage so that the field of vie : 
within the frame included most of the region in which a good radar response} 
might be expected. It was possible to see a considerable region of the sy 
outside the rectangular frame although not to give it detailed attention. A cela 
loid sheet mounted in the frame and divided into zones enabled the apparent) 
track of a meteor to be described approximately. | 
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Figure 5. Mean hourly rate of occurrence of broad and multiple echoes. 
Vertical beam station, Richmond Park. 


The sky was clear throughout the whole period of observation, with the 
exception of about twenty minutes on the second night when a filmy and broken |}} 
patch of cirro-stratus entered the field of view, but this was not sufficiently dense ||) 
to impair observation very seriously. ‘The list of meteors, 13 in all, and particulars 
of the radar echoes, are given in table 2. 

In table 2 there were 8 meteors whose tracks, produced if necessary, passed 
through the region of the viewing frame, and of these, 7 were associated with 
radar echoes. As to the remaining one, the observer stated that the track was 
extremely faint and he doubted whether he had genuinely seen a meteor. The 
visible tracks of three of the meteors which gave radar echoes were completely 
outside the frame, but in two cases the produced tracks passed through it. 

We may conclude that certain meteors entering the radar coverage can |} 
definitely be associated with transient echoes. In addition to the radar echoes — 
listed in the above table there were about seven times as many echoes with no 
meteors apparent in the sky. The existence of faint meteors which are observable 
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C. The meteoric hypothesis 


The most important outcome of the investigations described above was th ‘| 
conclusion that at least a large proportion of the ionospheric echoes are caused 
by meteors. Skellett (1932, 1938) first suggested that the ionization caused by 
meteoric impact with the molecules in the upper atmosphere was the probable 
source of both the abnormal E ionization and the short duration echoes- 
Trowbridge (1907) had pointed out earlier the similarity between the visible} 
radiation from meteor trails, which may persist many minutes, and the afterglo 
produced by electrical discharge in gases, which thus suggested that ionizationi 
had occurred. In their theoretical work, Lindemann and Dobson (1923))| 
Sparrow (1926), and Maris (1929) all agreed that ionization would result from the 
impact between meteors and the molecules of the upper atmosphere. We shall) 
now proceed to review our experimental data, formulating the ionospheric? 
scatter echo characteristics more precisely and discussing in further detail the; 
extent to which their properties conform to the meteoric explanation. 


D. Signal strength distribution 


We will first consider the distribution of signal strengths of the echoes.| 
This is needed in taking the finite beam width into account to calculate the true! 
heights from the apparent heights. Further, the distribution of equivalent} 
echoing areas * is of interest for any determination of the density of ionizauionl 
produced, although this subject is not pursued in the present paper. | 

The operator estimates the maximum amplitude reached by the echo pulse} 
seen on the cathode-ray tube face. This maximum appears to be attained’ 
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Figure 6. Observed echo power Figure 7. Comparison of computed and observed forms of 
distribution, vertical-beam distribution of echo powers ; assumed mean equivalent 
station A2, June and July echoing area :—430 square metres. 


1945, Note:—No_ experi- 

mental measurements above 

S/N=6. 
rapidly on first appearance. The receiver display is known to give approximate 
proportionality between echo height and the peak echo power. Figure 6 shows. | 
the observed distribution of echo powers in relation to the noise level. Owing 
to the liability of error in the operator’s estimation of very low signal amplitudes, 


* The equivalent echoing area A of an echo source may be defined by the relation; 


: A : 
Echoed power flux at distance + = Tat incident power flux. 
mr? 
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we have considered only the cases where the ratio of signal power to mean noise 

)power exceeds 14, and have therefore taken this as our lower limit of observation. 
The true distribution of echoing areas is modified, as regards the received power 
idistribution, by the form of the radar beam, in which the sensitivity decreases 
|progressively in regions further and further from the axis. 

It was found that a reasonable agreement with the observed signal strength 
|distribution could be obtained by assuming that the elementary probability 
)8p that an echo will have a (maximum) equivalent echoing area between the 
limits A and 4 +64 is of the form 


Op Cert kh oA: 
i where C and K are constants. 
it A=0o 
| Since | dp =1, we derive at once that C=1/K. 
J A=0 


Further, the mean echoing area A is given by 


a=[" A.dp=| J esi dA=K, 


J A=0 
/ whence we may write 


= 
Ope ee nord, 
p AS 


From the foregoing “it may readily be shown that of a large number N of 

| echoing sources, the number with echoing areas exceeding a chosen value AN 

i» would be 

N.e4AlM as N>o. 

| The peak echo power received from a scattering source of equivalent echoing 

area A at a range R from the equipment is given by 

PHG7Gr 
647 Re 

| where P= peak power radiated, A= wavelength, and Gp and Gz are respectively 

| the power gains of the transmitting and receiving aerials in the direction of the 

/ scattering source. 

Consider an elementary region of space of volume Sv, such that the value 

| of GrGp/R* remains sensibly constant throughout the region. Within this 

; region, S is proportional to A, and the rate of appearance of echoes of power 

) exceeding the lower limit S’ will be proportional to 

Su.e414 


SUS 
) 


S= AS 


=0U.e~ 


where S is the mean signal power received from this region. For any given: 
value of A, and with a knowledge of the polar diagrams of the equipment and 
the transmitter power, we can derive the form of the variation of S’/S throughout 
_space. By integration we may then determine the relative numbers of echoes. 
exceeding given values of signal power. 

We have performed the integration for the case of a station with a vertical 
beam, with the simplifying assumption that all the scattering sources occurred 
in a single thin layer at a height of 97 km. Comparing the theoretical results 
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| 

with the distribution observed at the appropriate station (during June 1945); " 

we find that the value of A which gives closest agreement is in the neighbourhood i 

of 430 m? ‘The agreement between the observed distribution of echo powers| it 

and that computed by the above method is shown in figure 7. ] 

It is to be emphasized that the choice of an exponential form of distributio , 

is based purely on empirical grounds; also that the estimate of 430 m? as a mean 

equivalent echoing area only applies to a frequency of 73 Mc./s. (A=41 m.).hie 

On account of the meteoric origin of the scattering sources, it is probable that 

the value of A will vary with the incidence of meteor streams of differing densities: 
and velocities. 

E. Height distribution | 

We have already seen in figure 3 that the range distribution of the echoes, 

as measured by the vertical stations, remained substantially the same for three’ 

separate periods during June and July 1945. Figure 8 shows the range dis- 
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Figure 8. Mean range distribution of echoes Figure 9. Range distribution of echoes from a 


for vertical-beam stations. June and July thin layer at 100 km. height showing effect 
1945. of radar beam width. 
Ordinate=relative number. Ordinate= relative number. 
Abscissa= range. Abscissa= range. 


tribution, analysed in 4 km. range bands, of all echoes observed in June and July 
1945 by the vertical beam stations A 1 and A 2. Inorder to convert the smoothed 
distribution into a true height distribution, we must allow for the spread in range 
which results from the finite width of the radar beam. Suppose, for example, 
all echoes occurred at a fixed height of 100 km. Owing to the width of the radar. 
beam, the distribution would have an abrupt near edge and then trail as shown 
in figure 9. The following method, illustrated in figure 10, was adopted to 
correct this effect. The observed range distribution was taken as a first assumed 
true height distribution, which we will call distribution ““B”. When the effect 
of the finite beam is applied we obtain a new distribution, ““C”’. A distribution 
“A”, determined by AC = B2, was then deduced and used as the new assumed 
distribution for continuing the method by successive approximations. The 
solution obtained is shown in figure 11, the maximum being about 95 km., and 
90% of all echoes being contained in a layer extending from 87°5 to 107°5 km. 
‘This corresponds well with the normal observed heights of meteors and their 
trains. Denning (1898) concluded that, in general, meteors appear at about 
76 miles (approx. 122 km.) and disappear at about 51 miles (approx. 82 km.). 
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‘Trowbridge (1907) computed that the mean height of trains was 87 km., the 
‘limits for appearance and disappearance being 103 km. and 70 km. respectively. 
In more recent analyses of available data, Olivier (1942) deduced an average 
first height for night meteor trains as 102 km. and the end height as 74 km.; 
while Porter (1944) has given the mean heights for the beginning and end of the 
observed paths for sporadic meteors as approximately 103 km. and 86 km. 
respectively, although he also shows that there is a clear dependence of height 
on the elongation (the angular distance between the meteoric radiant and the 
apex of the earth’s way) which determines the geocentric velocity. 

It has been known from the earliest observations of the transient ionospheric 
echoes that they are roughly situated in the E region of the ionosphere. It is 


itherefore of interest to consider to what extent the region of most frequent 
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Figure 10. Illustrating method of deriving Figure 11. Mean height distribution of echoes 
height distribution. for June and July 1945. 
Ordinate =relative number. Ordinate =relative number. 
Abscissa =range. Abscissa =range. 


occurrence of echoes is related to the normal or abnormal E layers. Now, 
‘Appleton and Naismith (1940) found that the mean heights of the maximum 
ionization level for the normal E were 120 and 134 km. for summer and winter, 
while for the abnormal E they were 113 and 130 km. Since the region of 
maximum frequency of occurrence of the transient echoes is around 95 km. 
‘we conclude at once that it does not coincide in height with the maximum of 
jeither E layer. We may thus consider the region as a separate one and we refer 
to it as the meteoric layer. It will be seen that the shape of the height curve 
|(figure 11) is similar to that of a Chapman region, which might be expected even 
for ionization produced by an external agency of this nature although the ionization 
\is only of transient duration. 

| It is of interest to determine whether the range distributions are the same for 
| transient ionospheric echoes of different characteristics in duration or complexity. 
In figure 12 the range distribution for momentary echoes (duration less than 
1 sec.), is compared with that of echoes of longer duration, and that for echoes of 
complex appearance with that for single echoes. In both cases we see that longer 
duration echoes and complex ones show a range coverage extending to slightly 
greater heights. Variations in meteors, such as size, velocity and fragmentation, 
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are assumed to be the controlling factors. Meteors of greater speed migh} 
be expected to produce ionization at greater heights where the rate of ioni¢ 
recombination is slower due to reduced pressure and the echo consequently 0} 


vn! i 
longer duration. It does not appear justifiable to postulate origins of a differen} 
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Figure 12. Range distributions of numbers of echoes of different characteristics. 
Vertical-beam station, June and July 1945. 
Ordinate= relative number. Abscissa=range. 
nature according to the echo characteristics, particularly as the differences in 
range distribution are small. Further support for this view is afforded by the} 
determination of correlation coefficients for the entities in table 3 :— 


Table 3 
ae : ; Correlation 
Entities Period for analysis Cee nt | 
| 
a b 
Momentary echoes | Longer duration 30 days, by days 0-67 | 
echoes | 

a i] 

Single echoes Complex echoes 30 days, by days 0°56 i 


(multiple or broad) 


(No correlation was found between complex echoes and long duration echoes) 


periods during June and July 1945, a small diurnal variation is discernible. | 
The average range corresponding to the maximum frequency of occurrence |} 


| 


of echoes has been plotted for each hour of the day in figure 13. This : 


Although the height distribution was essentially constant for three ee || 


a diurnal variation of approximately 3 km., the maximum height being reached 
shortly after noon. The average rate of decrease of height which occurs from 
this time until after midnight is of the same order as that observed by Opik (1937) 
from visual observation of night meteor trails, namely 0°3 km. per hour. 


In order to investigate any seasonal variations of height-we have plotted in 


figure 14 the mean range distribution for the vertical beam stations showing 
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four successive periods between December 1945 and June 1946. ‘There are 
'some changes both in the width of the distribution and the height of maximum 
‘frequency of occurrence, in particular the period 1 February—30 March being 
| characterized by a reduction in the tail of the distribution corresponding to echoes 
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Figure 13. Diurnal variation in range of region of maximum density of echoes. 
Average of results for vertical-beam stations during June and July 1945. 


24: 


at the greater heights. This shows an agreement with visual meteor observations 
by Opik (1937), who stated that there is a seasonal variation in height with a 
minimum near 1 March. It should be noted that Porter (1944) has shown 


100 100 
50 50 
0 
70 80 90 100 110 120 Km. 130 70 80 $0 100 {10 120 Kin. 
6 Dec.1945.- 31" Jan 1946. 15 Feb, 1946 - 30° March 1946. 
100 100 
50 50 
0 0 
70 80 90 100 110 120 Km. 70 80 90 100 110 120 Km. 
1S‘ April 946 -31S' May 1946. 1% June 1946 -26"" June 1946. 
Figure 14. Seasonal variations in range distribution of echoes for vertical-beam 
stations. 


Ordinate=relative number. Abscissa=range. 


that variations in meteor heights are not seasonal in the sense of being dependent 
- on geophysical seasonal variations but are explicable in terms of the changes 
_ inYaverage elongation which occur as the Earth moves along its annual orbit. 
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F. Motion of scatter echoes 


The majority of the echoes appear stationary in range; approximately 2% o 
all echoes show a movement. Any change is most clearly detected in the case) 
of the long duration echoes; 15°% of echoes of duration exceeding 1 sec. show 
a movement, and the mean can be deduced with reasonable accuracy. ‘These 
results are illustrated in figure 15, and the biggest group lies in the velocity) 
interval between 0 and —5 km. per sec. The velocities are not, in general, 
sufficient for the movement to be explained by the velocity of the meteor itself. 
If the ionized column produced by the meteor is the source of the echo we should 
expect the maximum echo from the broadside-on view, and if the trail size | 
remained constant and its position did not drift, the range would remain constant. |} ' 
One cause of the average reduction of range may well be the lateral expansion 
of the ionized column. ‘Trowbridge (1907) noted that the average rate of diffusion | 
appeared to be about 0°002 km. per sec. for periods of observation of the order of | 
10 minutes, but the rates were considered to be much greater immediately after 
formation of the trail. If the rates in the first few seconds are of the order of | 
1000 times greater this effect might account for the trend towards reduced range. | 

Drifts and distortion of the trail present another factor which can cause | 
range movements. Visual observations by Olivier (1933, 1942) and others, | 
have demonstrated that the winds in different strata show both different velocities | 
and different directions. These velocities are generally of the order of 0°05 km. 
per sec., but the apparent rate of movement resulting from the shifting of the | 
point of reflexion on the distorted train might be much greater. In this connexion | 
we may refer to Eckersley and Farmer (1945) who considered the meteoric 
explanation unlikely from their observations that when a transient ionspheric | 
echo is produced, a “mirror’’ type reflexion occurs, while after a few seconds } 
there appears to be a number of widely spaced centres. This result, however, | 
might well be expected from meteor trails, which are at first comparatively | 
straight and then become distorted. The detailed description by Porter and | 
Prentice (1939) of a long enduring trail may be taken as an example. The ||| 
trail first appeared as a straight line of light but in a few seconds it was deformed | 
and subsequently rotated through nearly 100°. 

The observation of ‘‘ whistles” in receivers tuned to carriers of short wave | 
transmitters was made by Chamanlal and Venkataraman (1941), who reported |} 
some coincidence with visually observed meteors. These “whistles” were | 
assumed to be due to the Doppler effect arising from the relative movement | 
of the meteor itself. This apparent discrepancy with our pulse reflexion |} 
observations indicating that the majority of echoes seen show little or no range | 
movement, and our consequent assumption that the echoes are broadside | 
reflexions from the trails, requires explanation. We can suggest tentatively | 
the following possibilities: (a) the echo from the head of the ionized column | 
may be more readily detectable around 7 Mc./s., the radio frequency of the | 
Indian observations, than at our radio frequency of about 70 Mc./s., and a 
continuous note presented aurally in any case provides a more sensitive means 
of detection than the visual presentation of a pulse on a cathode-ray tube; 
(5) the meteoric ‘‘ whistles ”’ may be, in fact, caused by the lateral expansion of | 
the meteor trail; (c) that some of our observations of echoes moving in range 
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(see figure 15) represent actual movement of the head-of the ionized column, 
. but that in general such echoes are missed in comparison with the stronger and 
more enduring reflexions from the column viewed from the side. 

Chamanlal and Venkataraman found that E-layer returns were obtained 
by pulse reflexion methods on 7 Mc./s, immediately after the passage of a meteor 
_as indicated by a whistle in a receiver tuned to a C.W. transmitter on a slightly 
| different frequency. ‘They considered this to be explained by the settling 
\ into a stratified layer of the ionization produced by the passage of the meteor. 
| On a few occasions only they noticed a weak pulse-return with rapidly decreasing 
| range occurring simultaneously with a strong Doppler whistle. In our view 
the most likely explanation is that the ionized air at the head of the meteor is 
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generally missed by pulse reflexion methods because of the weak amplitude 
of the echo, the C.W. method with aural presentation of the Doppler note being 
} more sensitive; further, the subsequent stationary pulse reflexion echo is from 
| the meteor trail which cannot appear until the train has reached approximately 
| the point of intersection of the normal from the observing station to the line 
| of travel of the meteor.* 


¢4, INVESTIGATIONS WITH INCLINED RADIO BEAMS, 
JUNE-AUGUST. 1945 

In addition to the observations with vertical looking equipments, a number 
| of experiments using equipments with inclined beams are described below. 
| The equipments had single Yagis for the transmitting aerials and twin Yagis 
for reception. The combined polar diagram of radar signal power sensitivity 
_ is shown in figure 16, the maximum occurring at approximately 55° elevation. 
* The above suggestion has since received confirmation in recordings with improved photographic 


techniques during the Giacobinid meteor shower of October 1946. These results are in course ot 
_ publication in the Monthly Notices of the Royal Astronomical Society, and are outlined briefly in $5. 
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A. Observations during the Perseid shower, 1945 
An attempt to determine specific changes in rate of echo occurrence at a | 
inclined beam station during one of the more notable meteor showers was maar 
during the Perseid shower of August 1945. The equipment was sited in Richmond ; 
Park, and the watch was carried out daily from August 10-14 incl. betweenhy}' 
0930 and 1230 hrs. G.M.T., the expected peak of the shower being 11-12 August.) { 
The set was maintained on a 90° bearing throughout. The Perseid radiant isi)" 
R.A. 48°, Decl. +58°, and as observed from Richmond Park, should move in} 
bearing from 300° to 320° and in elevation from 60° to 40° during the time of the} 
watch. From the polar diagram of the aerial sensitivity shown in figure 16, 
and the range limits of observation, in this case from 80 km. to 200 km., it was 
deduced that the beam of the set covered directions at right angles to the radiant)‘ 
during the period of the watch. The authors are indebted to B. Rimmington lf 
for his assistance in carrying out the photographic recording and subsequent: 
reading of the film. | 
One of the most striking results which emerged was the increased duration |f} | 
of the echoes, as compared with those of the previous months. The number I | 
of echoes of long duration rose to a pronounced peak on 12 August, when 24% of |] ' 
the echoes persisted more than5 sec. This may be compared with the last week i 
of July when less than 2% of the echoes were of more than 5 sec. duration. The 4. 
frequency of occurrence of the echoes reached its maximum on 11 August. 1 
These two results are represented graphically in figure 17, and for comparison | 
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Figure 17. Hourly rate of occurrence of echoes. 


we have included those obtained during 26-31 July for the same daily period, | 
set bearing, and recording method. The peak in the frequency of occurrence | | 
of echoes of more than 5 sec. duration is particularly marked. Although no | 
direct visual observation of the meteor shower was attempted, it is known that |]| 
the Perseids appear with no remarkable variations in numbers practically every |} 
August. The stream begins to cut the earth about the middle of July, and the | 
maximum may be expected on 11 August. Meteors are still very frequent | 
for the following two nights, after which there is a sharp decline (see, for example 
Olivier, 1925). The observations therefore correspond well with the hovel 
astronomical characteristics. 
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B. Observations with three inclined beam stations, Fune—Fuly 1945 


Three similar beam equipments, which we shall refer to as B 1, B 2, and B Bi 
sited at Aldeburgh, Walmer, and Richmond respectively, were maintained on 
continuous watch throughout June and July 1945. As previously mentioned, 
. this investigation was made possible through A.A. Command, who supplied the 
operators and administrative organization. The bearings of the three stations 
_ were initially chosen so that the axes of the radio beams intersected at a point 
about 100 km. in height and approximately equidistant from each station. The 
| system is illustrated in figure 18. The purpose of this experiment was firstly, 
) to fix the location in space of echoes 
seen simultaneously by the three Aldeburgh 3 
} stations by the range measurements, @ 
) and secondly, to investigate any (Vv 
» aspect effects, that is, variation of 
: reflected signal according to the direc- 
|tion of incidence of the radio waves. 
It was realized that both of these aims 
) might not be fulfilled, since if aspect 
| proved a critical factor the chances 
| of simultaneous observation of echoes 
) by the three stations would be dimin- 
' ished. In the latter part of July the 
three stations were set on other 
) bearings in order to compare the Figure 18. Equipments in operation, 

t results for several directions, the axes June and July 1945. 

| of the three beams in these cases no longer having a common point of inter- 
| section. Visual recording was used throughout, with some additional checking 
| of results by photographic recording. All the equipments were operated on 
| 73 Mc./s. ‘The experiments and the results obtained, for three periods in table 4, 
will now be discussed. 


Table 4 


Period O.S. grid bearing of stations 


1 June-17 July 1945 183 Sl, PROP 3 1A, SIG 3 18}.8., Oe 
(Beam axes intersecting) 


17 July—26 July 1945 Be 180% a8 257270* 32 B 390" 


26 July—1 Aug. 1945 Biei80% 2 Be2, 07 SB 3905 


In comparison with the vertical beam stations it was found that the number of 
echoes had increased and the range distribution extended to greater ranges. 
These facts may be interpreted in terms of the greater area of the meteoric 
layer intercepted by the beams of the inclined beam equipments. 

(i) Aspect sensitivity of the echoes. One of the most interesting features of 
the inclined-beam Station results was presented by the marked diurnal variations 


in the frequency of occurrence of the echoes, the maxima and minima occurring 
56-2 
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at different times for the three stations respectively (see figures 19 and 21).|} 
This indicates at once that the sources of reflexion show marked aspect effects 
which are more apparent with inclined beams than with vertical. Confirmatory 
evidence of the aspect sensitivity of the sources of reflexion was provided by the 
rarity of simultaneous echo observations by the three stations. In order to allow}} 
for lags in operator’s recording, a time difference of up to 5 sec. was permitted 
in regarding echoes entered in the logs of the respective stations as simultaneous. 
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Figure 19. Diurnal variation of mean hourly rate of occurrence of echoes, 6-13 June 1945. 
Time at which radiants R, and Rg are favourable are indicated by heavy lines. 
Ordinate=mean hourly rate. 
Abscissa=time G.M.T. 
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Figure 21. Diurnal variations of mean hourly rate of echoes, 26 July —1 August 1945. 
Times at which the variant R is favourable are indicated by heavy lines. 
Ordinates= relative number. 

Abscissa=time G.M.T. 

O.A.=out of action. 
Now, in the period 1 June to 17 July 1945, on only four occasions was this 
criterion satisfied out of an average of over two thousand echoes observed by each 
station when they were all in operation at the same time. If the stations are 
considered in pairs, the average percentage of incidents observed by two stations, 
with not more than 5 sec. interval between recorded times, was approximately 
3°, of the total number of echoes seen by one station. In order-to appreciate 

the theoretical chances of such coincidences, we must consider the extent of 
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overlapping coverage. ‘The probability of coincidence in different cases has 
_ been calculated assuming isotropic scattering sources in a single thin layer at 
97 km. height, and an echo strength distribution as observed by the vertical 
beam stations (see §3D). The percentage coincidences calculated on this 
basis are compared below with the observed results for visual recordings. 
Triple coincidences for B 1, B 2, B 3:— 
Calculated probability = 3-1°% of total number of echoes seen by all stations. 
Observed coincidences = 0-003 %. ; 
Double coincidences for B 1 and B 3 :— 
Calculated probability =10-5% of total number of echoes seen by both 
stations. Ltr he 
Observed coincidences = 1:6°%. 
Thus we see that even if we multiply the observed coincidences by a factor 
| of 4 in the case of double coincidences and of 12 in the case of triple coincidences 
| in order to allow for a 50°% chance of an echo being missed by any one station, 
| the calculated probability, based on the assumption of isotropic scattering 
) sources, is greater than the observed probability.. We may therefore conclude 
| that the echoes show differential effects according to the direction of observation. 
| This is further borne out by the coincidence percentage observed between B 1, 
| the oblique beam station at Aldeburgh, and the vertical beam station A 1 (or A 2), 
| situated on the same site. If the echoing sources are sensitive to the direction 
| of incidence, then the probability of coincidence between B 1 and A 1 (or A 2) 
| might be increased over that calculated on the basis of isotropic sources. This 
| is actually the case as shown bythe following figures. 
Double coincidences for B 1, and A 1 (or A 2):— 
Calculated probability =1-2% of all the echoes seen by both stations. 

(This figure is more liable to error than those quoted above owing to 
incomplete knowledge of the beam of the inclined station in the vertical 
direction.) 

Observed coincidence =3%. 

This difference is accentuated by allowing for visual echoes missed. We 
| conclude therefore that both the reduction of coincidences for stations on separated 
| sites but with intersecting beams, and the increase for stations on the same site 
| with partial overlap of coverage, as compared with the calculated values, accord 
| with the assumption that the echo sources are sensitive to aspect. 


(ii) Meteoric explanation of aspect effects. In terms of the meteoric 
‘explanation of the origin of the transient ionospheric echoes, the aspect effects 
‘are readily explicable. In discussing the range movements of the echoes we 
‘have already associated the main echoes with reflexions obtained by viewing 
lthe meteor trails along their normals. Pierce (1938, 1941) emphasized that 
| meteor trails should, for radio waves, give specular reflexions appropriate to 
a reflecting cylinder. ‘The maximum echoing area would therefore occur for 
a direction of incidence at right angles to the axis of the trail. We thus have 
‘at once the reason why the ranges of echoes generally remain nearly constant, 
‘namely that the ionized column is usually only sufficiently reflecting to be 
observable when viewed along the normal. The inability to obtain simultaneous 
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| & 
observations of an echo by viewing the same region from different directions is | 
at once explained. Further, the diurnal variations would be expected from the | 
daily cycle of changes in bearing and elevation of the meteor radiants active at | 
the time. 


C. Determination of meteor radiants 


As we pointed out above, the diurnal variations in frequency of occurrence | 
of the echoes for the oblique stations according to their direction of look may be | 
explained in terms of aspect sensitivity of the echoing source, the main echoes | 
occurring when the trails are viewed along their normals. In this case it should | 
be possible from the time of occurrence of the peaks in the diurnal variation to | 
make some inference about the main directions of travel of the meteor streams 
and hence their radiants. Olivier (1925) has demonstrated that minor radiants 
exist in very great numbers scattered all over the visible heavens, and that any | 
radiant is not worthy of consideration if it rests on observations of more than a | 
few days. With these facts in mind we have chosen for analysis several periods | 
of not more than one week, and have attempted to deduce only those radiants | 
which might account for the main peaks in the diurnal variations. Hy 

We shall consider first the week 6-13 June 1945. The mean of the hourly |} 
rate for the three stations, B 1, B 2, and B3, on bearings 230°, 315° and 62° iT 
respectively, are shown in figure 19. We note that the main peaks occur, for |] 
B 1 and B 2 at about 0630 hrs., and for B 3 at about 1430 hrs. In figure 20 we |]/ 
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have drawn the coverage of possible radiant positions in the sky for each of these | | 
stations, at the time of their respective peak rates. It has been assumed that any |} 
possible radiants are at right angles to the radio beam. From a consideration | 
of the beam characteristics and echo strength distribution the angular dimensions 
of the beam likely to contain 90°% of the observed echoes were computed. The 

coverages shown in figure 20 represent possible directions at right angles to any | 
part of this beam. We notice that the coverages for the peak hourly rate of 
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ee 1, B 2, and B 3 all intersect in a common area, and we may assume this to 
contain the mean radiant, R 1. The position of this radiant appears to be within 
10° of R.A. 58°, Decl. +5°. If we plot the secondary peaks in the hourly rate, 
namely at 2030 hrs. for B 1, and at 0530 hrs. for B 3, we can deduce by the same 
method a secondary radiant, R 2, within about 10° of R.A. 300°, Decl. —5°. 
We must now verify that radiants in these positions give a satisfactory explana- 
tion of the observed hourly rate for both stations, and do not introduce any 
additional maxima to those which are observed. The times for which these 
radiants are within the station coverages may readily be determined graphically, 
’ the results being shown in table 5. 


Table 5 
Times for which 
Rage Site radiant position is 
favourable 
(G.M.T.) 
183 4 0440-0730 
R1 
(R.A. 58° B 2 0430-0930 
Dec}.+5°) 
B 3 1140-1640 
Bal 2130-0100 
Re 
(R.A. 300° 1B} 2210-0310 
Decl.—5°) — 
Bes 0240-0700 


These periods have been marked below the time scale (abscissa) in figure 19 
and they demonstrate that the radiants R 1 and R 2 give a satisfactory explanation 
of the times of the occurrence of the major and minor peaks for all three stations. 

We shall next consider the diurnal variation of hourly rate for the period 
} 26 July —1 August, as shown in figure 21, and we shall here amplify the brief 
| discussion of this case previously given by the authors (1946). The coverages 
of possible radiant positions corresponding to the marked peaks for B2 at 
0230 hrs., and B 3 at 0430 hrs., are shown in figure 22 and give a derived radiant 
in the neighbourhood of R.A. 345°, Decl. — 10°. In figure 23 we have plotted 
| the track of the radiant across the coverages, and marked the corresponding 
| periods below the time scale for B 2 and B 3. The striking agreement is made 
| even more remarkable by consideration of B 1 which exhibits a notably lower 
level of activity. As the coverage of this site never includes the radiant R in a 
| favourable position, the absence of a marked peak in hourly rate is readily 
. explained. The radiant R is plainly that of the § Aquarids, a prominent stream 
of this epoch. ‘The Perseid radiant may also be expected to have commenced 
activity towards the end of July. Itcan readily be shown that this radiant can 
only be viewed favourably by station B 1, between 1210-2320 hrs. G.M.T., and 
-asmall peak between these times is seen to occur. 

In the above analysis we have not included a description of the effect of the 
radiants on the vertical beam station results. These stations give a ring type of 
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coverage for possible radiant positions (see figure 24), and in many cases radiants} 
may cross the coverage twice. This corresponds to the rising and setting of thet] 
radiant in the sky. This double intersection tends to even out the diurnal} 
variation of hourly rate, which is in accordance with observation, the diurnal 
variations being of much less prominence than for inclined beam stations. 
1n the case of only one of the radiants derived above is the radiant position so placed 
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Figure 23. ‘Tracks (dotted line) of meteor radiant R within coverages of stations B2 and B3. 
Time in hours G.M.T, marked on track. 
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Figure 24. Track (dotted line) of meteor radiant Figure 25. Diurnal variation of mean hourly 


within coverage of vertical beam stations rate of echoes for vertical beam station A 1. 
Ai,A1. Time in hours F.M.T. marked on 26 July—1 August 1945. 
track. 


Times for which radiant R is favourable are 
indicated by heavy lines. 


that it remains within the coverage for the whole of the time between the rising 
and setting of the radiant. This is the 5 Aquarid radiant, and its track with respect 
to the coverage of a vertical beam station (A 1 or A 2) is shown in figure 24. 
We should therefore expect, in this case, the vertical beam station to give a clear 
peak between 2100 and 0630'hrs.; comparison with figure 25 demonstrates 
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‘that this’ is the case, a more prominent peak being apparent for the vertical 
' stations than at any other time in the June-July watch (see figure 2). 

' An accuracy in position of better than 10° cannot be claimed for the radiants 
determined above. Many other minor radiants must of course be active, but 
‘the width of the radio beams has not warranted any more detailed analysis at 
‘this stage. Further, there may be other factors which we are not in a position 
to assess as yet, such as the optimum angle of incidence of the meteor in the 
ionization layer for giving an effective radio response. Refinement of the method 
of observation by using narrower radio beams will undoubtedly lead to elucidation 
of these factors and to more accurate determination of radiants. An examination 
of the diurnal variations in rate of occurrence to determine whether there was 
| any influence arising from the existing E-layer ionization yielded negative results. 
If such a variation exists, it is of a minor character at wavelengths of 5 metres 
+ in comparison with the major controlling factor, namely the direction of the 
radiant relative to that of the radio beam. This is not surprising since the wave- 
lengths we have used are of the order of one-tenth the critical values for total 
reflexion from the E layers. As the critical wavelength is inversely proportional 
) to the square of the electron density, wesmay infer that the electron ‘densities 
| giving rist’to the transient. echoes.at 5 metres wavelength very greatly exceed 
those of the ionospheric E layer, and that existing ionization in this layer has 
little influence. A different result may well apply in transient echo observations 
at much longer wavelengths. 


*] 


-§5. THE GIACOBINID SHOWER O€ TOBER 1946 

An account of observations during this shower appears in a separate report 
by Hey, Parsons and Stewart,* and a brief outline of additional data and of 
certain points of importance to a general survey of the meteoric radar echoes 
will be given here. The rate of occurrence of the transient ionospheric echoes 
attained a remarkable peak between 0330 and 0400 hrs. G.M.T. on 10 October 
1946, coinciding, as expected, with the maximum for visual observation of the 
shower as reported to us by J. P. M. Prentice. We found (§ 3, A) from observa- 
tions during June 1945 that more echoes were observed at 55 Mc./s. (A=5-4 m.) 
than on a similar equipment at 73 Mc./s. (A=4-1 m.). The decrease in number 
of echoes observed as the radio frequency is increased had been noted by Appleton 
) (1946). During the Giacobinid shower some observations were made at 212 Mc/s. 
| (A=1-4 m.) which is believed to be the highest frequency.at which the meteoric 
echoes have been obtained. Between 0500 hrs. and 0545 hrs. G.M.T, on 
10 October 1946, the number of echoes observed on the cathode-ray tube display 
of a 212 Mc./s. (A=1-4 m:) equipment with vertically directed beam was seven 
as compared with about ten times that number on 64 Mc./s. (A=4:7 m.) with a 
similar aerial system and power. A reduction in echoing area with increase 
of frequency is readily explicable in terms of gaseous ionization as the source 
of reflexion. - 

An important consequence of the introduction of improvements in resolution 
the of photographic recording method for the Giacobinid shower was the deriva- 
tion of geocentric meteor velocities. On a 55 Mc./s. (A=5:4 m.) equipment 


* Monthly Notices of the Royal Astronomical Society (in publication). 
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wtih vertically directed beam, higher resolution was obtained by displaying 
a limited range band of 80 to 115 km. over the full width of the cathode-ray tube, 
and by using a 35-mm. film moving at 2-4 mm. per sec. instead of a 16-mm. film 
moving at 0-5 mm. persec. Some of the recordings revealed a faint fast-moving | 
echo prior to the main echo; an example is shown in plate 3, time 2°0-3'0 sec. | 
This fits well with the views we expressed above (§ 3 F) in connexion with the 
Doppler whistles observed by Chamanlal and Venkataraman (1941), for we may 
associate the first faint trace with the ionization in the immediate vicinity of the | 
approaching meteor. If we consider the meteor trail as a cylindrical column of 
ionized gas it is evident that the approaching head of the column, around the) 
meteor itself, may originate a reflexion, although of smaller magnitude than the 
broadside echo from the column which occurs after the meteor has passed the | 
point of minimum range. Similar weak echoes as the head of the meteor column | 
recedes do not appear, presumably because whereas specular reflexion can | 
occur from the rounded head of a cylindrical column as it approaches, only a 
diffracted echo of far smaller amplitude is possible as the head recedes. ‘The 
secondary large echo shown in plate 3 may be due to distortion of the early part. 
of the train resulting from drifts. 

The faint tracks associated with the approaching meteor were mostly found 
to have range-time characteristics appropriate to uniform motion in a straight | 
line, and the geocentric velocities could be determined from the formula 


V =(R*—R,2)!2|(T)— 7), 


where V is the geocentric velocity, R the range at time 7, and R, the minimum 
range at time 7). The mean geocentric velocity derived from an analysis of |} 
22 tracks was found to be 22-9 km./sec. which is in good agreement with the |} 
theoretically expected value of 23-7 km./sec. supplied to us by Dr. J. G. Porter. | 

These results thus provided a further instance of the successful application of | 
the radar methods to meteor observation. 
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ABSTRACT. The photographic method has been employed in a study of the trans- 
| mutation of lithium, beryllium, boron and oxygen by 900 kev. deuterons using the new Ilford 
| Nuclear Research emulsion, type B1, for recording the tracks of the disintegration particles. 
The relation between the energy of a homogeneous group of particles and the mean range 

of the corresponding tracks in the emulsion has been determined both for a-particles and for 

protons. With protons, the mean stopping power of the emulsion, relative to standard air, 

varies from about 1800 at 2 Mev. to 2000 at 13 Mev. Curves showing the stopping power 
| of the emulsion as a function of range are given for both protons and a-particles. 

The experiments show that the uncertainty in the energy of an individual proton, as 
deduced from the length of the track which it produces in the emulsion, is only slightly” 
| greater than that due to straggling. In view of the very refined geometry which can be 

-employed when using the photographic method, it follows that it can be applied in experi- 
ments of the highest precision. 

The observations with a beryllium target give evidence for the existence of a group of 
particles, not previously observed, which we attribute to protons from the reaction 
9Be +?H—*!?Be+ }H, in which the 10Be nucleus is formed in an excited state of energy 
/ 3:-40+40-08 Mev. 

The difference in the appearance of the tracks of protons and a-particles in the BI 
emulsion is sufficiently great to enable the two types to be distinguished by inspection. 
It is thus possible to make measurements on groups of protons in the presence of a-particles 

? 


of the same range. 
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§1. INTRODUCTION 


which we shall refer to as (I), an account has been given of the prototype off 

new photographic emulsions for recording the tracks of fast charged particles}j 
from nuclear transformations. These emulsions are now being produced in the 
research laboratories of Ilford Ltd. and are described as Nuclear Research Emulsions 
(N.R.). The visibility of the tracks in the N.R. emulsions is greatly superior to 
that obtained with ordinary half-tone plates, and the previous work’ shows that the 
field of application of the photographic method is thus extended and its precision 
improved. a: 

In this paper we describe experiments in which we have investigated the 
characteristics of the emulsion in more detail, giving particular attention to the} 
following technical aspects of the method :— 


[: a recent publication (Powell, Occhialini, Livesey and Chilton, 1946),\0 


(a) The range-energy relation for protons and «-particles in the emulsion. 


= 


(b) The energy “‘resolving power ’ of the method. 


(c) The “discriminating power’”’ of the emulsion. 


In the case of the ordinary half-tone emulsion it has been shown (Powell, 1943; 
Guggenheimer, Heitler and Powell, 1946), that the length of the track of a proton } 
ot an «-particle is proportional to its range in standard air for particles of all 
energies in the interval from 1 to 13 Mev. Owing to the much higher concentra- 
tion of silver halide relative to‘gelatine, this simple relationship is not valid for the 
N.R. emulsions. It is therefore important to make experiments to determine the 
range-energy relation for the different particles so that the distribution in length of 
the tracks measured in any experiment may be transformed to a distribution in 
energy. 

For this purpose we have made measurements with various homogeneous 
groups of particles of known energy. In addition to the «-particles from the 
naturally occurring radio-active nuclei, we have employed the groups of protons | 
and «-particles emitted from the light elements under bombardment with 900 kev. 
deuterons. Values of the energy release, Q, in these reactions are in many cases 
now established with high precision. It follows that the energy of the correspon- 
ding particles can be calculated from the known energy of the primary deuterons and 
from the direction of emission relative to the primary beam at which the obser- 
vations are made. By comparing the mean lengths of the tracks, produced by 
homogeneous gr ups of protons and «-particles, with the corresponding values of 
the energy, we can deduce the relation between the energy and the range in the 
emulsion for particles of the different types. | 

Having established the range-energy relations, we can proceed to examine the 
energy ‘resolving power’’ whichthe methodallows. For this purpose we trans- 
form the observed range distributions to an energy scale. The width of the 
resulting peaks at half maximum can, by analogy with the corresponding optical 
problem, be taken as a measure of the capacity of the method to distinguish 
between homogeneous groups of similar particles of different energy, and in 
conformity with previous workers we define this as the energy resolving power. 

The third aspect of the method, the discriminating power, refers to the possi- 
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bility of distinguishing different types of particles of the same range by the differ- 
ences in the numbers of grains per unit length in the corresponding tracks. ‘The 
performance of an emulsion in this respect depends, amongst other factors, on the 
' mean grain size of the silver halide particles and varies from one type of emulsion to 
another. Our present experiments are confined to observations with the Bl 
emulsion, in which the mean grain size is 0-44, and we show that it is possible to 
distinguish protons and «-particles with high efficiency. ‘l’hus, if we examine a 
plate containing a group made up of «-particles and protons of the same range, we 
can decide in 90% of the cases, by simple inspection, whether a track is due to a 
proton or an «-particle. .In the remaining 10% of the cases the correct allocation 
is uncertain, For many purposes this degree of discrimination is sufficient, but 
further improvement is desirable since, with the present emulsions, there may be an 
ambiguity in the interpretation of individual events such as occur in the nuclear 
explosions produced by exposures to cosmic radiation or high energy y-rays. 
This is achieved in the C1 and E1 types of emulsion, where the difference 
between the tracks of protons and «-particles of the same range is greatly accentu- 
ated. . These emulsions have the disadvantage, however, that for work where 
exposures of saveral months are employed there is a marked fading of the latent 
image. The tracks produced by lightly ionizing particles tend to disappear first, 
_and in certain experiments this fact can be employed to increase the discrimination 
| between, for example, tritons and «-particles. With El emulsions the tracks of 
protons disappear almost completely after one week and, with C1, after two weeks. 


§2. EXPERIMENTAL METHOD 


The apparatus employed is similar to that described in (I), with small modifi- 
cations shown in figure 1. The primary beam of fast deuterons from the Cam- 
| bridge high-tension generator, after magnetic analysis to remove molecular ions, 
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Figure 1. 


falls on a molybdenum plate in which there is a central aperture 3 mm. in diameter. 
The defined beam strikes the layer of target material carried on a shaped metal 
block which can be rotated onacone. ‘The different surfaces, carrying thin layers 
of various target materials, can thus be rotated into the beam in succession. 
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In making exposures, targets of the following light elements were employed ali| 

(a) Beryllium.* A thin layer of metallic beryllium was deposited on one face: 
of the brass block by evaporating the metal from a tantalum boat zm vacuo. ‘This: 
target had a brilliant metallic lustre and its stopping power was of the order of}f {i 
0-5mm. of air. The plates obtained therefore record disintegration particles}|}; 
produced by a beam of deuterons nearly homogeneous in velocity, the loss of |}; 
energy of the particles in passing through the beryllium layer being less than. 
20 kev. for protons and 80kev. for «-particles. 

(0) Lithium oxide. This target was produced by burning lithium in air and. 
-allowing the white smoke of lithium oxide to condense on the target surface. | 
Thick targets of this material were employed since it was found to be rapidly 
removed by the impact of the beam. In order to avoid contamination of the) 
target chamber by lithium, this material was employed last in the series of exposures 
-and was mounted on a separate supporting cone. | 

(c) Boron. A layer of amorphous boron was applied to the copper surface by 
grinding the material in a mortar with xylol and painting the resulting material on 
to the copper with a brush. 

The disintegration particles were observed in a direction making an angle of 
90 + 1° with the primary stream of deuterons. Simple calculations show that in 
all cases the conditions of observation are well within the limits of “ good geometry” 
as defined by Livingston and Bethe (1937). ‘The particles emerge from the vacuum 
‘chamber through a window of formvar having a stopping power of 3-1 mm. of air 
for polonium «-particles. ‘The pressure in the camera containing the plate is 
reduced, during the exposures, to such a value that the loss of energy suffered by | 
the particles in passing between the window and the plate is negligible. 

‘The formvar window, in spite of its low stopping power, was sufficiently strong |] 
to withstand a pressure difference of more than 1 atmosphere. This result was ||! 
achieved by covering the film with a thin protective layer of silver deposited by — 
evaporation 7m vacuo. Ordinary windows of the formvar type are subject to_ 
deterioration through oxidation processes promoted by ionization. In addition || 
to giving a marked increase in strength, the silver therefore serves also to protect | 
the window from this type of chemical attack. The presence of the window | 
allows the removal of exposed plates from the “‘ camera” and the reloading of new |} 
‘ones without admitting air to the vacuum system containing the targets. The | 
speed at which exposures can be made is thus greatly increased. | 

The angle of approach at which the disintegration particles, emerging through 
the window, meet the photographic emulsion can be varied at will, and we have | | 
found a suitable value to be 4°. Sucha disposition ensures, firstly, that the pro- |) 
portion of particles entering the plate which are deflected from their original | 
direction, through small-angle Coulomb scattering, to such an extent that they | 
return to the surface of the emulsion isverysmall. Ifa particle leaves the emulsion 
its range cannot be determined, and such particles are not measured. Secondly, a 
small angle of approach ensures that relatively few of the fast 
whole thickness of the emulsion to enter the glass. 

The thickness of the emulsions employed in the present experiment was 40 [Le 
There are no particular difficulties in processing such plates, but the following | 

* We are indebted to Dr. J. W. Mitchell for the preparation of the beware target. | 


| 
ah a 
i M 


particles traverse the 
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| procedure, for which we are indebted to Dr. G. P. S. Occhialini, is adopted as 
‘standard practice and is of importance in dealing with thicker emulsions of the 
order of 100. The plates are developed in Ilford I.D.19 (x-ray developer), at a 
‘dilution of 1 of developer to 3 of water, for 35 minutes at 18°c., with constant 
‘rocking. For this purpose a mechanical device is employed which gives regular 
‘sudden changes of tilt to the dish and provides laminar flow of the developer over 
ithe plate. After development, the plate is washed for 1 min., bathed for 1 min. in 
2%, acetic acid, and fixed. A novel feature of the fixing, which presents the most 
S serious technical difficulties with these emulsions, is that it is important to rock the 
fixing bath. The emulsions contain roughly a hundred times as much silver per 
/unit area as an ordinary plate, and it becomes important to ensure that sufficient 
‘fixing salt is provided. We find it an advantage to employ freshly prepared 
fixing solution of the following composition: two parts of saturated sodium 
thiosulphate solution and one part of Kodak acid fixing bath at standard 
) concentration added to six parts of water. 
) The bath is renewed several times during fixation, the plate being washed for a 
| minute whilst the solution is being changed. It is of some advantage to maintain 
| the surface of the emulsion face downwards in the bath to facilitate the removal 
jof the heavy silver salts from the emulsion, and for this purpose the plate is sup- 
ported by attaching a suction pad, carried by a metal stem, to the glass. 
Considerable variation of development time can be tolerated without appreci- 
able changes in the visual quality of the image seen under the microscope. As the 
development time increases, the background grains become numerous, but the 
tracks are denser. In our experience it is better for the development time to be too 
| long than too short, especially for work with protons, when a sharply defined 
| beginning to the tracks is important. A certain concentration of background 
) grains is useful in allowing the surfaces of the emulsion to be easily distinguished, 
| since this allows a quick decision as to whether or not a particular track has passed 
out of the emulsion. If good discrimination between different particles is im- 
portant, it is of some advantage to under-develop. 


§3. EXPOSURES AND METHOD OF MEASUREMENT 


The following are the particulars of the exposures given to the plates on which 
| the present measurements were made :— 


Stopping power Time of 
No. Target in air equivalent Beam sae exposure 
(mm.) (ya. (min.) 
1 Beryllium 0-5 50 60 
2 Lithium oxide Variable 70 10 
3 Boron Thick 70 16 


The plates were examined using a variety of objectives and eye-pieces, different 
‘observers making observations on the same plate with different magnifications. 
We draw attention to the fact that, when using binocular microscopes, the overall 
magnification depends on the interocular distance employed and, therefore, varies 
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with different observers. Individual calibration of the micrometer scale for eacl 
observer is therefore essential. We take as our standard of length a 1-mm4f 
graticule by Cooke divided into one hundred parts. | 


In determining the length of the tracks we chose to measure the length of thal 


projection of the trajectory of the particle on the plane of the surface of the emulsion} 
The value so obtained is then multiplied by sec #, where @ is the average angle o 
approach of the particles to the emulsion. ‘The errors introduced by ignoring 
the effect of changes inthe angle of “dip” of the tracks are very small. It would be 
possible to make appropriate corrections but, owing to the frequent sm all changes i 
the direction of the particles, due to Coulomb scattering, the work of measurement 
would be very greatly complicated. We therefore preferred to sacrifice a small} 
degree of precision in favour of the very important advantage of speed of measure 
ment. ~In making the measurements we define as the length of a track the distances} | 
between the extremities of the first and last grains recognized as belonging to it, 


4 
$ 


and we reorientate the scale to lie parallel to the projection of the track whenever | | 


changes in direction occur. We thus take account of the PES in direction of 


| 
i 
the projection of the track, although the changes in “ dip”’ are ignored, The 


average error in the range measurements due to this approximation is much leat 
than the fluctuations due to straggling. 


§4. EXPERIMENTS WITH LITHIUM OXIDE 


A typical photo-micrograph of a small area of the surface taken with the targe 
of lithium oxide is shown in plate 1. The prominent dense tracks are due to 


a-particles and the thinner tracks produced by protons can be clearly distinguished] 
from them. The finite depth of focus of the objective prevents the tracks from} 


being sharply in focus throughout their length, but the ends can in many cases bei] 
distinguished. We can therefore identify the reactions leading to the emission of| 
particular particles. 


In figure 2a, we show the distribution in length of 2000 tracks taken from} 


measurements on this plate. Three different magnifications were employed.| 


The short tracks in the range from 101 to 504 were measured with a Cooke x 95} 1 


O.I. achromatic objective with x 15 eye-piece, in which one small division in the | 


eye-piece corresponds to 0-442 u.* The tracks from 50 to 100 were measured] ; 
with the same objective and a x 10 eye-piece (1 div. =0-555 4), and the longest} 


tracks with a Leitz x 65 apochromat with x 6 eye-piece (1 div. =0-984,). The} : 


resulting measurements are transformed to length in microns and plotted in thel . 


same diagram, but the relative numbers of particles in the three ranges have not 


been adjusted to correspond to the true values. The main features in the| : 


observed distribution are the succession of groups, marked (i) to (viii) inclusive, |]} 


which we attribute to the following well established reactions :— 
(1) corresponds to the continuous distribution of «-particles from the reaction 
SLi+ }H—2$He+ jn. Near the long-range end of this continuous distribution|} 


there is a clearly defined peak (ii) which we attribute to the alternative reaction|}} 
3Li+ {H-jHe + $He corresponding to the formation of unstable He nuclei and|f} 


their subsequent disintegration into «particles and neutrons (Milliame Haxby and |} 


e For a particular interocular distance. The difference between the observed and the nominal 
magnification is due to the use of the binocular eye-piece attachment. 
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She herd, 1937a). From the range-energy relation for «-particles, established 
in the present experiments, we can deduce the energy of the «-particles produced 
in the reaction and hence the corresponding energy release, Q. We thus obtain 
the value Q = 13-43 Mev., which corresponds to a mass of 5:0146 m.u. for He; 
The corresponding values deduced from the experiments of Williams et al. (1937 b) 
are Q = 12-66 Mev., 3He=5-01543 m.u. According to the present determination 
of its mass, a 3He nucleus should dissociate into an «-particle and a neutron with a 
release of energy of 1-3 Mev. In order to confirm the existence of a group of 


Tr ale Gaal fr 
I aie 


Figure 2 (a). Distribution in range of particles from bombardment of LiO by 900 kw. deuterons. 
Distributions (a), (b), (c) are obtained from plates exposed to the particles from a thick target; 
distributions (b) results from accepting only a-particles for measurement ; distribution (c) 
protons only; distributions (a) and (d) from measurements on all tracks without discrimination. 
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, a-particles corresponding to the formation of >He, we made a separate exposure 
| with a thin target of lithium oxide, and the results of measurements on the plates so 
| obtained are shown in figure 2 (d). It will be seen that there is an improved resolu- 
tion of the «particle group. The difference between the distribution at the lower 
ranges is due to the fact that in the second series of measurements the tracks of 


protons and a-particles were accepted without distinction, whereas the first obser- 


vations were confined to «-particles. 
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We attribute peak (iii), figure 2(a), to protons from the -Teactiony) 
‘80 +2H+O +!H, the YO nuclei being left in the ground state. Peak (iv) is dug 
to «-particles from the reaction $Li+ 7H~3He+$He. The peak (v) sas ps ie tg 
protons either from the reaction 7H +7H—H +1H, or from ¢C iP (H+ ¢C + Hy 
the expected difference in energy of the protons in the two cases being only 30 kev, 
in the conditions of our experiments. We think it probable that it is due mainly 
to the presence of carbon because of the method of preparing the target and the 
relatively great intensity of the group as compared with that ot nearly the Saar 
range obtained in the experiments with beryllium. Finally, peaks (vi) and (vii) ar i 
due to protons from the reaction §Li + 7H-{Li+ 7H, the jLi nuclei being produced| 
in the ground state or in the well known excited state at 440 kev. 


Table 1 

; | 

ONE (Mev.) ies ahr aoe pes | 
(i) (Li-+3H->2 §He-+in ie (1) 
(ii) 3Li+?H>4He+3He | 12-7 (13-43) | 7:3 (7-76) 30-5 | 0-10 (5) 
(ii) 6O+?H>YO+1H ~ 1-95-40-06 2:59+40-06 | 59-6 0:3 (2) 
(iv) §Li+?H-$He+,He | 22-20+0-04 | 11-32+0-02] 70-8 0-2 (3) 
(v) ?H+?H-+3H+1H 3-98+0-02 | 3:2040-02 | 83-9 Bee (4) 
2C-+7H= 3C+1H 2:74+0-05 | 3-23+0-05 (2) 

(vi) 6Li+?H>*Li+1H | 4-5840-12 | 4:51+0-12 | 147-0 0-2 (1) | 
(vii) $Li+?H>3Li+1H " 5-3540-12 | 4-9640-12 | 170-0 0-2 (1) 
(viii) §0+?H>+YO+1H sera (1-81) 27-9 (2) 


(1) Rumbaugh, Roberts and Hafstad (1938). 

(2) Cockcroft and Lewis (1936 b). 

(3) Smith (1939). 

(4) Oliphant, Kempton and Rutherford (1935 a). 

(5) Williams, Haxby and Shepherd (1937 a). 
The bracketed values are those deduced from the present experiments. 
A correction for the ‘‘ thick target effect” has been applied to the results for every group of |] 

particles except in the case of the protons from the reaction. 

* 3Li: residual nucleus left in the excited level at 440 kev. 
+ +O: residual nucleus left in the excited level at 850 kev. 


Confirmation for the correctness of the above interpretation of the results is | | 
provided by similar observations in which we accept for measurement either only 
a-particles or only protons. The difference in the characteristics of the tracks of | 
the two types of particles is well displayed in plate 1, where typical «particles and | 
protons are indicated. In figure 2 (b) we show the results of observations in which 
we accept only «-particles for measurement. It will be seen that group (iii), 
which we have attributed to protons, has completely disappeared. 

The results of independent observations in which protons only are accepted for 
measurement are represented in figure 2(c). The peak, (viii), in this figure occurs 
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_ at a range in the middle of the continuous distribution of «-particles. It corre- 
_ sponds well with protons from the reaction 6Q +2H>VYO+1H, the YO nuclei 
_ being formed in the excited state at 0-85 Mev. (Cockcroft and Lewis, 1936b). 
The results of the measurements of the mean range of the particles constituting 
. the different groups, the reactions to which we attribute them, the corresponding Q 
_ values and the calculated mean energy of the particles, are tabulated in table 1. 
| We use the values of Q obtained in the most accurate measurements, references 
_ being given to the sources from which they are taken. d is the probable error in 
_ the determination of the mean range of a group due to statistical fluctuations only. 
The calculated values of the energy take into account the thick-target corrections as 
treated by Bethe and Livingston (1937). 


§5. EXPERIMENTS WITH BERYLLIUM 


Because of the thinness of the beryllium film and its resistance to corrosion 
under the impact of the beam, the plate obtained with this target provided the 
most satisfactory conditions for measurement. A typical photo-micrograph of 
0-1 mm? of the surface of the exposed plate is shown in plate 2. Owing to the 
relatively low exposure, the number of disintegration particles per unit area is 
small compared with that obtained with the lithium target, and the most prominent 
feature in the photograph is the large number of short tracks. These are due to 
the elastically scattered primary deuterons and the nuclear recoil particles formed 
in the various disintegration processes. 

The range distribution obtained from the measurement of 2000 tracks is 
shown in figure 3, the reactions giving rise to the particles which produce the 
different peaks being tabulated with other details in table 2. 

The «-particles from the bombardment of beryllium by deuterons have been 
studied in detail by Graves (1940). These authors found that the distribution in 
energy of the particles is complex, corresponding to the formation of the product 
nuclei, {Li, either in the ground state or in an excited state of energy between 
400 and 500kev. The number of particles measured in our experiments is not 
sufficiently great to enable us to separate the two groups. The mean range of 
the observed distribution, peak (ii), figure 3, agrees well with the assumption that 
the most probable mode of disintegration is that giving rise to the {Li nuclei in the 
well known excited state at 440 kev. 

The particles giving rise to peak (iii) produce tracks with a grain-spacing 
characteristic of protons and the mean range of the groups corresponds to an energy 
of 1:69 + 0-8 Mev. Of the light elements which might be present as contaminants 
in the beryllium target, the only one which could give rise to a group of protons of 
about this energy is O. Protons of energy 1:81 Mev. could then be produced in 
the reaction 80 +2H-¥O+1H, the ¥O nuclei being left in the excited state at 
0-85 Mev. Ifthe observed proton group were produced by this reaction we should 
expect, however, to finda second group, of about the same intensity, corresponding 
to the formation of O in the ground state. There is no trace of such a group, and 
we can conclude that there is no appreciable oxygen contamination of the target. 
We therefore assume that the observed protons are produced in the reaction 
*Be +?7H— {Be + {H, the 19Be nucleus being formed in an excited state. On this 


assumption, the energy released in the reaction is 1:11 Mev., a value which 
bine 
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Table 2 
; E R d 
React F 
er (Mev.) (Mev.) (microns) | (microns) ce 
(i) Elastically scattered 
deuterons and recoil 
nuclei from (ii) and (iii) 
(ii) 3Be+?H-—*{Li+ $He 6°65+0:02 | 4:64+0-02 18-2 0-10 (1) 
(ili) ,Be+7H-— 3Li+4He 7-09-+0:-02 | 4:92+0-02 — — (1) 
(iv) ?Be+?H-t'PBe+4H | (1-11-0-08) (1:66-0:08) 29°8 0-1 
(v) ?Be+-?H- {Be+?H 4:32+0-05 | 3-63+0-04 57:8 0-10 (2), (3) 
(vi) #H+3H>3H+1H 3-08-+0-02 | 3:20-0:02 82-7 iy (2) 
or 2C+2H> C+1H 2°71 +0:05 SOAS +0:02 | 
(vii) $Be+-f7H> Be+1H 4°51+0:10 | 4-75+0-10 | WOES 0-2 (2), (3) 


| 
an a ee eee 
(1) Graves (1940). ; 
(2) Oliphant, Kempton and Rutherford (1935 b). | 
(3) Williams, Haxby and Shepherd (1937 b). 
For the reaction (vi) we adopted the mean value of Q given in references (2) and (3). i 
* $Li left in the well known excited level of energy 440 kev. 
} Values of QO and £, for reaction (ii), are calculated assuming that the proton group corresponds 
to a 3Be+?H—>¥WBe+3H reaction in which ?Be is left in an excited level. 


° 
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corresponds to an excited state of energy 3-40 Mev. in Be. This value is deduced 
from the mass of Be in the ground state corresponding to the mean of the values for 


- the energy released in the reaction 3Be + ?7H—'{Be + {H, determined by Oliphant, 


Kempton and Rutherford (1935 b) and by Williams, Shepherd and Haxby (1937 a), 
viz.4:50 Mev. Alternatively, we can assume the particles to be tritons correspon- 
ding to the formation of 8Be in an excited state. The corresponding value of the 
energy of this state is then found to be 2:2 Mev. Since no such state has been 
observed and since, in addition, we should expect the group to be inhomogeneous 
owing to the rapid disintegration of the $Be nuclei, we can reject this interpretation 


. of the results.* 


We have mentioned that most of the short-range particles are due to elastically 
scattered deuterons with a continuous distribution in range. In addition, however, 
we may expect to observe jLi recoil nuclei of energy 2-95 Mev. produced in the 
reaction {Be +2H->?Li-+ $He, and we believe that the discriminating power of the 
emulsion allows us to distinguish such tracks, in some cases, from the deuterons of 
approximately the same range. Characteristic tracks of tritons constituting 
group (iv) and protons from groups (v) and (vi) are indicated in plate 2. Itis not 
possible, in our experience, to distinguish by inspection the tracks of tritons from 
those of «-particles of the same range in the B, emulsion. 


§6. EXPERIMENTS WITH BORON 

The exposures obtained with a boron target were not so satisfactory as those 
with beryllium and lithium because emulsions covered with a gelatine supercoat, 
2thick, were employed. Such a supercoat is designed to prevent surface marks 
from pressure or light friction, and the plates were produced for work on neutron 
spectra where the protons recoil start in the body of the emulsion. For experi- 
ments with fast-charged particles, the use of such plates leads to the difficulty that 
the beginnings of the tracks are not clearly defined, with a consequent loss of 
precision in the range measurements. 

We may point out that the application of such a supercoat is also not entirely 
satisfactory for work with neutrons. Our preliminary observations indicate that 
there is a diffusion of silver halide grains into the supercoat so that the surface of 
the emulsion proper tends to be ill defined. As a result it becomes difficult to 
decide, in some cases, whether a track has left the emulsion, and such an ambiguity 
is serious in experiments where the “escape’’ of tracks has to be taken into account. 

In spite of this difficulty we have made measurements of the lengths of the long 
protons produced in the reaction WB +2H->'B+!H, which are grouped in three 
peaks, corresponding to the formation of !B nuclei in the ground state or in 
excited states at 1:5 and 3-4 Mev. (Cock: roft and Lewis, 1936a). The results of 
the measurements of 400 tracks are tabulated in table 3. 

Plate 3 shows photo-micrographs of two interesting rare events observed in the 
course of the measurements of the plates obtained with the boron target. (qa) is a 
proton-proton collision ; (b), a photograph of the same event, was obtained by 
inclining the plate on the microscope stage so that the two branches could be 
observed in focus at the same time, and it established the fact that the three com- 
ponent tracks are co-planar. The poor optical conditions, due to the inclined 


* Ina letter to Nature (Lattes, Fowler and Cuer, 1947) the excited state of 1fBe was incorrectly 
s tated to be 2:2 Mev. instead of 3°4. 
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plate, result in a photograph of inferior quality, but it may be noticed that, even with 
such a large tilt in the subject, the essential details of the collision can be well 
displayed. 

The angle between the two arms of the tracks as measured in the photograph is 
86°. ‘This apparent degree of departure from a right angle, 4°, is greater than that 
which must have existed when the particles were produced in the emulsion, 
before development, but when the correction for shrinkage is applied a discrepancy 


Table 3 
. | E R a 
Ref. 
Reaction | (Mev.) (Mev.) (microns) | (microns) s 
() WB+4?2H+*UB 41H 4-71 4-99 171 ISS, (1), (2) 
(i) WB+2H+tB+1H 7-00 7-09 320 30 11) 
(111) WB+ 2H UB+ 1H 9-14+0-06 9-05+0-06 474 3-0 @s@) 
| o » 


(1) Cockcroft and Lewis (1936). 
(2) Livingston and Bethe (1937). 
Ranges corrected for “‘ thick target” effect. 
*+ :12B, residual nuclei left in 2-14 and 4-13 Mev. excited levels respectively. 


of about 3° remains. This may be attributed to a small-angle scattering of one of 
the protons within one or two microns of the point-of collision. Such small-angle 
Coulomb scattering is very frequent at low energies in the N.R. emulsions because 
of the high concentration of silver and bromine. 

‘The second event, shown in (c), is a large-angle deflection ofa proton by collision 
with a nucleus of silver or bromine. If we assume that it was produced by an 
elastic collision, the energy of the proton at the point of scattering was 4 Mev. 
Such large-angle deflections are rare with protons of this energy. 


§7. EXPERIMENTS WITH NEUTRONS * 


In order to determine the range of protons with energies greater than the values 
available in the previous reactions, measurements have been made on plates 
exposed to fast neutrons from the reaction !B +2H+'C +1n, the exposure being 
made in the manner described by Powell (1943). In examining the plates, only 
protons projected at angles less than 8° with the direction of the incident neutrons 
were accepted for measurement. 

From the approximate value of the range-energy relation we can determine the — 
energy £ of the proton projected at an angle @. ‘The energy E, of the primary 
neutron producing the recoil track can then be found together with AR, the amount 
by which the observed range of the recoil track is less than the value to be expected 
for head-on collision, 9=0. The corrected values so obtained are used to obtain 
the distribution in range shown in figure 4, which displays the three well known 
groups for which the values of the mean neutron energy are approximately 6, 9 and 
13 Mev. respectively in the conditions of our exposure. ‘The values of the mean 
tanges of these groups and other particulars are shown in table 4, 


* We are indebted to Mrs. Andrews for the measurements in Sie 
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§8. THE RANGE-ENERGY RELATION FOR PROTONS 
K rom the values of the energy and mean range of the different groups of particles 
given in tables 1 to 4 we can determine a range-energy curve for protons in the 


5 ONE Seamless eto aeaien 
E R d 

Reaction (Mev.) (Meyvy.) (microns) |(microns)| Ref. 

Gj) MB+?H>YC+in 6-08 6-24 256 1:00 | (1), (2) 

(Gi) YZB+?H+*2C-+ in 9-10 9-09 482 0-83 (1), (2) 


(1) Bonner and Brubaker (1936). 
(2) Livingston and Bethe (1937). 
Ranges corrected for ‘“ thick target” effect. 
*12C : residual nuclei left in +-4 Mev. excited level. 


Table 5 
E R r | 
Reaction (Mev.) (cm. air) |(#in emulsion) | d Rir 

WB+2H>2C+ jn 13-06 +0-30 185-0 896-1 4-0 2064+9 
UB +7H>*2C-+ gn 9-09 97-0 482-0 1-0 2012-++5 
B+ ?2H>?B+1H 9.05 96:2 474-0 3-0 | 2029415 
19B + 2H>*C-+ gn 6:24 ‘ 50-0 256-0 1:0 1953+8 ee 
WR+7H>YB+iH | 7-09 62-6 S210 3-0 1950+ 20 
LOB +?H>*UB + tH 4-99 33-8 171-0 2-5 1977 +28 
6Li+?H>{Li+jH 4:96+0-12 S355 170-0 0-2 1970+2 

~ 9Be + 2H>1?Be+}H 4-75 +0-10 31-0 11595 0-2 1943+3 

: SL i+?H>*3Li+jH 4-51+0-12 28-4 147-0 0-2 1931-2 
2H + 7H>3H+jH | 3:20+0-02 15-7 82:7 0-2 1898 +5 
WC 42H>C+4H 3-25 +0-05 16-0 83-9 0-1 ; 1907+3 
160 +?H>YO+{H 2:59-+0-06 11-0 | 59:6 0-3 184549 
9Be + 7H 3Be+ 7H 3-63 -+0-04 9-3 57°8 O-1 1606 
Proton of same 
velocity 1:20-+0-02 Sjont 19:3 0:04} 1606+15 


R denotes range in air in cm. ; 7 denotes range in the emulsion in microns. 
Assuming that peak (vy), figure 2, obtained in the lithium exposure is due to carbon contamination 


of the target. 
d refers only to the “‘ probable error > in measuring the baricentre of a group and gives only the 


statistical weight of the point. Other sources of error may arise from the calibration and from 


uncertainties in the value of Q. 
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emulsion. ‘The results are summarized in table 5 and shown diagrammatically in) ) 
figure 5(a) and 5 (6). From the range-energy curve in air given by Bethe we can) © 


determine the variation of the stopping power of the emulsion relative to air, andi 


| 


the'results are represented in figure 6. It will be seen that there is a considerable\|. 
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Figure 5 (a). Range-energy curve for protons. Figure 5 (8). 


Nuclear research emulsion, type B1. 


point at 1-2 Mev. is deduced from the observed mean range of the tritons produced |) 
in the reaction {Be + }H$Be +H, for which the release of energy, Q, has been 


determined by Williams, Haxby and Shepherd. (1937 b), O=4:32+0-05 Mev. 


The calculated energy of the 
tritons emitted at 80° with 
the direction of the primary 
deuterons, of energy 900 kev., 
is 3-63+0-05 Mev. If we 
assume that the range of a 
triton is three times that of a 
proton of the same velocity, 
we obtain the value given in 
table 5 for the range of protons 
of energy 1:21 Mev. 
Although out present 
measurements are confined to 


the emulsion of type B1, we may assume that they will apply to the other types, 
after small corrections, since the manufacturers aim at producing emulsions of 
constant atomic composition. There may, however, be small changes in stopping 
power in plates in different batches, although we have not yet detected such an 


effect. 


§9. RANGE-ENERGY RELATION FOR Ghd MRAM ILI 
The range-energy relation for «-particles has been determined, up to an energy 


2-] 


7) 
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Figure 6. Mean stopping power of emulsion 
for protons of different ranges. 


of 9 Mev., by measurements of the lengths of the tracks produced by the homo- 
geneous groups of particles emitted by the natural radioactive substances. The 
value at 13 Mev. has been deduced by employing the «-particles from the reaction 


3Li+7H—$He + 4He., 
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4 Table 6 

& 

' | Ranges 

: i in air in emulsion eae 

} ] 3 a =o 
{ Reaction E (Mev.) = — x10 

& R c 

ot (cm.) (2) 
| SLi+ 3H+$He+$He |11-3240-02] 13-04 | 70-8 40-2 1-842-4.0-005 
¢ ThC’ a-particles 8:78 8:57 47-5 +0:-05 1-804+0-002 
& : 

= Po a-particles 5:30 3-84 22:5 +0-06 1-707 0-003 
te SS aa 

| 9Be+?H>*ZLi+ $He 6-64 3312 tsetse" 1-715+0-010 

a eee eee be. 
Sm a-particles Dil ies 6:95 +0:05 1:628+0-012 


(q) 2AM) ~ ASIN UL A8.L0Ug 
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Table 6 gives a summary of the results used in drawing the curves shown ij 
figures 7(a) and 7(b). Weare indebted to L. L. Green, W. M. Gibson and D. I| 
Livesey for permission to include the results of their measurements on the «-part 
cles from U1, Un, ThC and ThC’. Figure 8 gives the variation of the stoppin) 
power of the emulsion with the range of the particles. | 


§10. RESOLVING POWER | 

In order to display the resolving-power of the method, we show in figures | 
and 10 the apparent distribution in energy of the tracks produced by typica) 
homogeneous distribution in energy tritons and «-particles. The curves ar 
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Figure 9. Distribution in energy of protons from (a2) {H+?H>3H+1H ; 
(6) {3Be+7H—}°Be+!H ; and of tritons from (c) [Be+ TH 8Be+3H. 
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deduced from the observed distribution in range of the tracks corresponding to the | 
different groups, using the appropriate range-energy curve, and a summary is. 
given in table 7. ‘The most significant results are those obtained with a beryllium | 
target which was exceptionally thin. In this case the observed width of the proton | 
group is only 25% greater than that expected from straggling. In the other cases | 
the observed width can be accounted for in terms of the thickness of the targetd 
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employed. We may conclude that for protons in the interval from 2 to 13 Mev. the 
uncertainty in the energy of a particle, as deduced from its range in an emulsion, is 
| not appreciably greater than that due to straggling. 


Table 7 
Reaction | E (Mev.) | Re(w) | S€%) 1S (%) Remarks 
a Protons 
| 9Be+?H- 1?Be +1H 4-75 159-5 | 1-96 2-4 
4H + 2H 9H-+-1H 3:20 82:7 | 2-05 2°5 Beryllium target 
2+ 7H 3H + }H 3220 83-9 2-05 5:75 | Probably due to 
1204.2 Tey queeg ; 6C+7H> @C+jH 
2C+ 2H 13C-+}H Lithium target 
9Be + 7H fBe+ #H 3-63 57:8 4-8 
4 11B + ?H> BC+ jn 13-06 896-0 1:8 3:3 Thick target 
| 1B+3H>*2C + Jn 0-99 482-0 1-7 3°38 Thick target 
; a-particles 
4 $1 i+?He- $He+$He 11-32 70°8 1-05 3°5 Thick target 
ThC’ a-particles 8:78 47°5 1:07 27. 
Po a-particles 5°30 22-0 tester 4-0 
Sm a-particles Del 6:95 14-0 


S=theoretical straggling in air (Bethe and Livingston, 1937): 


. , : 7 (x — xj)? : 

S’=“ experimental straggling ”= / 5 x s/o - i) , where %, is the range corre- 
sponding to the “ baricentre”’ of the group, * the range of a particular track and 7 the number 
of tracks composing the “ group”. 


; The corresponding results for z-particles are shown in figure 10. They 
indicate that, because of the much less favourable range-energy relation, the un- 
certainty in the true range, due to the finite size of the silver halide grains, leads to 
errors in the estimated energy of the particles, which are much greater than those 
due to straggling. This effect is especially marked at low energies, so that the peak 
of greatest “width”’ is that obtained in experiments with the «-particles from 
samarium. As the energy of the «-particles increases, the ‘‘ half-width’’ becomes 
smaller. We must anticipate that with particles of progressively greater energies 
than those of which we have experience, the half-width will reach a minimum and 
_ then increase again as the errors due to the finite grain size become small compared 
with those due to straggling. For work at moderate energies it is therefore 
desirable to reduce the errors due to “apparent straggling”? by working with 
emulsions of smaller grain size such as are provided by the C, E and D series of 
emulsions. Such an improvement in precision would seem to be particularly 
important in measurements of the multiple disintegration phenomena which we 
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meet in the disintegration of nuclei produced by the high-energy y-rays from t} i 
betatron or the cosmic rays (Heitler, Powell and Fertel, 1939; Heitler, Powdy 
and Heitler, 1940; Baldwin and Klauber, 1946). 
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Discussion and Corrigenda gor 


DISCUSSION 


“on paper by E. F. Daty and G. B. B. M. SurHervaNnp entitled “An Infra-red 
Spectroscope with Cathode-ray Presentation” (Proc. Phys. Soc., 59, 77 
194-7): 


Dr. F. AucutTie. Plate 1 of this paper shows two displays: (a) without and (b) with 
‘smoothing by a resistance capacity filter stated to be of about 2 cycles/sec. width. No 
“reference is made in the paper to the time delay of the filter; this will be of the order 
1 of the reciprocal of the band width and will cause the appropriate vertical deflection of 
the trace to occur at a position displaced horizontally by a distance corresponding to this 
_ time interval. It is quite noticeable that several distinctive features of the trace of plate 1(b) 
are displaced to the left by 2-3 mm. from the corresponding features of 1(a). This dis- 
' placement is of the order to be expected from the band and sweep frequency employed. 
Thus if the smoothed curves are to be employed, the wave length scale should be 
_ displaced by a distance corresponding to the time delay. Preferably the cam should be 
arranged to operate an auxiliary shutter which would momentarily interrupt the light 
_ at known settings, so that the wave length scale appropriate to the sweep-speed in use can 
' be determined from a blank observation. 

The effect of filter delay would, of course, be more serious if a faster rate of scan were 
used. 


I 


AutHors’ reply. We are grateful to Dr. Aughtie for drawing attention to this point, 
_ which, perhaps, ought to have been more fully explained in our paper. We are, of course, 
~ well aware of the distortion both in amplitude and in phase introduced by the narrow 

band-resistance capacity filter, and we did remark that its use is accompanied by a sacrifice 

in the precision with which spectra are displayed. We do not feel, however, that this 
' small displacement in the trace in going from one type of presentation to the other is 
important because in practice calibration is always done by reference to the spectra of 
compounds having sharp absorption bands of which the wave length has been determined 
accurately by grating measurements. Consideration of the filter delay is thus unnecessary 
provided the calibration spectra are displayed in the same way as the spectra under con- 
sideration. 
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CORRIGENDA 


“The lines of force through neutral points in a magnetic field”, by Davin 
Owen (Proc. Phys. Soc., 59, 14 (1947)). 


Page 17. The words “ this case is illustrated in figure 3” should be deleted. 


“Theory of the proton synchrotron’, by J. S. GoopEn, H. H. JENSEN and 
J. L. Symonps (Proc. Phys. Soc., 59, 677 (1947)). 


Page 680, eleventh line from foot of page. ‘The equation should read 
(¢2-+41—7) sin 4 + cos $2+ cos $1=0. 
Page 686, equation (5). The numerical constant (3°3) on the right-hand side should be replaced 
by (0°53). 
Page 686, equation (7). Ry should be Ro’. 
Page 686, equation (8). In the right-hand side the factor 2 in the numerator should be 6. 
Page 690, equation (11). In the right-hand side the factor 2 in the numerator should be 8. 


Page 691, equation (17) should read 
ps cot $; tan 0 


B= 7Gt1\i—m 
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The Physical Principles of Wave Guide Transmission and Antenna Systems, \ 
W. H. Watson. Pp. xiii+ 208 with 95 figures. (Oxford: Clarendd} 
Press, 1947.) .20s. net. 


It may be said immediately that this is a good book. It does not always follow t 
one who is an expert original worker in a given field is also good at giving an account |} 
the work in that field, but Professor Watson has succeeded in this case. || 

It is stated: “‘ The aim of this book, which is addressed to physicists and enginee| 
with theoretical interests, is to describe the way in which the technique of handling rad. 
frequency transmission-lines has been extended to deal with propagation through holla} 
metal pipes known as wave guides.’’ It is shown that simple circuit ideas, such as a f 
applicable to ordinary transmission-line theory, may, to a large extent, be developed | 
treat many features of the propagation of the ‘‘ dominant ” wave in wave guides, as we 
as the loading of such guides by coupling and matching devices. Here the ‘ dominant. 
wave is the one and only characteristic mode of propagation possible in a given wave guid 
when the dimensions of the latter are suitably chosen in relation to the frequency of th 
radiation concerned. Whilst in the main this is a theoretical treatise, the author has 
mind the emphasis of the underlying physical principles, and he has succeeded admirab 
in his aim, namely, to bring out these principles in a clear and understandable manner. 

Chapter I contains a treatment of the elements of wave propagation using the in) 
pedance concept. With the aid of the simple strip transmission-line it is shown how # 
transfer the circuit ideas of impedance and admittance to waves in space. As a result 
is possible to discard the elaborate differential equations employed even with such simp 
waves, and to use instead algebra of no great complexity. The algebraic equatio 
representing waves either on a transmission-line, or in space, can be easily connecte 
with a geometrical representation in terms of the circle diagram. From this algebra 
representation it follows that the propagation and loading of waves may be regarded al 
transformations which are found to be simple in type, and may be conveniently represented 
by matrices. This matrix algebra is developed in some detail, and the algebraic transforma 
tions necessary for dealing with various characteristics of plane wave propagation are con} 
sidered. 

Chapter IT is devoted to a consideration of the dominant wave (Hy or TE, ) in a rect) 
angular wave guide. This problem is attacked from the physical point of view, and thy 
solution is obtained from the investigation of a system of two interfering trains of pland 
waves rather than by the more common procedure of simply applying Maxwell’s equation | 
and the boundary conditions—a procedure which does not lend itself so readily to a formal 
tion of a clear picture of the processes involved. Various aspects of the propagatior| 

| 


\)) 
| 


of the wave guide, impedance, and the attenuation of the wave due to the finite conductivi 
of the walls. 

A description is given in Chapter III of various measurement techniques which are} 
necessary for an experimental investigation of the phenomena in wave-guide systenll 
This includes wave-meters, standing-wave detectors and power measurement: a shor 
section deals with wave-guide stubs for impedance matching purposes. The treatmeni}} 
in this chapter is rather cursory and does no more than describe the underlying principles] 
of the various instruments and techniques ; it would not meet the needs of one who wished] 
to design such equipment, but it should be stated that the author quite clearly does not 
aim at satisfying this requirement. 

In Chapter IV there is a brief discussion of the general problem of multiple mod 
propagation of both E- and H-waves in rectangular and circular wave guides. 
of multiple p~opagation on the outside of a guide, which arises when an a 
in the wall of che guide, is also mentioned, but is not developed to any grea 
author then returns in Chapter V to a more detailed consideration of phe 
to the propagation of the dominant wave in a rectangular 


of the dominant wave are dealt with : the energy flux, the current distribution on the al 
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wave guide, particularly in so) 
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t 
fax as the problem is affected by irises across the guide, and by coupling to the guide by 
_ slots cut in the walls. Babinet’s principle is here extended to be of use in the microwave 
field. A restatement of the principle is necessary to deal with vector waves and reflecting 
_ screens. The iris is then considered as a grating problem. Bends in wave guides are 
I! discussed, and also the coupling of a wire antenna to the Hyo wave in a rectangular guide: 
| the impedance of such an antenna under these conditions is determined. 

Chapters VI, VII and VIII cover the behaviour of slots cut in both the broad and 
“narrow faces of a rectangular wave guide. Such characteristics as the coupling of these 
§ 


slots to the guide and their susceptance and conductance are determined. The various 
_ ways in which one guide may be coupled to another by suitably disposed slots in each are 
| elaborated, and in general in these three chapters the theory is developed in some detail. 
' A section is devoted to the consideration of antenna arrays using wave guides : this includes 
t both arrays of linear dipoles energized by probes coupling through the broad face of the 
guide, and also arrays of slot radiators. ‘The design of arrays to give various types of 
radiation pattern is discussed: this involves the determination of the distribution of 
conductances, amplitudes of excitation, and spacing of slots. Although in the main only 
i linear arrays are considered, it is indicated also how two-dimensional wave-guide arrays 
may be constructed. 

These three chapters are very well done : this is perhaps not surprising in view of the 
important contributions to the subject made by Professor Watson and his colleagues at 
McGill University during the late War. 

In Chapter IX the author describes some further microwave devices, including the 

_ design of an array to produce a cosecant pattern, a Yagi array of slots, wave-guide switching 
_ systems and phase changers. Resonant cavities and the ‘“‘ Magic Tee ” junction are dealt 
with in brief. 
In the final chapter (X) Professor Watson considers field representations in connection 
| with radiation and reception by antenna systems in wave guides. The basis of the analysis 
! is the determination of expressions for the Hertz vectors of the field in a wave guide due 
(a) to an electric dipole, and hence to a current element, and (0) to a magnetic radiator 
which is realized by a distribution of tangential electric force on a surface where an aperture 
replaces part of a wave-guide wall. The thesis is developed in considerable detail, and 
such problems as those presented by an axis in a rectangular wave guide, radiation by an 
electric dipole and the impedance of such a linear antenna in a guide, and the character- 
istics of a resonant slot are analysed. 

In general it may be said that the treatment is concise yet lucid throughout, and that 
Professor Watson has succeeded in bringing out clearly the physical principles involved 
in the transmission of waves through wave guides. He is to be congratulated on having 
filled so well a definite gap in the literature of this still quite new field. There is a minor 
criticism in relation to the title: at first glance one might imagine that the book was intended 
to deal with antenna systems in general, whereas, in fact, only some of those systems in 
which the wave guide plays an important part are discussed. 

The book is well illustrated and produced, but it is a pity that so many references must 
still be to unpublished work. It is to be hoped that, in so far as it becomes possible, the 
author will endeavour to remedy this defect in any future editions. J. A. SAXTON. 


The Metre-Kilogram-Second System of Electrical Units, by R. K. Sas and F. B. 
Pippuck. Pp. v+60. (London: Methuen and Co. Ltd., 1947). 4s. net. 


A booklet to bring the metre-kilogram-second system of units to the notice of the 
scientific and technical public has been wanted in this country for several years, especially 
as the admirable publication of G. A. Campbell (Bulletin of the National Research Council, 
Washington, 1933, No. 93, p. 48) is not available here to a large circle of readers. For 
that reason the present publication is welcome and is bound to serve a useful purpose, 
if only to stimulate interest and discussion. 

Put briefly, it happens that the orders of magnitude of the ampere and volt were so 
chosen that when the metre and kilogram are used as units of length and mass, the unit 
of power is the watt. This purely accidental coincidence is the main argument in favour 
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of the MKS system. ‘The authors are a trifle apologetic about the fact that in this systt 
the density of water is 1000 kg. per m3, but there should be no difficulty whatever the 
if the distinction between density and specific gravity is maintained. In the MKS syste} 
as in other systems, the magnetic units can be chosen in two ways, which give rise. to ¢ 
normal and the so-called “ rationalized’ system respectively. The book under revi 
rightly we think, considers the latter system only. "The main argument for a rationali 
system is that it confines the factor 47 to formulae dealing with problems whose geome? 
is spherical, e.g., the potential due to a point charge, whereas the factor does not appe 
in problems of rectangular geometry, e.g., the capacitance of a parallel plate condenser. 

The booklet is commendably short and can be read in an hour, but adequate ce 
does not appear to have been given to its preparation, and the text does not sec 
to have been discussed with physicists intimately conversant with the subject. As 
result a number of blemishes occur which may well produce the opposite of what 
authors set out to achieve—the reader may be discouraged by finding too much complicati| 
in an inherently very simple system. 

The proposal to use the word “ pulse ” for w has no connection with the MKS syste} 
In the past much thought has been given to this matter, but no entirely satisfactory soluti« 
appears to have been found. The proposal to call “‘ aperture” what is generally call 
“solid angle ”’ is also irrevelant. 

These proposals are harmless, but that of the name “ oersted ” for the ampere-t 
per metre is definitely in a different category: apart from the confusion its adoption wo 
cause, it violates the excellent principle that special names should not henceforth 
assigned to derived units when expression in terms of primary units is at the same ti 
simple and indicative of the derivation. This rule applies to the ampere-turn per met 
whereas in the case of the volt-second per turn the first condition hardly applies, ar 
accordingly the name ‘‘weber”’ has been proposed. The reviewer is not now connect 
with the national and international bodies dealing with nomenclature, but he ventures 
express the hope that those responsible will resist any attempts to multiply christenin 
in the MKS family. ; | 

It is not clear how confusion would be avoided between permeability, i.e., ratio B/ 
and relative permeability if the nomenclature proposed in the book were adopted. 
the MKS system the symbol » must be reserved for permeability, i.e., ratio B/H in 
medium; 9 is then used to denote the corresponding quantity for a vacuum, and t 
ratio 4/9, denoted, say, by u,, must be given a name other than just “ permeability”: t 
name relative permeability possesses the advantage of indicating the meaning of the symb 
without further definition. The parallel case of permittivity should be similarly treate 
This point is stressed here because lack of a well-thought-out nomenclature can cau 
pitfalis, instances of which are found on p.45, line 2, where the ratio B/H for the conducto 
#, not #9, should have been used, and on p. 46, where B, and not H, should be equat 
to curl A, in which A is the vector potential expressed in webers per metre. j 

The first sentence of p. 52, which contains the amazing statement that ‘“‘ Neumann: 
formula has a factor 10-7” can only add to the “ tribulations of the student ” describe 
in pp. 16-17, for the poor student had previously been induced to think that he woul 


never again meet powers of 10 in his algebraic formulae. Neumann’s formula contain 
nothing of the sort, and should be written 
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where » for a vacuum is 1-257 microhenry per metre. 

The root of the trouble is that the authors, after giving on p. 23 the value of as 47/10' 
preserve this value explicitly in their formulae. Let them by all means explain that th 
ohm is chosen so that juy has that value, but ever afterwards write this value as 1:257 micro 
henry per metre, in the same way as €y on p. 41 is given as 8-854 micromicrofarads per metre 
These are the values that “the reader must learn”’, and not 10-7, Incidentally, th 
opening sentences of pp. 38 and 51 are examples of the lack of care devoted to th 
Preparation of the book. It may not be out of place here to recall to those wishing t 
employ or teach the MKS system the advisability of stating the units after formulae 
e.g., h=6-62 x 10-34 joule-seconds, J =4185 joules per kg.-calorie. 


P. VIGOUREUX 


